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NMPNKNAOHAA JNCKPETHAA MATEMATUKA

2024 K 85-netuto lennagusi MNetposuya Armbanosa Ne 64

K 85-JIETUIO 'EHHA/IN4A ITETPOBUYA ATUBAJIOBA
(17.05.1939 — 16.12.2020)

Odna auwsb npocvba K NOKOAEHDAM HOBBLM:
Kozda naw ayw ceeprném us eewnoli movmbi,
B, Hac TOPOWUM TOMAHUME CAOBOM —
He camvie naoxue 6oty Mmol.

I I1. Azubanos

17 masg 2024 roga ucnoaHWIOCH 85 J1eT co AHs poxaeHus L'ennaaus Ilerposuua Aruba-
J0Ba — ocHoBaresist xKypHasa «lIpukiajgnas auckpernast maremarukay (IIJIM), ero nepso-
ro u 6ecemennoro (2008-2020) ryiaBHOTO pesakTopa.

2Kypuana IIJIM ocuoBan B 2008 roay u 3alyMbIBaJICA CHavYa1a KaK ILIOIMAIKA J/Id 1y0-
mukanuu TpyaoB CHOMPCKOH HAYIHO MKoJIbI-ceMUHapa «KoMmbloTepHas 6e300acHOCTD U
kpunrorpadusy — SIBECRYPT, oagnako mouru cpazy, ¢ 2009 roga, mo cosery Hmurpus
AnarosibeBnya Karynuna, Tormarnraero riaBHOTO pemakTopa xKypuata «Bectruuk TTY»,
Tennasuit [Terpoud permu caenars [TIM moSHOIEHHBIM PeTyIsipHBIM (€7KeKBapTaIbHBIM )
HAyYIHBIM KyPHAJIOM, ¢ OoJiee TMMPOKOH, YeM KOMIbIOTepHasd 0e30MaCHOCTh W KPUITOTPa-
dbus, remarukoit. [Ipu 9T0M OH ommpaJsicsd Ha GoraTbie TPATUIUN BeIyIeil HayTHOM TITKOJTBI
TT'Y — IIIkoabI TpUKIAIHON AUCKPETHONH MaTeMaTHKH, OCHOBaHHOM emé B 1959 romy Ap-
kaauem JImurpuesmaem 3akpesckum. Tpyast koudepeniuun SIBECRYPT crau BeixoanTs
OTAeAbHBIM npuaokenueM K kypuasiay [IJIM, koropoe B 2012 romy moay4usao caMocTosi-
TeJbHBIN CcTATyC: Tellepb HAPS/Ly ¢ OCHOBHBIM KypHajaoMm m3maérca «[1JIM. IIpunoxkenues
(e2KerosHo).

[Tepsoie Toanl cymectBoBanus )KypHasia [IJIM (mo ero sxoxnenus B ciucok BAK u
3apyOeKHbIe 6a3bl IUTUPOBAHUSA) OBLIM TPYIHBIMHU, HE BCE YUICHBIE € PAJOCTHIO HOCHLIATH
CBOW CTaTbU B HOBOpPOXKIeHHBIN Kypuas; [[JIM paborasn, 410 Ha3bIBaeTCs, «C KOJIECH —
C MUHUMAJIBbHOM 3a/IepKKOil BpeMeHHU OT MOCTYIJIeHHS CTaThu J0 eé mybsukamun. Tem He
MeHee ¢ caMoro Hadasna lermnamuit [leTpoBud 3a/1a1 BBICOKYIO TTAHKY TpeOOBaHUi K CTa-
ThsM (manka «OTKaz» B moprdesie KypHaia OblLIa JUIIb 9yTh MeHee MyXJiasi, 4eM Ianka
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«Omy6IMKOBAHHbIE» ), OH AKTUBHO TPHUBJIEKAJ K HAIIMCAHWIO U PEICH3NPOBAHUIO CTaTeli Be-
aynux yaéubix Poccun, YKpaunnbl, besapycu, u Mbl 0J1arofapHbl BCeM, KTO TIOMOTaJ TOIJIA
U TIPOJIOJIZKAET TOJJIEPKUBATD YKypHAJ ceifdac.

Bxan I'ennanus llerpoBrya B cTaHOBJIEHUE U IPU3HAHNUE YKypPHAJIA HEBO3MOYKHO TIepe-
OIIEHUTH; ITO HE TOIBKO 00IIIee PYKOBOICTBO: ['enHaamit [leTpoBUY caM mpodnTHIBAJ, pelleH-
3UPOBAJ U MPABUJ CTATHY; TEPEMUCHIBAT (3aUACTYIO — MOJHOCTBIO) AHTITHHCKIE AHHOTAIIUN.
Korga KypHasa «ropes» (daiie Bcero CeHTIOPhCKHIA HOMEp), CPOYHO THCAJ CTATHIO CaM.

K nybnukamusam B KypHaJjie BCerja akKTHBHO IPUBJEKAIUCH CTYJICHTHI U aClUPAHTHI;
BOT YK Ha Koro ['ennanmii [leTpoBrd BpeMeHn HUKOTIa He 2KaJes — JIOTOIHO U TePHETUBO
00CY2K/1aJl, COBETOBAJ W BBIYHTHIBAJ CcTaThbio. HUKAKMX CKUIOK HAa «HEOMBITHOCTHY aBTOPA
He JIeJIAI0Ch, CTYJIeHIeCKHe CTAaThU, KaK U TPOYHe, MPOXOIUTN MPOIe Iy Py THIATEILHOTO pe-
ner3upoBanus. A Bor mybimkoBaiuch onn 06braHO 6€3 coaBroperBa l'ennagus [lerpoBuya,
OH 3a 3TUM HUKOT/IA He HAJICS, XOTd HOPOil ero BKJaJ B paboTy KPaTHO ITPEBHINIAT BKJIA]
YIECHUKA.

C 2021 roga xkypHaJ kuBéT 0e3 I'ennanus [lerpopuya. Konedno, ero ouennb He XBaTaeT.
Benomunas ¢ 6eckoHedHO# 61ar01apHOCTHIO 3aMedaTelbHOTO JestoBeka, YIEHOrO, HACTaB-
HUKA, Mbl [1OCTAPAEMCs, YTOObL JI€JI0 €10 KU3HU TPOJI0JIZKAJIOCh U PA3BUBAJIOCD.

Penaknuonnast KoJuerus
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KPUTEPIII HETEPOBOCTMH II0 YPABHEHUSM U CJIOXKHOCTD

ITPOBJIEMBI PA3SPEIIIIMOCTH JAJIs1 CUCTEM YPABHEHUN
HAJL YACTNYHO VIIOPAJTOYEHHBIMU MHO2KECTBAMUI

A FO. Hukurun, W. /1. Kyabik

Owmckudi 2ocydapemsennnd ynusepcumem um. . M. Jocmoesckozo, 2. Omcx, Poccua

E-mail: nikitinlexey@gmail.com, volume8091@mail.ru

IIpejicraBiienbl pe3y/ibTaThl, KaCAOIMECHd OCHOBHOW 1Po0/eMbl ajiredpanyieckoil reo-
MeTPHUHU HaJ YACTUYIHO YIOPITOUEHHLIMA MHOXKECTBAMH C BLIYUCAUTEILHOM TOTKH 3pe-
HUd, & MMEHHO 33/1a9¥ PA3PEIIUMOCTH CUCTEMBbl YPABHEHUI HAJl YACTUYHBIM OPS/I-
KOM. 3aJtaqa pa3pentmMoCTH CHCTEeM YPAaBHEHWH pa3permMa 3a TOINHOMAATBHOEe Bpe-
Msl, €CJT OPUEHTHUPOBAHHBIN rpad, COOTBETCTBYIONIII YACTUIHOMY MOPSAKY, sIBASET-
Cd MPUBEIEHHBIM WHTEPBAIBHBIM Oprpadom, u aBigerca NP-1moiHoi, ecim oCHOBAHUTE
OPUEHTUPOBAHHOTO T'pada COOTBETCTBYOMIEr0 JACTUYHOTO MOPSIIKA ABAIETCH TTHKIOM
mmmabl He Menbine 4. Tlomyuen Tak:Ke pe3yabTaT, XapaKTEPUIYIONUN BO3MOXKHOCTH
repexojia 0T GECKOHEUHBIX CHCTEM YDPAaBHEHUI HAJ[ YACTUIHBIM TOPSIKOM K KOHETHBIM
cucreMaM. AjrebpandyecKue CHCTEMBI, 00IAIAIOIIIE YKA3aHHBIM CBOHCTBOM, HA3BIBA-
I0TCsl HETEPOBBIME 110 ypaBHeHUAM. JacTUUYHO yHOPsJIOYEHHOE MHOXKECTBO 00Jiajaer
CBOMCTBOM HETEPOBOCTH [0 YPABHEHUSAM TOTIA ¥ TOJIHKO TOTJA, KOT/a JIIOObIE ero Bepx-
HUE ¥ HUXKHUE KOHYCBHI C 02300l ABJISII0TCS KOHEYHO ONpe/ e IEHHBIMHU.

KiroueBbie ciioBa: cucmemvi YpasHERUT, 8BNUCAUMEADHAA CAONCHOCTND, YACTNUNHO
YNOPACOUEHHOE MHONCECTNBO, HEMEPOSOCTIIL NO YPASHEHUAM, KOHYCbL, PA3PEWUMOCTIVD.

CRITERION FOR EQUATIONAL NOETHERIANITY AND COMPLEXITY
OF THE SOLVABILITY PROBLEM FOR SYSTEMS OF EQUATIONS

OVER PARTIALLY ORDERED SETS
A. Yu. Nikitin, I. D. Kudyk

Dostoevsky Omsk State University, Omsk, Russia

Results are presented concerning the main problem of algebraic geometry over partially
ordered sets from a computational point of view, namely, the solvability problem for
systems of equations over a partial order. This problem is solvable in polynomial time
if the directed graph corresponding to the partial order is a adjusted interval digraph,
and is NP-complete if the base of the directed graph corresponding to the partial order
is a cycle of length at least 4. We also present a result characterizing the possibility
of transition from infinite systems of equations over partial orders to finite systems.
Algebraic systems with this property are called equationally Noetherian. A partially
ordered set is equationally Noetherian if and only if any of its upper and lower cones
with base are finitely defined.
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Keywords: systems of equations, computational complexity, partially ordered set,
poset, equationally Noetherian property, cones, solvability.

Bsenenue

Kitaccnueckast anrebpandeckas TeOMeTpUsT U3YyYaeT YPABHEHUS W CHUCTEMbl YPaBHEHUit
HaJI OJISIMU BEIIECTBEHHBIX U KOMILIEKCHBIX Ynce . Bo BTopoii nososune XX BeKa OypHbIil
POCT TEepeKMBAET TaKOe HAMPABJIEHWE MATEMATHKH, KaK YHUBEPCAJIbHAS ajredpanmdeckast
reoMeTpHd, KOTOpas M3y4daeT CUCTeMbl YpaBHEHU! HaJl MPOU3BOJIbHBIMHA aJrebpamdecKuMu
cuctemamu. OOIue 3aKOHOMEPHOCTH I anreOpanvecKuX CHCTEM BBIBOJATCS HAa OCHOBE
U3YYEHUs] PA3JIUYHBIX aJredpamdecKuX CUCTeM, TaKHX, KaK CBOOOMHBIE HeabesJIeBbl IDYyT-
1bl, a0eJIeBbI TPYIIIIbI, PA3PEITUMbIE IPYIIIThI, METAOEEBbI IPYIIIIbI, TOJYTPYIIIIbI, PEIIETKH,
rpacdbl u T. 1. /lannag pabora mocBdIeHa BOIpOcaM ajredpamvyeckoil TeoMeTpun Hall da-
CTUYHO YIOPAJIOYeHHBIMI MHOYKECTBAMU W IIPEJICTaBJIdeT cO00M MPOIOKeHne UCCaeI0Ba-
HUH ajarebpandeckoil reOMeTPHU HaJl aJreOpandecKuMu cucTeMaMu 6e3 (pyHKIMOHAIBHBIX
CUMBOJIOB.

Cucrembl ypaBHeHuil ObIBAIOT KakK KOHEYHbIe, TaK u OeckoHedHbie. CBOHCTBO HETEPO-
BOCTH 110 YPABHEHHSM TOBOPUT O TOM, 9TO MOYKHO U3 OECKOHEYHBIX CHCTEM yPaBHEHHIl
BBIJIEJINTH SKBUBAJEHTHBIE KOHEUHBIE MTOICUCTEMbBI, OHO XapPaKTEePU3yeT «MOIATINBOCTbY CHU-
CTeMBbI K U3YUEeHHUI0 ¢ TOUYKH 3peHud ajrebpamdeckoii reomerpun. Ecin cucrema odmagaer
JIAHHBIM CBOMCTBOM, TO U3 3TOT'O CPa3y Ke CJeyeT MHOXKECTBO CBOUCTB, XapaKTePU3YIO-
X KOHEYHOCTh HEHOYeK aaredpandeckux KOHCTPYKIUN HAJ[ 9TOH CHCTEMOM, TaKUX, KaK
yOBIBAIOIIIE TEMOYKN AJATreOpanvdecKux MOJAMHOZKECTB, NEeMNOYKU COOCTBEHHBIX 3MUMOPhu3-
MOB KOODJMHATHBIX aJre0p, OOPBIB BO3PACTAIOIINX IMEMOYeK JU3BIOHKTUBHBIX PaJIMKATIhH-
HBIX ueanoB u T. 7. [1]. CymecTByoT ajreGpandeckue CTPYKTYPbI, 00JaA0NIHe TaHHBIM
CBOMCTBOM Kak Ge3yCJOBHO, TAK W MPU ONPEIETEHHOM YCIOBHU (M3BECTHBI KPUTEPUH HE-
TepoBocTH). B 1. 1 naHHOil paboThl MpUBEIEHB HEOOXOTUMBIE TTPEIBAPUTEILHBIE CBEICHHSI.
[TyukT 2 mocBsmén hopMyJTupOBKEe KPUTEPHs HETEPOBOCTHU 110 YPABHEHUSIM JIJIsI TACTUIHO
YIopsiziodeHHbIX MHOKeCTB (HYM).

g cucreM ypaBHEHUI HaJ, aaredOpandecKUMU CHCTeMaMH CYIIECTBYIOT TaKWe BayKHbIe
00bEeKTHI, KaK KOOpJIMHATHAs ajredpa W pagukas cucremMbl. OHH onpelessioT obliee pe-
IIIeHNe CUCTEeMBI, ecJIi OHO ecTh. Ho mepes TeM, Kak pemaTh CUCTEeMY YDPaBHEHUN W UCKATH
eé o0Iee pelreHre, BayKHO 3HATH: PA3PEIIUMA JIM 3Ta CHCTEMa, UMEET JIH OHA DEeIIeHUe
B IpUHIIHIIE? DTOMY BOIPOCY MOCBIIIEH 1I. 3, T7e moKa3aHa ¢Ba3b UYM ¢ moakmraccom opu-
eHTUPOBAHHBIX T'PadOB U CBA3b 33/1a4H PA3PENIIMOCTH CHCTEM YDaBHEHHI ¢ Moazajadeil
V/IOBJIETBOPEHUS OIPAHUYEHUN — 3a/iadell CIUCOYHOTO TOMOMODMU3MA.

Wcnonb3oBanne 9acTUYHO YIOPSTOYEHHBIX MHOXKECTB Ha NMPAKTHKE ITUPOKO PACIPO-
crpareno. C X MOMOIIBIO MOYXKHO CTPOUTH MOJIE/JH TAKMX CTPYKTYD, Kak 0a3bl JaHHDBIX,
MOTOKU JIAHHBIX B CETH, COOBITHS BO BPEMEHHBIX PSIIaxX | JIP., T/ie TpedyeTcs 3a anne nepap-
Xuu. YpaBHEeHWsI HAJl 9aCTHIHBIMH MOPSIIKAME 33/Ia10T HEKOTOPHIE TTOACTPYKTYPHI (OO~
PSIJIKH) B JAHHBIX MOJIeIsaX. [[09TOMY H3ydeHne CuCTeM YDaBHEHUH HAJ] YACTHIHO YIIOPSI0-
YEeHHBIMU MHOYKECTBAMU TaK:Ke BayKHO W ¢ MPAKTHYEeCKOol Touku 3penus. Hanmpumep, ecou
3a/1aHa MOJIE/Ib KOMIIBIOTEPHBIX BBIYHC/ICHUN B KAYECTBE MOCJIEI0BATETLHO-APALICTBHOIO
JACTUIHOTO TOPSIJKA, TO Y€pe3 PeIlleHre CUCTEeMbl YPABHEHUH MOYKHO OIPEIe/sITh JOCTYII-
HOCTH OJIHOTO BBIYUCJIEHWS st apyroro. Ho mo cBoiicTBaM m3HAYAIBLHON MOJEN MOXKHO
cpa3y MOHSATbH: PA3PeluMbl JJU CUCTEMBI 33 MOJUHOMUAJbHOE BpeMs uian HeT?! U eciu Her,
TO MOJeTh BBIYUCTIEHWI MOYKHO MEHATh TaK, YTOOBl CHCTEMBI PemaJnch IhdOEKTUBHO TTO
BPEMEHHU.
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Teopemsbr 1, 5, 6 u temmbr 1 u 2 mokaszanbl A. FO. Hukutuasim. CrencTsue 1 BBIBEIEHO
N. J1. Kyapikom.

1. IlpenBapuTeabHbIE CBEJIEHUSA

Hamum 6a30Bble OIpeIeIeHusI TEOPUH PENIEToK |2, 3| u yHUBEpCATbHON anreGpandecKoi
reomerpuu |1| u BBeiEM BCroMOraTesibHble OPEIEIeHIs TOPOZKJIAIONINX JIEMEHTOB KOHYCA,
KOHyCa ¢ 0a30il, KOHEYHO TOPOKAEHHOTO H KOHEYHO OIPEIEIEHHOTO KOHYCA, HEOOXOIMMbIE
J171s1 POPMYJITMPOBKH PE3YJIHTATOB.

Qacmuuno ynopadouenHvm MHOMHCECMEOM (HaCTNUYHOLM NOPAOKOM ) HABIBALTCS AIre0-
pamteckas cucreMa P = (P; {<?, A}), e < — IpeIuKaTHBIH CHMBOI OTHOIIEHAS MOPS/I-
Ka U A— MHOXKECTBO KOHCTAHTHBIX CHMBOJIOB, HAa KOTOPOil BBIIOJHEHBI CISAYIOIIHE TPH
AKCHNOMBI:

1) Vp € P p < p (pedaekcuBHOCTS);

2) Vp1,p2 € P (p1 < pa Apa < p1) = p1 = p2 (AHTHCHMMETPUIHOCTD ) ;

3) Vpi,p2,p3 € P (p1 < p2 Ap2 < p3) = p1 < p3 (TPaH3UTHBHOCTD ).

A3bIK (CHIHATYDY) YACTHYHBIX HOPSIKOB ¢ MHOYKECTBOM KOHCTAHTHBIX CUMBOJIOB A Gy-
aeM 0003Ha4aTh Kak L 4.

Jlas wacTuarO ynopsjodentoro Muoxkectsa P = (P; {<?, A}) nmpeauxar gactuanoro
nopsiaka <2 3a7aéT cooTHONTEHMS 15T 31eMeHTOB HocuTe st P. MHOKeCTBO TaKIX COOTHO-
urenuii obo3nauaerca <. Ecam /1st 971€MEHTOB p;, p; YACTHYHOTO NOPIKA P BhIDAKEHHe
p; < p; BBIOJHUMO HaJ P, TO 3TO MOKHO 0DO3HAYMTH KaK p; < pj €<’ , WM B TEPMUHAX
BBLITIOJIHUMOCTH KaK P F p; < pj.

Autrebpandeckast cucTeMa Ha3bIBAeTCA duodanmosot, ecaim MexK1y HOCHTEIeM aaredpa-
HYECKOH CHUCTEeMBbl U MHOXKECTBOM €€ KOHCTAHTHBIX CUMBOJIOB B A3bIKE cyniecTsyeT B3auMHO
OJTHO3HAYHOE COOTBETCTBHE.

DJIeMEeHTBl T W Y YaCTHYHOI'O MOPsSIKa P HA3BIBAIOTCS CPAGHUMbBIMU, €CJIH B P b0
x < y, b0 y < x. B mporuBHOM ciIydae, 3JeMEHTHI HA3BIBAIOTCSA HECPAGHUMbLMU, ITO
oboznavaercs Kak r ¢ y |3, c.16|. Janee mo TekcTy B HEKOTODHIX MecTaX ya00HO Oyaer
nucatrb He @ < b, a b > a, 970 03HAYAET OJHO U TO JKeE.

st m060ro MHOZKeCTBa 371eMeHTOB A JacTHYHOrO mopsiika P onpe/ieleHbl MHOXKECTBA
At ={reP:Vae€ Aa<z}uA ={z € P :Vaec Az < a}. Itu MHOKeCcTBA
HA3BIBAIOTCS 6EPTHUM T HUNCHUM KOHYCAMU MHOKecTBa A (WJIH POCTO BepXHEe U HUXKHEe
muoxecrsa A) |2, ¢.90|. g oanosnemenrtaoro muoxkecrsa A = {a} Gyuem obosnauars al
I a% COOTBETCTBEHHO.

MuozKecTBOM noposicdarowus saemenmos xKormyca Al (AY) HazbiBaeTcs MHOMKECTBO 3Jie-
MeHTOB B gactuunoro nopgaka P, nis koroporo sepuo BT = AT (Bt = AY). Konyc AT (AY)
HA3BIBAETCS KOHEUHO NOPOHCOEHHBIM, ECJTH CYTIECTBYET KOHETHOEe MHOXKECTBO B MOpoXKIa-
IOIIKX 9TOI0 KOHYyCA.

[Tycrh 3a/1aHO MHOZKECTBO 3JIEMEHTOB 4acTUIHOro nopsiaka A. Konycom ¢ bazotli Ha3b-
Baercst mapa (A, A'), xoropas cocrout u3z 6asv. A u Bepxmero xonyca A, mopoagHHO-
ro 6azoit A. AHAJOTHYHO OIpee/seTcs HUXKHUNA KOHyC ¢ Oa3oii. Bepxuuit KoHyc ¢ 6a30ii
(A, A") mazbiBaeTca xoneuro onpedeaérnbim, eca cymecrsyer B C A, taxoe, uro |B| < 0o
n BT = A",

Tepmom B s3bike L OT epeMeHHBIX X Ha3bIBAETCd BbIpayKEHUE, ONMpPeIeeHHOe PeKyp-
CHBHO CJIEJIYIOIIIM 00pa30M:

1) sobast nepemennas © € X ecrb TepM;
2) mobas KOHCTaHTa sI3bIKa L ecTh TepM;
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3) ecauty,...,t, —TepMbI I F) byHKIMOHATBHBIN CUMBOJ s13bIKA L, TO F'(t1,. .., t,)
SIBJISIETCSA TEPMOM.

Yepes T7(X) 0603HAIAM MHOZKECTBO BCEX TEPMOB SI3bIKa L OT mepeMeHHbIX X .
Amomaprnoti opmysoti s3bika L oT nepemerubix X Ha3bIBAETCS BBIPAXKEHUE, OIPEjie-
JIEHHOE CJIeLYIONIM 00pa30M:

1) anst 00X t;, t; € T (X) Bopaxenue t; = t; aBadeTcs aToMapHOil popMyIIOoi;
2) a1t 106010 IPeMKATHOTO CHMBOJIA R™ g3pika L u ayist I06BIX T€PMOB 11, . . ., 1, €
€ Ty (X) seipakenne R(ty, ..., t,) aBiaserca aroMapHoii (pOpMyIOit.

MmuozxkecTBO aroMapubx Gopmys B s3bike L or mepemennbix X oboznadaercs Atr(X).
B anrebpaundeckoit reomerpun ypasnernuem B ga3bike L oT 1nmepeMeHHbIX X Ha3bIBAETCS aTo-
MapHasg (hopMya B 3TOM d3bIKe OoT nepemMeHHbrx X . [Ipon3Bo/ibHOe MHOXKECTBO ypaBHEHMIT
3 Aty (X) waseiBaercst cucmemol ypasHnenud. Jlagnv onpeseeHne ypaBHEHUS JJisT da-
CTHUYHBIX MTOPSIKOB.

[Iycts X,, = {w1,...,%,} — MHOXKECTBO TEPEMEHHbIX W 3aJaH YACTHUYHBIH TMOPSIOK
P = (P;{<,A}). Vpasuenuem B sizbike L, 9acTU9HOrO HOPsijiKa P OT nepeMeHHbix X,
HA3bIBAETCH OJIHO U3 CJIEIYIONNX BhIPDAYKEHMUIA:

1) a; = aj, tae a;,a; € A;

2) a; < a; (wmm a; > a;), e a;,a; € A;

3) z;, =a;, tae x; € Xp, a; € A;

4) x; =z, voe z;, v € Xp;

5) a; < xj (mnu z; > a;), e x; € Xy, a; € A;
6) z; < a; (mwn a; > x;), e x; € X, a; € A;
7) x; < xj (wm x; > x;), vae x;, x; € X,.

st cucrembr ypapuenuit S(X) HaI 4acTHIHBIM HOPSIKOM P B si3biKe L4 OT mepe-
MeHHBIX X J10roBopuMcs 00603HAaYaTh MHOXKECTBO yPaBHEHUH THUIIA a; = aj, TOe a;,a; € A,
B cucreme ypasaenuii S(X) yepe3 S,—,. AHAJIOrMUHO 0003HAYAIOTCSI OCTAIbLHBIE MHOXKECTBA
THUIIOB YPaBHEHUA:

Sa:m Sagay Sx:aa Sx:xa Sagxa Sxéaa Sx<:c- (1)

X

MuoxkecrBo A" = {(ay,...,a,) : a; € A} Ha3BIBAETCS APPHUHHBLM N-MEDHBIM NPOCTNPAH-
cmeom HaJ anrebpamdeckoii cuctemoii A, a ero 3//eMeHTH — TOUKAMH.

Touka p = (ay,...,a,) € A" Ha3bBaeTcsa koprem (pewenuem) ypapuenus s € Aty (X),
ectn A F s(ay,...,a,). Touka p asiaserca pemenunem cucremsl ypasuenuit S C At (X),
€CJIM OHA SIBJISETCS PEHIEHUEM JIJIs KazKI00 YPABHEHUS M3 CUCTEMbl S.

[Iycts S — cucrema ypaBHennii s3b1ka L 4 o1 mepemMeHHbIX X . MHOXKECTBO BCexX pelreHmii
cucremsl S B mpocrpancrse A" obosuauaercs depe3 V4 (S) (mam V(S) arst kparkoctn) n
onpenenserca kak Va(S) = {(a1,...,a,) € A" : Vs € SAFE s(ay,...,a,)}.

Cucrema ypapuennit S nassiBaercst necosmecmuoti nan A, eciu V4 (S) = &; unade ona
HA3LIBACTCA cosmecmuoli. [IBe cucreMbl ypaBHeHnid S1 U Sy HA3BIBAIOTCS 9KEUBANCHIMHBLMU
Haj A (obosuagaercs Sy ~ 4 Ss), ecan Vy(S1) = Va(Ss).

2. Kpurepunit HETEPOBOCTH 110 yPABHEHUAM

Cdopmymupyem u JT0KazkeM KPHUTEPUH CBOWCTB HETEPOBOCTH IO YpaBHEHUAM H cJ1aboit
HETEPOBOCTH TI0 YPABHEHUAM I YACTUIHBIX MOPSAIKOB.

Aurebpanveckas cucrema A Ha3bIBAeTCs CAaO0 HEMEPOBOT NO YPASHEHUAM, €CJH IS
JII000T0 KOHEYHOro MHOXKecTBa X 1 J110060# cucrembl ypaprennii S C Aty (X) cymecrByer
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Takasg KoHeuHas cucreMa So, IT0 V4(S) = V4(Sy). Ecau mpu stom Sy C S, To anredbpan-
deckas cucremMa A Ha3bIBAETCs HEMEPOBOT N0 YPAGHEHUAM.

Teopema 1. Yacrwunsiit mopssaok P B ga3bike Ly B guodaHTOBOM ciydae obJiagaeT
CBOMCTBOM HETEPOBOCTH 110 YPABHEHHSIM TOIJIA W TOJbKO TOT/a, KOIJA I JII0OOTO IO/I-
MHOXKECTBa, B 3JIeMEHTOB 4aCTUYHOTO IMOPAAKa P BepxXHUH M HUKHUN KOHYCH ¢ 6a3oii B
ABJIAIOTCA KOHEYHO OHpe,ZLeJIéHHbIMI/I.

oxaszameavcmeo. llycTb i 4acTUYHOrO 1OpsjiKa P 1100ble KOHYCbl ¢ 0a30i siB-
JSIOTCS KOHETHO ONPeIeIEHHBIME 1 3aaHa cucrema ypasuennit S(X,,) wan P B s3bike L4
OT N TepeMeHHBIX. r[pe,Z[HOJIO}KI/IM7 9TO 3Ta CUCTEeMa COJEpPzKUT BCe CEeMb THIIOB YypaBHEe-
auil (1) u ypaBHEeHUI KazKI0r0 THIA GECKOHETHOE THCIIO.

Bes orpannuenus oOIHOCTH CIHTAEM, 9TO BCE PA3THIHBIE KOHCTAHTH B cucteme S(X,)
UMEIOT Pa3Hble MHTEPIPeTauu Ha P. 9T0 ycjoBUe He SB/IseTcs 00s3aTe/IbHbIM, HO YIIPO-
maeT ﬂaﬂbHeIu/IHlI/Ie CTporue pacCCyzkaeHud U He BJIUACT Ha CYyThb JOKa3aTeJILCTBA.

Tpebyercst mokazarh, 9ro u3 cucreMbl S(X,) MOXKHO BHIOPATH KOHEYHYIO MOJICHCTE-
my S’(X,), skBuBanenrnyio S(X,). Muoxecrso pemtennii cucremsr S(X,,) MOXKHO ompe/ie-
muth caepyomum obpaszoM: V (S) = V(S,=a) NV (Saca) NV (Siza) NV (Si=z) NV (Sz<a) N
NV (Sacz) NV (Si<z). IokazkeM, 9T0 n3 MOACHCTEM KaXKIOTO THUIA YPABHEHHNH MOXKHO BbI-
OpaTh KOHEYHYIO MOJACUCTEMY, SKBUBAJCHTHYIO H3HAYAJILHOI.

Cuauasa pacemorpum noacucreMy Sq,—, C S(X,,). Ecau 5170 MHOXKeCTBO ypaBHeHUI COB-
MeCTHO HaJl P, TO OHO HUKAK He BJIHsIeT HA MHOYKECTBO DellleHui ciucTeMbl ypasaeruit S(X,)
U ompejensercs mnoacucrema S,_, = . Ecam S,—, mecoBMecTHa Hag P, TO CyIIECTBY-
eT ypaBHeHHEe a; = a; € Sg—q, KOTOPOe He BBIIOJHEHO HAJ YAaCTHYHBIM IOpPAIKOM P, H
9TO YPpaBHCHHE 9KBUBAJICHTHO IIOJCUCTEME Sa:a' AHaﬂOFI/IquIe pacCyKaeHud IPUMEHUMbBI
K MHOYKeCTBY ypaBHeHHH S,<, C S(X,).

BBI/I,ZLY KOHEIHOCTU MHO?KECTBa MEPEMEHHBIX MO2KHO BbI6paTb KOHEYHBIC ITOJIMHOXKECTBA
ypasuenuit S,,_, n S,_,, SKBUBAJTCHTHBIX NMOJACHCTeMaM S;—, U Sp<, COOTBeTcTBeHHO. OT-
METHUM, 9TO CUCTEMBI Sy—, U Sp<, HE MOTYT OBITH HECOBMECTHBIMH.

Ecsin muoxkecrso ypasuenuit S,—, C S(X,,) coBMeCTHO, TO, OISTh BBHIY KOHEYHOCTH
MHOZKECTBA MEePEMEHHBIX, CYIIeCTByeT KOHedHas moxacucrema S._, C S,—,, SKBHBAJICHT-
Has Sy—q. IHave B S,—, CymecTByeT Takad mapa ypaBHEHUI x; = a;, T; = Ay, 9TO G # Q.
DTa mapa ypaBHEHUH sBJISIETCS SKBUBAJCHTHON S,—, ITOICUCTEMOM.

ITycTp BBIIETEHO TOAMHOXKECTBO ypaBHEHHN S;<, C Sy<e, B KOTOPOM BCe YpaBHEHUS
3aBUCAT OT MEPEMEHHON T;. DTO MHOXKECTBO MOXKHO IIPEJCTABUTH CJIe/yIOImuM 00pa3oM:
Spica = {z; < a;:j € J, |J| = co}. U3 sroro npescrapienns Bugno, 910 V(Sy <q) = AY,
rae A; = {a; : j € J}. Tloap3ysach cBOHCTBOM, ITO JI00ObIE KOHYCHI C 6300t YaCTHIHOIO HO-
psAsiKa P KOHEYHO ONpeIeIEHHbIE, MOXKHO BBHIOPATH TAKOE KOHEYHOE MOJMHOXKeCcTBO J' C J,
aro A = {a; - j € J, |J/| < oo} u (A)F = A}, Dro o3mavaer, 4TO MOKHO BHIOPATD
KOHEUHYI0 TOACHCTeMY S), ., ~ Se,<a-

[Ipumensisi onucanHyo IPOLEAYPY i BCEX HEPEMEHHBIX U3 Sp<,, MOXKHO BBIJIEJUTDH
KOHEYIHYIO IOJCHUCTEMY Slxéa ~ z<a- AHaﬂOFI/IqHBIMI/I PaCCyKACHUAMN MOZKHO BBIBECTHU
CyMIeCTBOBAHEE KOHETHON HOACUCTEMBI S, , ~ Sycz.

Taxmm 06pasoM, TOCTPOEHB! KOHEIHbBIC TIOACHCTEMBL Sh_q, Socas Sh—ar Sy Sacas Swca
u S;@, 9KBUBAJIEHTHBIE MOJACUCTEMAM Sy—q, Sa<as Or—a, Sw—zs Oa<zy Oz<a U Sp<y CUCTE-
mbl S(X,,) coorsercrsenno. Dro oznauaer, uro V(S) = V(Si_,) N V(S,,) NV(S,_,) N
A V(Slx:x) A V( alcga) A V( ZLSJL‘) A V( ;<x>

Teneppb mycTh 4acCTUYHBINA MOPSI0K P HETEPOB 1O ypaBHeHHsAM. PaccMorpum mpous-
BOJIbHOE OECKOHEYHOE MHOYKECTBO IEMEHTOB A YacTHYHOTO HOopsjika P. Y Hero ecrb



12 A. FO. Hukutun, Y. 4. Kyabik

nmwxknuit konyc A%, Cocrasum cucremy ypasuennii S(z) = {z < a; : a; € A} Hag P.
Bsumy toro, yro P HETEPOB 1O ypaBHEHUSAM, MOXKHO BbIOpATH KOHEYHYIO TOJICUCTEMY
S'(z) ={r <a;:a; € A, |A| < 00} ~ S(x). Iro ozmauaer, uro A¥ = A%, Tem cambm
JIOKa3aHa KOHEYHAs ONPEIeTEHHOCTh HUZKHErO KOHYca ¢ 6a30i J1JIst JTF0O0r0 MHOKECTBA, JJ1e-
MeHTOB A 9acTHIHOTO HOpsifka P. AHAJIOTHIHO JOKA3BIBACTCSA KOHEUHAS OMPEICTEHHOCTD
BEPXHUX KOHYCOB ¢ 06a30ii. B

Cremyer OTMETHUTh, 94TO €CJIH KOHYC ¢ 6a30ii B He saBJIsgeTcsa KOHEUHO OIPeaeAEHHBIM, TO
310 He o3HauaeT, uro B wim BY He ABIAIOTCA KOHEYHO TOPOXKACHHBIMHA. [IpmMep: mycTsh
3aJaH JaCTUYHBI mopsiaok P = Z U {q}, riae 7 — JuHeHHBI HOPSAJI0K Ha MHOXKECTBe Iie-
JIBIX YHCeJ U ¢ — eJUHUYHLIIA 9JIeMEeHT, KOTOPHI He CPpaBHHM HH C OJHUM 3JeMeHTOM U3 Z.
®parMenT rpada JaHHONO YaCTHYHOTO HOPSIKA MPUBEIEH Ha puC. 1.

1—1

Puc. 1. Hacruunstit nopagok P = Z U {q}

Jlerko BUIeTh, uTO Z' = &: MIa M1060r0 KOHEYHOTO IOAMHOXKecTBa B C 7 BepHO
BY # @. Ho ecin B3ars muoxecrso C = {0,q}, o CY = @ = Z*. o ozuauaer, uro Z
SABJISAETCH KOHEYHO MOPOZKACHHBIM.

N3 sroro npumepa u Kpurepus HETEPOBOCTH 10 YPABHEHUSM TOJIYyYaeM CJIETYIONee

CnencrBue 1. Yacruunbiii nopsiyiok P B si3bike L4 00J1a1aeT ¢BOWCTBOM CJ1a00i HE-
TEPOBOCTH TIO0 yPABHEHWSM TOTJA W TOJBKO TOTAA, KOTJAA g JiroOoro moamuoxkecTBa A
3J€MEHTOB JaCTHIHOTO Hopsiaka P konycel Bl u Bt aBisioTcs KOHEIHO TTOPOK TEHHBIMA.

3. C0XXHOCTh NpPOOBJIEMBI PA3PEIINMOCTI CUCTEM ypaBHEHUM
HA/Jl YaCTUYHBIMU MOPAIKAMU

CdopMynupyem 331249y pa3pernuMOCTd CHCTEM YPABHEHUN HAl YACTUIHBIME TOPSITIKa-
MU U HEOOXOIMMbIE YCJIOBUS €€ MoJIMHOMUAIbHOM paszpertumoctu u NP-nonorst. /Iis 3roro
BBEJIEM DsJl onpeenenuil [4] u nmepedopmynrupyem ux ¢ aarebpandeckoil TOIKU 3PEHUSL.

I'pad G = G(V) ¢ muoxkecTBOM BepiiuH V' eCcTh HEKOTOPOE CeMEeHCTBO COYeTAHUl WTH
uap suga F = (a,b), a,b € V, yka3biBaoliiee, KaK1ue BEPIIUHbI CUUTAIOTCS COEIUHEHHbI-
mu [4, c. 11].

Ecau paccmarpuBars rpad Kak aaredpandeckyr CHCTEMY, TO MOYKHO CKa3aTh, 9TO rpad
G = (V; E) — 510 anrebpandeckasi CHCTeMa ¢ MHOXKECTBOM BEPITHH V' B KA4eCTBe HOCUTEJIs
1 OMHAPHBIM IPEJUKATHBIM OTHOIIEHHEeM F B sI3BbIKe, 3a/IaI0IKM MHOXKEeCTBO pébep B Irpa-
de [1, c. 21]. TTapa Bepius u, v € V', 11g KOTOPO#i BHITOAHEHO F (U, V), HA3BIBACTCS PEOPOM
rpacda G. anee pebpo Gymem o6osnadarh (u,v). Ecau mopsgok BepiiuH B pebpe He Cy-
MECTBEHEeH, TO ecTh (u,v) = (v, u), TO Takoe peGpPO HA3BIBAETCS HEOPHEHTHPOBAHHBIM HJIH
3BeHOM. EcJjiM IOps/IOK CyIiecTBeHeH, TO peOpo HA3bIBAeTCAd OPUEHTUPOBAHHLIM WU JY-
eoti. s nyru (u,v) BepIInHA U SBJISIETCS HCXOJAIIEi, a BepimmHa v — Bxoagmeir. ['pad
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SABJIAETCA HEOPUEHTHPOBAHHBIM, €CJIH KarKI0e ero pebpo HeOPHeHTUPOBAHHOE, M OPUEHTH-
POBaHHBLIM, €cJii Bce ero pebpa opuenTupoBanbl. Ecian pebpo rpada mmeer cBoé HAYAIO U
KOHEIl B OJTHON U TOH YKe BepIImHe, TO TaKoe pedpo HA3BIBACTCA Nemaédl.

OpuentuposannoMy rpady G MOXKHO HOCTABATHL B COOTBETCTBHE HEOPHEHTHPOBAHHBIM
rpad U(G), noxydenusiii u3 G myTéM 3aMeHbI YT HA HEOPHUEHTUPOBAHHBIE PEGpA.

Hanee 6ymeM HCIONB30BATHL Ipadbl CHENUAILHOTO BHIA, KOTOPBIC HUMEIOT KIIOUEBYIO
pousib B pabore [5]. Tlycts 3agan0 muo)kecTBo unTepBaaoB Z = {Iy,..., I,,} Ha BemecTBeH-
Hoii npsimoii R. Heopuentuposanusiii rpad G = (V; E) Ha3BIBAeTCST UHMEPEAALHbIM, €C-
Ju ero MHoxKecTBY BepmmH V. = {vy,...,v,} COOTBETCTBYeT MHOYKECTBO HHTepBATIOB L U
(vi,v;) € E(G) Torma m TonbKo Torma, korga I, NI, # @. llyers Temepnb 3amana mapa
MHOXKecTB uHTepBanos {Iy,...,I,} u {Ji,...,J,}. Opuentuposauusiit rpadp G = (V; E)
HA3BIBACTCS UHMEPBAALHbLM, €CJIM KaXKj0il BepIIMHE U COOTBETCTBYET Iapa MHTEPBAJIOB
(Iy,J,) u (u,v) € E(G) torma u Tonbko Torga, korma I, N J, # &. OpueHTHPOBAHHbII
MHTEPBAJBHBIN TPad HA3BIBACTCT NPUSedEéHHbILM, €CTH TSI KayK/I0i BepPITUHBI U WHTEPBa-
ael I, u J, umeor obimyo Jaesylo Touky. Ha puc.2 npeacrasien IpuMep HpUBEIEHHOIO
HHTEPBAILHOIO OPHEHTHPOBAHHOIO rpada 1 ero nHTepBaIbHag gpopMa.

Ja
I, ——
Jy ——
I
J. —
I, —
Jg—
Iy

Puc. 2. llpuBenéunpiit "HTEPBAJILHBIN OPUEHTUPOBAHHLIN rpad ¥ ero nHTEePBaAIbHAA (HOPMA

[Iycrs maner apa rpada H u G. Tomomoppusmom rpadpa H B rpad G HaswbiBaeTcs
Takoe orobpaxkenne ¢ : V(H) — V(G), aro anast Beex u,v € V(H) ecm (u,v) € E(H), 1o
(p(u), p(v)) € E(G).

I3BecTHA CBsAI3H MeXKJy YacTHYHBIMEH Topsiakamu u rpadamvu [4]. ITlycrs 3aman da-
CTUYHBIA TOPsAIoK P, emy coorsercTByer rpad ['p, BeprimHaM KOTOPOrO COOTBETCTBYIOT
9JEMEHTHI YaCTHIHOrO HODSIKa, u Ayra (p;,p;) ects B rpade ['p, ecam u ToabKO ecin
pj < pi- 'pad I'p asngerca pedpaekcnBHbIM, TPAH3UTUBHBIM, aHTUCAMMETPUYHBIM U QIIUK-
JIMYECKUM, eCJII He paccMarpuBaTh meTiu. HazoéMm rpad, HOCTPOEHHBIN 0 YaCTHIHOMY
HOPAIKY, P-2padom.

[Iycth pan anodaHTOB YACTUUYHBIN HOPAI0K P B sa3bike L 4. 3aaada pa3peniuMOCTH
cucrembl ypasueruit S(X,,) Ha/l YACTHIHBIM HOPSAKOM P HOPMYTHPYETCST CIIeAY FOIHM 00~
pa3oM: COBMECTHA Jin cucTeMa ypasHeHuil S(X,,) Ha 9acTHIHBIM TOPSIIKOM P B si3bike L 47
Bynem o6o3navars gannyio 3ajgady kak Cons(P).

Bajada paspenrmMoCTH CACTeMbl yPaBHEHMI HaJ JaCTUYHBIM IIOPSIKOM TECHO CBsI3a-
Ha ¢ 3aj1aueii cnucounozo 2omomopgpusma (list homomorphism problem) [5-8]. Hekoropsie
aBTOPHI HA3bIBAIOT €6 3amadeit cnucka H-packpacku (list H-coloring problem). Ona dopmy-
JIUPYETCS CJIEIYIOIUM 00pa30M: IycTh 3a/aubl aa rpada G u H u st KayK10# BEPITHHbI U
rpacda G 3amano muoxkectso Bepruut L(v) C V(H) rpada H. CyiecTByer Ju Takoil TOMO-
mMopbusm ¢ : G — H, uro nia xkaxkaoi sepmmnnl v € V(G) Bepmuna ¢ (v) IpUHAIIEKAT
samannomy crucky Bepmut L(v)? B 3amade rpad H dburcuposan, a rpad G 1 MHOXKeCTBa
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seprun {L(v;) : L(v;) C V(H), v; € V(G)} g9BasioTcst BXOTHBIMA TTapaMeTpamMu. 3a1aua
cIrcodHoro roMmomopdusma mist rpada H obosmasaerca L-HOM(H) [5].

B cayuae, korma s ao6oii Bepuuael v € V(G) cnucok L(v) paBeH BceMy MHO-
xkecrBy V(H), 3amaua L-HOM(H) aBnsierca oObramoii 3agadeil o romomopdusme rpa-
dbos. B manmnoit pabore paccmorpena takke 3amada RET(H), koropast siBasercst 3amadeit
L-HOM(H), rme st kaxk1oil Bepiunbl v BXoaHOro rpada G cnucok L(v) comepxkut aubo
onHy Bepiuny u rpada H (st KaxK/10ii v BepnHa u ¢Bos ), ubo paBer muoxkectBy V (H).

Y zagaun L-HOM(H) ectb mepapxusi CJIOXKHOCTH, MO3TOMY HY’KHO MOKa3aTh, KaKOe
MeCTO B 3Toit nepapxuu 3anumaet 3ajga4da Cons(P). [IpuBeném U3BeCTHBIE PE3YIBTATHI.

Teopema 2 (T. Feder, P. Hell, and J. Hunag [5, Teopema 2.4, ¢.6]). Ilycrs H — ped-
JeKCHBHBIN oprpad, y koroporo U(H) seisiercsa nukaoMm JumuHbl bombire 3. Torma 3amada
RET(H) asagerca NP-mosHoi.

Teopema 3 (T. Feder, P. Hell, and J. Hunag [5, Cnencreue 3.8, c. 11|). Eciau H — pe-
dbrekcuBHBI TpHBeAEHHBI nHTEepBanbHbI oprpad, To L-HOM(H) paspermunma 3a nosn-
HOMHAJIBbHOE BPEMSI.

[Mockonsky RET(H) asisgerca nmonzanaueit L-HOM(H ), To Buguno, aro L-HOM(H) e
BCET/1a MOJIMHOMHUAJIBLHO paspernma. Bosee Toro, cymmecTByer ycioBne, mpin KOTOPOM 33,13t
L-HOM(H) aasiercst NP-mosnoi.

Teopema 4 (P. Hell and A. Rafiey |7, Teopema 3.2, c¢.6]). Ilycrs H — opueHTHpOBAH-
ubiii rpad. Ecom H comepkKuT HanpaBIeHHYI0 acTepOUIHY0 TPOiiKy, To 3agada L-HOM(H)
apasgeTcs NP-nogHoii.

Hanpapsiennasi acrepougHas TPOHKA — 9TO JOCTATOTHO CJOXKHBIH OOBEKT, ONpPene/1EH-
HBIii JIJIs OpueHTHpoBaHHBIX Tpador. Ero mojaHoe onpesenenne gaHo B [7].

[To maHHBIM pe3y/jabTaTaM MOMKHO IOHSATH, 4TO 3ajada RET(H) Toxe MoxkeT OBITH 110-
JMHOMHUAJIBHO pa3pertuMa, ecad H yIoBIeTBOPSIeT HEKOTOPBIM YCJIOBHSIM, HAIIPUMED €CJIN
H — peduiekcuBHOE KOJ1ECO, T. €. Oprpad, 101y YeHHbIH IPUCOEIMHEHUEM BEPIIUHbI, KOTOPast
JOMUHHDYeT HaJl BCeMU OCTaJbHBIMHE |5, ¢. 7.

Janee mokazano csegenne 3agaau Cons(P) k 3amage L-HOM(H).

Jlemma 1. Ilycrs 3aman auodantoB yacrnanbiit nopsiiok P B a3bike Ly (|JA| =m) u
9TOMY YaCTHIHOMY TODSAJIKY coorBercTByeT p-rpad H. 3anaua Cons(P) cBogurcs K 3amade
L-HOM(H) 3a mOJIMHOMHAILHOE BPEMsS.

JToxazameavcmeo. [ljas qinodaHTOBOIO Ciydasi 4aCTUIHOTO HOPsiaka P B si3bike L4
ONpEeJUM MHOMKECTBO ypaBHeHHH S,<, BCEX OTHONICHHII MOPAIKA MEKIY 3/eMEHTAMH
Hocuresns P. Jlns jokazarenncTBa JieMMbl oruiiem anroputm 1. I'padsr npeacraBisror-
cs MaTPHUIAMHU CMEKHOCTH, YPaBHEHUsS KOIUPYIOTCA TPOUKAMU: IEPBBIH apryMeHT, BTOPOii
apryMeHT, MpeIHKaT.

Heobxoaumo noka3arhb, 4ro penieHusM cucrembl ypasaenuii S(X,,) Haj P B3auMHO 01
HO3HAYHO COOTBETCTBYIOT ToMOMOpdu3Mbl n3 rpada G B rpad H, yI0BIeTBOPSIONINE CIIHC-
kaMm L. Ilycre st pertennst p; = (p;,, - - -, Pi, ) 38J1aHO OTOOpaKeHUe

haja Tr = gaj7 gaj € GA?

pi(z) =
hika T = Giy, ke{L"'?”}a Giy, QGA

CuavaJja HyKHO II0Ka3aTh, YTO ¢; — ITO TOMOMOP(HU3M, TO €CTh

Ygr,9s € V(G)((9r, 95) € E(G) = (0i(gr), 0i(9s)) € E(H)).
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Tax kak KoHCTaHTHBIe cUMBOJBI S(X,,) mpeobpa3yioTcs mo mmary 4 aaroputma 1 B Bep-
ITHUHDbI GA 1 BCE UX COOTHOIIEHUA ,ZLO6aB.HeHbI B CUCTEMY Ha HIare 2, TO MOZKHO BBILACJIHUTD
noarpad W (G 4, E) rpada G, koropsiii nzomopden p-rpady H, nocrpoeHHOMY Ha Tare 3
anaroputMa. [losromy

Y94, 9a. € Ga((9ar» 9a.) € E(G) = (0i(9a,) ¢i(9a.)) € E(H)),

9TO 00ECIeUYNBaCTCI IIOCTPOEHUEM ©;.

Anropurm 1. Csegenune Bxoma 3amaan Cons(P) k L-HOM(H)

Bxoa;: cucrema ypasaenuii S(X,,) HaJI 9aCTHIHBIM MOPsiAKOM P B si3bike L4 (BXOM J71s1
sagaan Cons(P)).
Brixoz: rpad G co cimckamu Beprmd L (Bxog agst 3agaun L-HOM(H)).

1: Cucrema ypasaennii S(X,,) pasduBaeTcs Ha CeMb HEIIEPECEKAIOTTIXCS MOACHCTEM YDaB-
wenwit (1). [Tpu sTom ypasHenue t; = to Hajg P, rjue 1 u ty — TepMbl, SKBUBAJIEHTHO
nape HepaBeHCTB 1y < o u lo < t1. [TosTomy cucrema S(X,,) 3aMeHsieTcst HA SKBUBA-
JeHTHYIO eif cucteMy ypasuenuit S’(X,,), coIepKaIIyto TOIHKO YPABHEHHS TUIOB Sycq,
Sxéay Sagx n Sxé:{:-

2: Ecom nomcucrema S,<, B S'(X,,) coBMecTHa, TO €€ MOKHO MCKJIIOUUTH U3 PACCMOTpe-
HHSsI, TOTOMY 9ITO OHA He BJIusieT Ha paspentumocts cucremst S'(X,,). Ecian S,<, 8 S'(X,)
HecoBMecTHa, TO: 1) cucrema S(X,,) HecopmectHa; 2) B cucreMe Sy, CYIIECTBYET YPaB-
Herme a; < aj, KoTopoe He BepHo Haj P. Beomures cucrema S”(X,,) = S'(X,,) U Saca,
sKBUBasIeHTHAs cucreme S(X,).

3: Tlo wactuunomy nopgaaky P crpoutrca p-rpad H. Kaxmpomy anementy nocuress p; € P
craBuTcs B coorBercTBme Bepumua rpada h; € V(H). Eca mra p;,p; € P BepHO
P E p; < pi, to (hi,h;) € E(H). Tak kak paccMarpusaeTcsa AuOMAHTOB CIydail, TO
KOHCTAHTHBIE CHMBOJIBI @; € A TakzKe MepexoJsT B JIeMeHT h;, KakK u p;.

4: o cucreme S”(X,,) crpoutcsa rpacd G: Bepumaam rpada G COOTBETCTBYIOT TEepPEMeH-
ubte X,, 1 KOHCTaHTHl a3bika A; ayra (¢, t;) npucyrcrsyer B rpade G, ecin ypaBHenue
t; < t; conepxurca B cucreme S'(X,,), t;,t; € {X,, U A}. g sepmun rpada G, coor-
BETCTBYIOIINX KOHCTAHTHBIM CHMBOJIaM A, BBoguTcst obo3uadenne G4 = {Gay, - - - Ga,, }-

5: Ilo mogcucreme S,<,USq<, cTpoaTcs cincku BepmuH rpada H. Jna Kaxkaoit nepemen-
HOU Z; B IOJCUCTEME BBIICISIOTCS T€ YPABHEHN, KOTOPBIE 3aBUCAT TOJIBLKO OT 3TOi I1e-
PEMEHHOI: Sy <o USa<y,. Jasee u3 cucremsl S, <, BBIONPAIOTCS BCE KOHCTAHTBI (HX MHO-
&KecTBO 0603HATNM A, ). AHATOTHYHO BHOUPAETCS MHOKECTBO A, KoHCTAHT U3 Sy, -

Onpegesisiercst MHOKECTBO KOHCTAHT L(1;) = ﬁii NA! . Ecin noxencrema Sy, <, nycras,
1o L(x;) = A; nys Becex koucrant L(a;) = {a;}.

6: JI1g CHECKOB 3JIEMEHTOB U3 IIara 5 ONPEIeNsiOTCd CIUCKA BEPIIHH: s KarKI0ro
x € X, no mary 4 ounpesesena sepimuna v € V(G) u cuucky L(z) = {ai,...,a;.}
coorsercrByer cuucok L(v) = {h;,,...,h;, } € V(H), vae sepumuna h;, COOTBETCTBYeT
KOHCTaHTe a;, u3 mara 3. KoHCcTaHTHBIM cuMBOJIAM a; € A COOTBETCTBYIOT BEPIINHbI
gi € G4 mo mary 4 u L(g;) = h;, tie h; cOOTBETCTBYeT KOHCTAHTE @; IO TIAary 3.

Janee mycrs 3adurcuposan saement g;, € V(G) \ G4 nis pemenns p; = (piy, - .., Diy,)
cucremsl ypasuenuit S(X,,) u BoOpan mpoussoabuoiit snement g € A. Ecam (g;,,9) €
€ E(G), o no mary 4 anropurma 1 BepIIHHA §; COOTBETCTBYET JEMEHTY ¢;, a BEPIINHA
gi,, — nepeMentoit xy. Ecin (g;,, g1) € E(G), 10 1, < oy € S(X,,). J1s1 perrenus p; nepemen-
HOM X COOTBETCTBYET JIEMEHT p;, W, cienoBaresnbro, P FE p; < p. 113 mara 3 aaropurma
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caeayer, uro (h;,h) € E(H). Ho ¢;(g)) = by u i(g;,) = hi,,. DTU paccykIeHus BepHBI
1tst Beex asiementoB u3 V(G) \ G 4. Tem cambiv mokasaHo, 9To

Vgr € {V(G)\ Ga}V9a, € Ga((9r:9a.) € E(G) = (©i(9r), i(9a.)) € E(H)).

AHajsornyHbIMHI PaCCyzKACHUAMMN JOKa3bIBACTCA, ITO

V94, € GaVgs € {V(G)\ Ga}((9a,r:9s) € E(G) = (¢i(ga,), ¢i(gs)) € E(H));
Ygr, 95 € {V(G) \ Ga}((9r: 9a.) € E(G) = (¢ilgr), ¢i(gs)) € E(H)).

Taxkum obpazom, orobpazkenune ¢; : G — H sBisercs roMoMophu3MOM.

Temnepb HYKHO TIOKa3aTh, YTO JAHHBINH TOMOMOPMU3M YIOBIETBOPSET YCIOBUIM CITHC-
koB L(g) nns rpada G.

[lo maram 5 u 6 Buamo, uro L(g;) = h; ang Beex g; € Ga. Tak kax ¢;(g;) = h; g
Bcex g; € G4, TO I BeexX 31eMeHTOB U3 (G4 TOMOMOPMU3M ; YIOBIETBOPSET YCJIOBUIM
CITUCKOB.

[Iycrs g, € {V(G) \ Ga} n ¢i(gi,) = hi,. Jas mero no maram 5 u 6 oupenenén
crmcok Bepumun L(g;, ) € V(H). B mare 4 Bepumuna ¢;, CONOCTaBJICHA MEPEMEHHON I,
KOTOPO# COOTBETCTBYET CIHCOK d71eMeHToB L(xy) (mrar 5). Tak kak p; = (piy, ..., Pi,) —
pemenue S(X,), To a;, € L(zy). [lo mary 6 sro osmnagaer, ato h;, = ;(g;,) € L(g;,. ), T.e.
¥; YIOBJIETBOPSIET YCJIOBUSIM CIIMCKOB BEPIIHH.

Taxkum 06pa3oM, Kazk/i0e perieHne CHCTeMbl ypaBHeHuid p; = (pi,, . .., P;,) ONpeJeaaer
rOMOMODPDU3M (;, YAOBJETBOPAIONUI MO AHUIO B CHUCKH BEPIINH.

[yt B3aUMHO OJIHO3HAYHOTO COOTBETCTBHUS OCTAJIOCH MOKA3aTh, YTO JPYIHX TOMOMOD-
(bu3MOB, YIOBIETBOPSIONINX CIHUCKAM, He CYIIECTBYET.

[Iycts ecth romomopdusm ¢ : G — H, KOTOPBIH yI0BIETBOPSIET CIUCKAM BEPIINH,
MOJIyYeHHBIM TI0 AJTOPUTMY, HO HE COOTBETCTBYET HU OJHOMY u3 pernenuii. Tak kax 1
VJOBJIETBOPSIET BCEM CITMCKaM, TO OH YIOBJIETBOPSIET W BCeM CrucKaM s g € (G4, TO ecTh
coxpansiercss usomopduocts H u noarpacda G. Eciau cucrema ypaBHeHHiT HecOBMeECTHa
n3-3a ypaBHeHU# B S,<,, TO ToMoMopdusm G — H Heab3sd COCTABHTH TaK, YTOOBI OH
YIOBJIETBOPSLI cruckaM st G 4.

[Tycts BoLgenen mekoropelit anement g; € V(G) \ Ga u ¢(g;) = h;. I3 anropurma 1
BH/IHO, 9TO TI€PEMEHHAsl &; COOTBETCTBYET BEPIINHE ¢;, & JI€MEHT U KOHCTaHTa (p; U ;)
qacTHIHOro nopsaka P — sepumue hj. Taxk xaxk h; € L(g;), To a; € L(x;) mo maram 5
u 6 aropuTMa. AHAJTOTHYHYIO HPOIEIYPY MOYKHO MTPOIETIATH 1O OCTATHLHBIM dJIEMEHTAM U3
V(G) \ G4 u MOIyIATH 3HAUCHUST G = (Qqy, - - - 5 Gq,, ) IS BCEX TIEPEMEHHBIX X,.

B cucreme ypaBuenuii yerbipe BHA MOJACUCTEM: Su<qa, Sr<a; Oa<e 1 Sp<y. KaK yzKe 0OT-
MeYasIoch, S,<, HEMPOTUBOPeUnBa, nHade 1 ne romomopdusm. [ogcucrempr Sy, U Sy, HE
MOTYT OBITH ITPOTUBOPEYUBBIMU IIPH HOJCTAHOBKE 3HAYECHUI U3 @, TAK KAK OHU y/IOBJIETBO-
PAIOT BCEM CIIUCKAM BEPIIUH, KOTOPBIE COCTABJILAIOTCS MO JAHHLIM YpaBHEHUSIM Ha mare 5.
3HAYNT, TIPU HOJCTAHOBKE 3HAYEHUN G B CUCTEMY S,<, MOJYUAIOTCS HeBEpHBIE HA P BbIpa-
»kenus. [lycTts Takum Beipazkennem OyzaeT ajp < @, COOTBETCTBYIOIIEEC yPaBHEHUIO T; < ),
T.e. P ¥ p, < p. Bepmmunnr hy, hy asiagiorcs obpasaMu BepHIUH @, g, COOTBETCTBYIO-
MUX IepeMeHHbIM Z;, T;. 1lo asropurmy 1 mepemennble ;, x; mpeobpa3yloTcda B BePIIHHBL
iy g5 € {V(G)\ G4} n mexkay auME ecTb ayra (g;, ¢;) € E(G). Tax xax ) — romomopdusm,
to (¢Y(g;),¥(g:)) = (hu, hi) € E(H). Ho Tak xax P ¥ p, < p;, To ayru (hy, hy) B H 6bITH He
mozket. [IporuBopedne. Tem caMbIM JOKA3aHO, 9TO PEIIEHUST CUCTEMbI YPABHEHUH B3aMMHO
OIHO3ZHAYHO OTIPEIE/ISTIOT TOMOMODMU3MBI MKy TpadaMu, yI0BIETBOPSIONIIE CIIHCKAM.
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AnropuT™ cBeeHUS 334U SBISETCS MOJUHOMHUATBHBIM MO YHCJIY 3JEMEHTOB YaCTHY-
HOTO TIOpsIKA (M) W KOJMYeCTBY MEPEeMEHHBIX B cucTeMe ypaprenuii (n). Ilepswbril mar
AJTOPUTMA — 3aMeHa MOJACUCTEM Sy—q, Sp—q U Sp—y HA Sgcay Se<ay Sace W Sy — yBETHIN-
BaeT KOJUIECTBO ypaBHeHuil He Gostee uem Bipoe. Cieayronuii mar — npoBepKa COBMECT-
HOCTH TIOJCHCTEMBI Sqcq; TTPOBEPSAETCA COBMECTHOCTD He Gostee m? ypasnenuit. [TocTpoenue
p-rpada H 110 9acTUIHOMY TIOPAAKY P mpeacTaBigeT coboii KOMMPOBaHTe MATPUIIHI CMEZK-
wHoctu. s noydenns rpada G CTPOUTCS MATPUIA CMEXKHOCTH ¢ (N + M) BepHImHAMA
u e Gosee yeM (n + m)? ayramu. Hakomer, mocTpoeHue CIUCKOB BepIIHH — 3TO MOMCK
nepecedennit Komycos. /ljig sjeMeHTa 4acTUYHOrO IOPEIKa a IIOCTpoeHHe a' U a' mpomc-
XOJUT IIyTEM CPABHEHUs JEMEHTa ¢ CO BCEMH dJIeMEHTAME YaCTHIHOrO Hopsgiaka. [losromy
TPYI0EMKOCTE JIaHHO onepamun onennsaercst kak O(m). Ioctpoenne Al npoussosibroro
IIOJIMHOYKECTBA, 3IeMEHTOB YaCTHYHOIO HOPSAIKA HPOXOAUT TAK, 4TO CHAYAJA CTPOUTCH al
Jis mro0oro asteMenta a € A,,. Jajnee ocranbuble s1eMeHTHl U3 A,, CDABHHBAITCH C al.
CoskHOCTD 3TOii TIpoIe iy phl MOKHO onenuTh Kak O(m?). Heo6xommo ocTpouTh 1 Takux
muOKecTB. CriejoBaTesbHO, anroputm ceenenns 3agaqu Cons(P) k 3amade L-HOM(H) siB-
JISIETCA TOJMHOMUAIBHBIM 110 THCJIY 3JIEMEHTOB YACTHIHOIO HOPIIKA U YUCIY HepeMeHHBIX
B cucTeme ypapHenuit u umeer TpyaoémMxoctb O(n? +nm? + m?). m

Craeayer ormernTh, 9to 3amady L-HOM(H) uenn3s ceectu K 3agade Cons(P): 3amaua
L-HOM(H) mupe, gem 3amada Cons(P). Hanpumep, Ha puc. 3 mokaszaHna guarpaMma Xacce
9acTUIHOrO opaaka M. PaccMOTpUM Bce BO3MOXKHBIE KOHYCHI:

1) ot =o't =al =al = {a1,a,a3};

) ag = {a27a3}T = {a1, as};

) a% = {a1, aa} = {ag, as};

) {ar, a2} = {a1, a3}" = {a1, a2, a3}" = {ar };
5) {ag,asz}t = {ay,a3}* = {ay, as, az}+ = {as}.

Ecau 3amars cincok L(v) = {a1, a3}, T0 BUAHO, 9TO0 HUKAKOE MEPECEICHUE U3 BCEBO3-
MOZKHBIX KOHYCOB He TaCT MHOXKECTBO 9JIEMEHTOB {ai, as}. A Tak KaK CIHUCKU HJEMEHTOB

= N

dopMHEPYIOTCS 110 CUCTeMaM YPaBHEHUI Sycq B Sgcy, TO U HU 10 KAKOH CHCTEME YPAaBHEHU I
HEJIb3d COCTABUTH YKA3aHHBIA COUCOK 3JIEMEHTOB.

as

Puc. 3. Hacruunsiii nopsjaoxk M

Teopema 5. Ilycrb P —uactuunbiii nopsgok u H — COOTBETCTBYIONIUI 3TOMY 4Ya-
CTUYHOMY TOPsAIKY p-rpad. Torma ecoim H — nmpuBenéHubiil MHTEPBaAJILHBIN oprpad, TO 3a-
nada Cons(P) paspemnma 3a IMOJHHOMUATBHOE BPEMSI.

oxaszameavcmeo. Ilo gemme 1 3amaua Cons(P) MOJMHOMHUAIBHO CBOAUTCS K 33,18~
qe L-HOM(H), tae H — pedaekCHBHBIN annKJINIHBI TPAH3UTHBHBI OPHEHTHPOBAHHBI
rpacd. PediekcuBHble alyKInYHbIE TPAH3UTHBHBIE Oprpadbl SBALIOTCA IOJKIACCOM pe-
dbaekcusabx oprpados. [lostomy mo Teopeme 3 3amaga L-HOM(H) paspentumva 3a moJin-
HOMHUAJIbHOE BpeMsd, ecan H — npuBeéHHbIN HHTepBaIbHBIN oprpad. m
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MoKHO OTMETHTH CJIyYail, B KOTOPOM YaCTHUHBIN MOpAmoK P 3amaH B s3bike L Ge3
koHcradT. Torga Cons(P) pemaercs TpusnasibHo. Jlobas cucrema ypasaenuii S(X,,) nHag P
COCTOUT W3 YPABHEHHUH JIBYX THIOB: Sy—p U Spc,. CrenoBaTe/bHO, PENeHusIMEI JTAHHON
cucrembl 6yayT Touku BUAA P; = (p;, ..., p:), pi € P.

Yro kacaercs 3amaun RET(H), To e MmoxkHO cBectn K 3azade Cons(P) aus p-rpados H.

Jlemma 2. llycrs 3aman p-rpap H m eMy COOTBETCTBYET YacTHYHBIN MOPSAIOK P B
s3bike L. 3agaga RET(H) cBoaurces k 3amade Cons(P) 3a MOJIHHOMUATBHOE BPEMSI.

Hoxazameavecmeo. g csenenust mocrpoum 1o rpadam G, H u cnuckam L(v) cu-
cremy ypaBHenuii S(X,,) u qacTuaHbI TOPsIOK P.

Hano: p-rpad G u cnucku sBepuns L(v) € V(H), v € V(G) (Bxox mta 3amasu RET(H)).
Hy:xuo moctpouts cuctemy ypasuenuit S(X,,) HaJ 9acTHIHBIM MOPSIKOM P B si3biKe L4
(Bxog auist 3asaun Cons(P)).

[To p-rpacdy H tosydnm 4acTUIHBIN MOPSIOK P CTaHAAPTHLIM 00pa30M.

ITycrs B rpade G Beero n Beprmn. o rpady G crponrtcesd cucrema ypaBHeHHit Spcy
coreytomuM obpa3omM: BepimuHaM rpada G cTaBaATCa B COOTBETCTBUE TTepeMeHHbIe X, ; eCoIn
B rpade G mpucyrcrByer ayra (g;,¢;), TO B CHCTeMY J00aBseTCs ypaBHEHUE T; > Tj.
[To cmuckam L(v) cTpouTcst MHOXKECTBO ypaBHeHUit S,—,: ecu Jist BepiuHsl g; Tpada G
crucok L(g;) = {h;}, 10 B cucremy nobaBiiseTcss ypaBHEHHE T; = 4, TAE X; COOTBETCTBYET
BepIINHE ¢;, & KOHCTaHTa a; — Bepumue h;. Ecin L(g;) = V(H), 10 HUKaK#e ypaBHEHHUH
B cucTeMy He jobasistiorcest. Cucrema S(X,) npejacrabisier coboit 00bequHeHne Sycy U S —q.

Ananornuno csegennio 3amadu Cons(P) k 3amaue L-HOM(H) B stemme 1 MOXKHO 1O~
Ka3aTh COOTBETCTBHE roMoMopdu3MoB Mexkay rpadom G co cuuckamu L u rpadom H u
perterusivu cucrembl S(X,) Hag P B st3bike Ly.

[MosmnomuaabaoCcTh cBenenns (mo uuciay sepumu rpados |V (G)| = nu |[V(H)| = m)
3aK/I09aeTCd B TOM, YTO TMOCTPOEHHE YACTUUHOTrO Topsjika P 1o rpady H sBisercs Komu-
POBAHHEM MATPHIBI CMEXKHOCTH U uMeeT Tpynoémkocth O(m). [loctpoenne cucremsr ypas-
mernit S(X,,) He mpeBocxoauT no caokuoctn O(n?), Tak Kak mocTpoerne S,.c, ONEHABACTCS
nopsiIKoM 4ucja ayr rpada G, a nocrpoenue cucteMbl S,_, — KOJUIECTBOM BEPIIUH T'Pa-
da G (310 MHOKECTBO ypaBHeHHH onpesensercs no couckam L(v)). Mtoro, Tpy10éMKOCTE
cBesienns onennBaerca kak O(n? +m). ®

Teopema 6. IlycTh 3a1aH KOHeTHBIH YaCTHIHBIN TOPAA0K P. Eciu 119 cCOOTBETCTBY-
fomero emy p-rpada H rpad U(H) saBisieTcs mukIoM JInHbL 6osbiie 3, To 3agada Cons(P)
apigerca NP-moaHoi.

Hoxazameavecmao. Ilo nemme 2 3amada Cons(P) NOJHHOMHUAIBHO CBOIUTCS K 33,121
RET(H), tme H — pedyieKCUBHBIH alUKJINIHBI TPAH3UTUBHBI OPHEHTHPOBAHHBIA Tpad.
PedriekcuBabIE anuKINYHbIE TPAH3UTUBHBIE OPrpaddbl SIBJISIOTCSA MOIKJIACCOM pediekcuB-
ubrx oprpados. [Tosromy no reopeme 2 3anada L-HOM(H) asaserca NP-nosHoii, ecin
U(H) apisiercst UKJIOM JUTHHBL 601bIITe 3. W

Takue gacTHYHBIE MOPSAKA CYIIecTBYIOT. OJIUH U3 HUX IPEJICTaBJIeH Ha PHUC. 4.

Takum obpaszom, mokazano, uto misa 3amadn Cons(P) obIacTh 3HAYEHUI MEPEeMEeHHBIX
OIIpeIesISIeTC s TIepecedeHneM KOHYCOB B YACTUIHOM HMOPSAAKe P, B OTJINYre OT IPOU3BOIbHO-
ro caydas 3ajanus cuuckoB B 3agade L-HOM(H) u qyaipbHOCTBIO 3aJaHUs CIHCKOB B 3a-
naue RET(H). 3agaua Cons(P) mMoxker GbITh Kak MOJUHOMHATIBHO DA3PENIUMOMN, TAaK W
NP-nonnoit, B 3aBUCHMOCTH OT YacTHYIHOTO nopsiaka P. Heobxoaumble ycioBus s yi0-
BJIETBOPEHHUS JAHHBIX CBOMCTB IOJyYeHBI B TeopeMax b u 6.
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Puc. 4. Hactuaneit mopgaaox P, y KOTOPOTO
rpad U(H) sgBasS€TCS TUKIOM JJTHHBL 4

3akJJdyeHue
CdhopmynupoBan KpuTepuil HETEPOBOCTH IO YPABHEHHSIM JIJI YaCTUIHO YIIOPSI0YEH-
HBIX MHOXKECTB U JIaHBl HEOOXOIMMBIE YCJIOBHSA /s IMOJIAHOMHUAIBHON pa3pemuMOCTH H
NP-nosinoThl 33/1a4n pa3pemmumMoCcTu CUCTEMbl YPaBHEHUIT HaJI YaCTUYHO yHOPSsI0YEHHbI-
MH MHOXKXeCTBaMMH.
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Haiinennt 1Be 6eckoHedHbIE CepUM MTOMYTPYII, CBOMCTBO BHEITHEILIAHAPHOCTU rpadoB
K»s/iu B KOTOpBIX SKBUBAJIEHTHO CBONCTBY OOOOIEHHON BHEITHEILIAHAPHOCTU UX I'Pa-
¢oB Kan, HO He SKBUBAJEHTHO CBONCTBY TJAHADPHOCTH, W O/IHA OECKOHEUHAS Cepusd
TTOJTyTPYIIT, CBOUCTBO 0000IIEHHOM BHEHEMTanapuocTu rpados Kaanm koropsix 9k-
BUBAJIEHTHO CBOWCTBY IIaHapHOCTH ux rpacdos Kaim, HO He S5KBUBAJEHTHO BHEIIHE-
mwranapuoctu. Jlokazamo, aro rpad Keam xomeuno#t momyrpynnsr He m3oMopdeH HU
oflHOMY M3 3amperénabix noarpados Cempradeka, B3ATBHIX ¢ JiI000U opueHTalveil u
packpackoit pébep, Mo XapaKTePUCTUIECKOMY CBOMCTBY ODODIIEHHOM BHEITHEIIaHAD-
HOCTH.

Kirouesnie cioBa: zpagu. Yapmponda — Xapapu, epado. Cedaanera, noayepynnot ¢
naanaphvimy 2papamu Kaau.

COMPARISON OF OUTERPLANARITY
AND GENERALIZED OUTERPLANARITY PROPERTIES
FOR CAYLEY GRAPHS OF PLANAR SEMIGROUPS

D. V. Solomatin

Omsk State Pedagogical University, Omsk, Russia

We have found two infinite series of semigroups whose Cayley graphs have an outerpla-
narity property equivalent to the generalized outerplanarity property of their Cayley
graphs, but not equivalent to the planarity property, and one infinite series of semi-
groups whose Cayley graphs have a generalized outerplanarity property equivalent to
the planarity property of their Cayley graphs, but not equivalent to outerplanarity.
It is proved that the Cayley graph of a finite semigroup is not isomorphic to any of
the forbidden Sedlacek’s subgraphs by the characteristic property of generalized outer
planarity with any orientation and edge coloring.

Keywords: Chartrand — Harari graphs, Sedldcek graphs, semigroups with planar
Cayley graphs.
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Buernrnennanapusie rpadbl, Kak CBA3HbIE TPadbl, UMEIOIINe He MeHee TPEX BEepPINuH, KO-
TOPBIe MOYKHO BJIOYKUTD B IIOCKOCTD TaK, YTOOBI BCE BEPIIMHBI JI€XKAJIH BO BHEIIHEH rpaHu,
Beesienbl [ Haprpaugom u @. Xapapu [1] npu perennn Bonpocos mwiaHapHocTu rpados, 06-
PA30BaHHbBIX COBEPIIEHHBIMY IAPOCOYETAHUSAME, CBA3BIBAIOIIMMU JIBE KOIKUK OJHOTO rpada.
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Jlanbueiintee 0000ITIeHNne BHEITHEILIAHAPHBIX I'PpadOB pa3BUBAJIOCH B PA3HBIX HANpaBJIEHU-
SIX, HCTOPUYECKH TepBBIM ObL10 npemaoxentoe B [2] M. Cemauexom paccMOTpeHHE TaKHX
mIaHapHBIX rpadoB, Kaxk10e pedpo KOTOPHIX MPHHAIIEKAT BHENTHEH IPaHN XOTs ObI OZHOI
13 CBOUX BEPIIHH.

B mudpoByo 3m0xy BHeNIHeILIaHAPHBIE Ipadbl HAXOIAT IPHMeHeHHe B HHMOPMaTHKE,
0CcOOEHHO B 00/IACTSAX, CBSI3aHHBIX C CETEBBIMH CTPYKTYPAMH U XUMUYECKOH HH(MOPMATHKOIA,
a MMEHHO: BHEITHEeIIaHapHBIe rpadbl HCIOIb3YIOT /sl OMHCAHHSA OTHOIIEHUI B CETEBBIX
CTPYKTYpax, Tak KakK OHU MPEICTABASIOT OO0 MOAMHOKECTBO IJIOCKHX W KPYTOBBIX T'Pa-
(0B; OHI MOI'YT HIPUMEHATHCA I MOIETNPOBAHNSA CBSI3HOCTH, cOOpa JAHHBIX, MAPIIPYTHU-
3allid, MOOMILHOCTH, YHePTrodd(MeKTUBHOCTH, YIIPABICHU TOIIOIOTHEH, aHaIn3a TpadukKa,
HOMCKa KpaTJaflInmx myTeil n 6aaaHCHpOBKH HArpy3ku. [Ipmiokenns B xeMonH(MOpMaTHKE
emIé IMupe, TaK KaK MHOIME XUMUYIECKHE COSIMHEHN MOYKHO OIMCATH ¢ IMIOMOIIBIO BHEITHE-
miaHapHeix rpados. Hampumep, B [3] omucan mosnHOMEAIBHBI aJqropuT™M, KOTOPHI BbI-
YUCIAeT MAKCUMAJIBHBIN O0IHii moarpad MexKIy JIBYyMst BHENTHEILIAHAPHBIME TpadaMu, OH
OKa3aJIcs TOJIe3€eH JJIsd PellleHus 3a7a9 IPOrHO3UpoBanud B obo3Hadennoit cepe. Crocob-
HOCTH BHEITHEILIAHAPHBIX IpadoB MpPEICTaBISITh CJIOXKHBIE OTHOIIECHUS] BH3YaJbHO-HHTYHU-
THBHBIM 00pa30M JIeJIaeT UX IEeHHBIM MHCTPYMEHTOM B PAa3JHYHBIX 00JIACTIX JUCKPETHOM
MaremaTuku. [lnanapabie rpadbl, B CBOIO 0Yepelb, HAXOAAT HMPUIOKEHHS IPU HPOEKTH-
poBaHUU MUKpoOcxeM. II3BecTHO TaKyKe MpUMeHEHNe JaCTHIHO KOMMYTATHBHBIX MOJIYTPYIII
IpU aHAJIM3€ BO3MOXKHOCTH PACIapa/lIeMBaHusI aJJTOPUTMOB U IIPOIPAMM.

B o630pe [4] anasmsupyrorest Bonmpochkl BHelHemianapaoctu rpados Kamu momyrpymm,
Cpead HPOYero — B KJIACCax 4aCTUIHO KOMMYTATHBHBIX HOJIYTPYIIL, KOHEYHBIX CBOOOIHBIX
KOMMYTATHBHBIX IIOJIYTPYIII, MOHOUIOB M IOJYTPYIII ¢ HYJIEM, CBI3aHHBIE C BO3MOXKHOCTBIO
ux 00obmenns. B pasHbIX Kjaaccax MOIYTPYII HEPEAKO BO3HUKAIOT TAKHE CHTYAIWH, 9TO
HOJIYIPYIIIIA JOIyCcKaeT 0O0OIIEHHBIN BHEITHOIIAHAPHBIN, HO He IOIIyCKAeT BHEIIHEeILIaHAP-
ubtii rpad Kaun [5]. OueBuaabl IpuMepsl TOJYIPYII, B KOTOPBIX CBOWCTBO IJIAHAPHOCTH
rpadoB K31 9KBUBAJIEHTHO CBOICTBY BHEITHEILIAHAPHOCTH U CBOWCTBY 0OOOIEHHON BHEIII-
HEILTAHADHOCTH, TAKAMH CPEIN IMPOYNX SBIAIOTCS MOJYTPYIIILL ¢ HYJIEBBIM YMHOKEHHEM.
B pabore npuBeaeHbl HECKOIBKO KJIACCOB TOJYTPYIII, I KOTOPBIX CBOMCTBO rpada Kamm
OBITH 0OODOIIEHHBIM BHEIITHEILIaHAPHBIM SKBHBAJIEHTHO JIKIIIb €r0 BHEIITHEILIAHAPHOCTH JIHOO
JIAIID €70 IIAHAPHOCTH.

1. IIpeaBapuTesibHbIE CBEAEHUS

[IpuBeném onpeaeneHns Ka0UeBbIX moOHATH. I'pagom Karu nosyepynns, S OTHOCHTETH-
HO MHOZKECTBa O0OpPa3ymoIMHuX €€ 37eMeHTOB X Ha3bIBaeM OpPHeHTHPOBAHHBIA MyJIbTUrPad
Cay(S,X) = (S, {(a,z,b) : a,b € S,z € X,ax = b}) ¢ nomeuennsivu gyramu. lyra (a,x,b)
HAUYMHAETCS B BepluHe a € S, 3aKaHYUBAETCS B BepIiuHe b € S U moMedeHa 3JIeMEeHTOM
r € X Torma m TOJABKO TOTIa, KOIJIa B MOIYTIPYIe S BHIIOJHEHO PABEHCTBO ar = b.

['pad Ha3BIBAETCS GHEUIHENAGHAPHBILM, €CJAU OH M30MOpPdeH IIocKoMy Tpady, Kaxk-
Jlasl BEPIINHA ILTOCKOM YKJIaJKH KOTOPOro IPHUHAJIEXKHT BHemHeil rpanu. ['pad Ha3BI-
BaeTC 0000WEHHBIM BHEUHENAGHAPHOIM, €CJTA OH U30MOp(eH ILIOCKOMY rpady, Kazk-
0e pebpo ILIOCKOH YKIAJIKH KOTOPOIO HPUHAIEKHT BHEIIHeH TpaHH XOTsa Obl OXHOMR
U3 CBOUX BepiiuH. [oBopum, 4ro noayepynna S donyckaem (0600WEHHbIL) GHEWHENAQ-
Haproil 2pad Kaau, ecam OTHOCUTETBHO HEKOTOPOrO MHOXKECTBA 00paszymmmx X 0cHO8G
SCay(S, X) = (S, {{a,b} : a,b € S,3x € X (ax = b)}) rpada Cay(S, X), noaydennas u3
HCXOJTHOTO MYTEM y/IAJIeHUs IeTeTh, MeTOK U 3aMeHOl Beex ayr Buaa (a,z,b) u (b, y,a) njis
a,b € Sux,y € X ogaum pebpom {a, b}, sBasiercss (060OMIEHHBIM) BHEITHEILIAHAPHBIM

rpacdom.
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Corsnacuno kputepuio Ceniaueka, rpad sBaseTcss 000OIMEHHBIM BHEITHEIIIAHAPHBIM TO-
IJ1a U TOJIBKO TOIJA, KOIJIa OH HE COJAEPKUT TOArpacdoB, CTATMBAEMBIX K 3alPEIEHHBIM
rpacdham Cemnaueka G1—G1o. s cpaBHEeHES, coryiacHO KpuTeputo Haprpauara — Xapapw,
rpad BHEIIHEILTAHAPEH TOTJA M TOJbKO TOr/a, KOIJa OH HE COAEPZXKHUT HOArpadoB, FOMeo-
mMopdubx rpadam Yaprpsuna — Xapapu, Ky 3 mm K.

2. OcHoBHOII pe3yabTaT

B [6] mokazano, uTo HemmKJIMUECKas MONyTpynna S ¢ OJHUM OMPEeJESIONIM COOTHO-
IIeHReM, JOIIYCKAIOIIas HOJIYIPYIIIOBOe TOXKIECTBO, MMeeT ILIaHapHBI rpad Kaam Torma
U TOJILKO TOTJA, Korja S antuuzomopdHa oxHolt u3 moayrpynm: S; = (a,b | ab = ba),
Sok = <a,b | ab:bk>, k=1,2,..., 5 = (a,b]| aba =ba), Sy = (a,b| aba =b), S5 =
= (a,b | a®* =b*), S = (a,b | aba® = ba); wm nzomopdua oaHol n3 noayrpymnm: Sy, S 1,
Sy, Ss. 3amernm, uro B cuty 7| momyrpynost Sy, Sop, k = 1,2,..., S3, Sy, S5 u Sg—
9TO BCE BO3MOKHBIE IIOJYI'PYIIIBI, KOTOPBIM MOXKET OBITH M30MOP(MHA MM aHTHH30MOP(h-
Ha HENUKJHYecKas MOJYIPYIIIa ¢ OIHHM OIpPeIesIAiOAM COOTHOIIEHHEM, TOIMYCKAIOIIAsT
HOJIYIPYIIIIOBOE TOXKIECTBO. KakK 0Ka3aJIoCh, MOAYTpymnna S ¢ OIHUM OIPEIeISIONIUM CO-
OTHOIIIEHHEM U C TOXKJIECTBOM JIOIYCKaeT BHEITHeIIaHapubiii rpad Ksam Torma m ToIbKO
TOT/1a, KOT/J1a OHA JOMycKaeT 0DOOIEHHBIN BHeNTHeIIaHapHbIil Tpad Kamn.

Teopema 1. Ecam S —3T0 HenmuKINYeCKas MOJYTPYIIA ¢ €THHCTBEHHBIM OIPEIeIsI-
IOIAM COOTHOIIIEHNEM, JOIYCKAIONasd MOAYyTPYIIIOBOE TOXKIAECTBO, TO CAEIYIONINE YCIOBUS
SKBHUBAJIEHTHHI:

1) momyrpynma S jomyckaer BHeIIHeIIaHAPHBINA rpad Kau;

2) mosyrpymnna S jomyckaer 0600IIeHHBIH BHeNTHenIanapHbiil rpad Kamnn;

3) mosyrpymma S antuu3oMopdHa OZHON U3 HOJYrPyNI: Spj = <a,b | ab = bk>, rae

k < 3; S3=(a,b | aba = ba); nau m3omopdua nosyrpymue Sy = (a,b | ab =1b).

oxaszameavcmeo. B [8, Teopema 5.1| mokazaHo, 9T0 HENUKIXYECKAs MOJTYTPYII-
a C OJHUM OIPEJIEJSIONMM COOTHOIIEHHEM ¥ ¢ TOYKJIECTBOM JOIYCKAET BHEITHEILIaHAD-
HeIil Tpad Ks/am Torma m TOJIBKO TOr/a, KOTAA OHA aHTHH30MOP(HA OJHON U3 HMOJIYTPYIII
Sok = <a,b | ab = bk>, rie k < 3, wiu S3 = (a,b | aba = ba); win uzomopdHa TOIYIPYTI-
me So1 = (a,b | ab="). [losTomy 151 TOKA3aTEIHCTBA TEOPEMBI JOCTATOYHO BBITTOIHUTD
JIONOJTHUTEIBHYIO HPOBEPKY JOILYCTUMOCTU 0DOOIIEHHOTO BHEITHEILIAaHAPHOTO rpada Kajn
ePEeYNCICHHBIX B [6] moayrpymm, gomyckaromux miaHapHbie rpadsr K.

Hanuuue 0GOGIEHHON BHENTHEILUIOCKOI YKJIAIKu mpejacTaBieHo B [8] ma puc.5.1.1 u
51.2 nnsa 1 < k < 3 u #a puc. 5.1.3. OrcyrcrBre 0600MIEHHON BHEITHEILIOCKONR VKJIaIKH
B OCTABIIUXCSA CAyYasX pacCMAaTPUBAEMBIX MOJIYTPYII ¢ ITOCKHME rpadavu Kaam oboc-
HOBBIBAETCsl HAJIU4IMeM B ocHOBe ux rpada Kamu noarpados, cTaruBaeMbix K I€pBOMY U3
rpacdos Ceanaveka, Gi B 0603Hadennsax u3 [9]. Bosee Toano, st mosyrpynis:, n3oMopd-
HOW wian aHTUu3oMOpgHON S| man m3omopdHoit Sy, HaMWuMe noArpada, CTATHBAEMOTO
K (1 B OCHOBe, 00eCIIednBaeTcs CYIIeCTBOBAHHEM TPEX HEIepeceKafomnXcsl MApIIPYTOB OT
BepIIUHLI a JI0 BepHIMHBI a2b, KOTOPBIM MPUHAJLIEKAT BEePHIMHBI CIeIYIONNIX MHOKECTB:
{a?, a,ab,ab? ab®, a®v*}, {a?, a®b, a®b?, a*b3}, {a?, a®, a®b, a®b?, a®b?, a®b®}. Tjist mostyrpyuibi,
aHTUI30MOPGhHON S, ipu k > 4, Haamane noarpada, crarmsaeMoro K (G B OCHOBe, 00ec-
MeYMBACTCS CYNIECTBOBAHIEM TPEX HellepeceKaIommXcss MapITpyTos oT Bepmmusl b2 ~1a 10
pepmunbl b’a (puc.1). 3ech TyHKTHPOM H300pazkéH bparMeHT MaplIpyTa, I10JIydeHHbI
[OCJIeIOBATEILHBIM YMHOXKeHHeM Ha b ciea (k — 3) pasa ¢ y46TOM TOro, 9TO JIst JII06O-
r0 HATYPaJLHOIO HYHCJa 1 UMEET MecTo paBeHcTBo ab”a = abb" la = V6" la = b+ 1q,
KOTOPOE MCIOIb3YeTCst IPH YMHOYKEHUU Ha, @ CJIeBA.
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bka ba

bk+2a b3a

Puc. 1. llonrpad ocrossl rpada Ksmu nmoxyrpyniel, anTuuzoMopdHoit Soj =
= <a, b|ab= bk>, npu k > 4 craruBaembiil K nepsomy rpady Cemradexa

B ocnose rpada Ksau noayrpynmsr, mzoMmopdHoit Sy, obHapyKUBaeTcs moarpad, crs-
ruBaeMblii K (G1 M COCTOSAIIUI W3 TPEX HEMePeCeKAIONUXCsl MAPIIPYTOB OT BEPIIUHBI ba

JI0 a°, BOCCTAHABJIMBAEMbIX Ha BEpLIMHAX CJIeLYIONUX MHOXKecTs: {ba,bab, b®a, b’ ab a’},

{ba,v®,a*,a’}, {ba,b,a? a® a3b,a’}.

B ocnose rpada Ksiau noayrpynns, antunzomopdnoit Sy, obHapyKuBaercs mnojarpad,
cTaruBaeMblit K G| M COCTOAIIMI W3 TPEX HellepeceKaloluXcs MapIIpyToB OT BepHinHb ba?
110 bab, BoccTanaB/MBaeMbIX Ha BepIIMHAX cJlejlyomux Muoxkects: {b%a?, ba?, ba,b, ab, bab},
{b%a?, bv?a, b*, bab}, {b?a?, b2a?, b3a, b3, ab®, bab}. OTMeTHM MONYTHO, YTO HAa COOTBETCTBYO-
memM JaHHoi mosyrpynme puc. 11 B [6] comepskurcs tumorpadckasi HETOYHOCTh, BMECTO
BePIIMHBI ba ciaeayer 9uTaTh bab.

B ocnose rpada Ksnu noayrpynnst, antunsomopdHoit S5, obHapyKuBaercs noarpad,
cTsaruBaeMblit K (G ¥ COCTOSIIMI U3 TPEX HEIePeCceKaroNuXcs MapuIPyTOB OT BEPIIUHBI ab

JI0 a°, BOCCTAHABJIMBAEMbIX Ha BEpLIMHAX CJIELYIONUX MHOkKecTs: {ab,bab, ab®, b® ab a’},

{ab,b®,a*,a®}, {ab,b,a?, a® ba®, a’}.

N nmakomen, B ocaoBe rpada Kaau nosyrpymmsr, antun3zomopdnoit Sg, obHapyKuBa-
ercs noarpad, craruBaeMblii K (G M COCTOAIIUN U3 TPEX HelepeceKalolnXcs MapIiipy-
TOB OT BepmuHBI ba! 10 ba, BoccTaHABIMBAaEMBLIX Ha BepIIMHAX CJAEIYIONMX MHOMKECTB:
{ba*, a*, a®,a? a,ba}, {ba*, ba?, ba? ba}, {ba*, b*a*, b*a®, b%a?, b?a, ba}. Cieposarenbuo, rpa-
ot Ko noyrpyt, Jlonyckaionux mianapubie rpadgsr Kajim, HO He yI0BJIETBOPSIONINX
YCJIOBUSIM TE€OPEMBI, He ABJIAIOTCS 0OOOIIEHHBIMU BHENTHEIIAHAPHBIMY. W

Haiitn nudopMaImo 0 9acTHIHO KOMMYTATHBHBIX MOJYIPYIIIAX, HEOOXOMMNMYIO s
IOHUMAaHUS CJIeAYIoNmeil Teopembl, MoxkHO B [10].

Teopema 2. Ecau S(I') —9T0 9acTHIHO KOMMYTATHBHAS CBOOOJIHASI TIOJYTPYIINA, CO-
OTBETCTBYIONIAsS Tpady KOMMYTAaTHBHOCTH ' MHOXKecTBa 0Opa3yoOIMUX €€ 3JTeMeHTOB, TO
CJIe/IyIONNe YCIOBHS SKBUBAJIEHTHBIL:

1) momyrpynma S(I') gomyckaer BHermHertanapubiii rpad Kanu;

2) moxyrpynmna S(T') momyckaer o600UIEHHbIH BHEITHEILTAHAPHBINA rpad Kamu;

3) crenenp a060it Beprmubl B rpade I' paBna nyso, To ects nouayrpynna S(I') anru-
KOMMYTaQTHBHASI.

Zoxazameavcmeo. llycts Vi —wmuoxkectBo Bepmiuua rpada I'. Torma, kak mo-
Kazano B |8, puc.6.1.1], npum Hammumm Xorsi Obl OAHON HAPHl KOMMYTHPYIOIHX 3JI€-
MEHTOB B MHOXKeCTBe 00pasymoninx ocHoBa rpada Kajaum comep:KuT Tpu MOnapHo Here-
PEeCceKaloONuXcsd MapIIPyTa, BOCCTAHABJIMBAEMBIX HA CJIEAYIONIAX MHOXKECTBAX BepINUH:
{sa®V?, sab, sa?b, sab, sb, sb*}, {sab?, sa®b?, sab?, sb?}, {sa®b?, sa®b?, sab3, sab®, sb?, sb?},
rje s — cJa0BO U3 OYKB asidasuta Vi, BO3MOXKHO MyCTOe, 3aBepIIAOIIeecs JTeMeHTOM, He
KOMMYTHUPYIOIIUM C KOMMYTUDYIOMMEU Mexk 1y coboit a u b. CiieroBaresibHo, OCHOBA I'pa-
da Ksan Taxoit mosyrpymisl cogepkut noarpady, craruBaembiit kK mepsomy rpady Cen-
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nadeka Gy. [losromy momyrpynna S(I') momyckaer o6OOMIEHHBIN BHEITHEMTAHAPHBIH Tpad
Kaau nam monyckaer premrrenianapubiii rpad Komu Torma u ronbko Torga, xorga S(I)
HEKOMMYTAaTHBHAS. B

171t TOJTHOTHI KAPTUHBI IPUBEIEM eIlé OJINH Pe3yJIbTaT, B KJIacCe N-BeePHBIX MOy perré-
TOK OIHCBIBAIOIIHI MOJIYIPYIILI, CBOKCTBO 0O60OIMENHON BHeIHeIIaHapHOoCTH rpada Kaan
KOTOPBIX 9KBUBAJEHTHO CBOUCTBY €0 IJIaHAPHOCTH.

Teopema 3. Ecan S = S} —3T0 n-BeepHas HOIypemIéTKa, TO CJAEIYIONINE YCJIOBHS
9KBUBAJIEHTHBI:

1) mosmyrpynma S jomyckaer IIaHapHblil rpad Kau;

2) momyrpymnmna S JI0omycKaeT 000OIIEHHBIN BHENTHeIaHApHBIH rpad Kau;

3) [S®| < 3, rae S —mHOokecTBO BCex HeHyJEBHIX CJI10B MOJAYTpynubl S BHAA 4;a;,

i .

Zoxazameavecmeo. XapaKTepUCTHIECKOMY CBOHCTBY ItanapHocTu rpada Kaimm mno-
gyrpynn Sy, mokasamuomy B [10], yaoaersopstior Tonbko S (Torma ocnoBy rpada Ksm
dbopmupyer uycroii rpad nepsoro nopgjka npu jwodom k > 1), S (torga ocnosy rpada
Kamm dopmupyer 3Besna Ky, npu mobom k > 1) u S3 (opuentuposannas ocHosa rpada
Kaam B 910M cayuae npusenena B [8, puc. 6.2.2]). B kaxkgom u3 srux caydaes rpad Ksim
SIBJIsIeTC ODOOIEHHBIM BHEIIHEIIAHAPHBIM. W

PasBuBag unen pemenus 3a1a4uu o gomnycruMoctu rpados Ionrparunna — KypaTtoscko-
ro, B3SITBIX C HEKOTOPO#l opueHTamueil 1 nmomMerkoi pédep B kadecre rpadon Kajm mo-
ayrpynn |11, u amamormano rpadbam Haprpenga — Xapapu [8, reopema 7.1], pacemorpum
BoIpoc o gonyctumocTu rpadop Cemgadeka, B3ATHIX ¢ HEKOTOPOIT OpHeHTaInell U TTOMETKOi
pébep, B KauecTBe rpacdos Kamu moayrpymi.

Teopema 4. Ecmu G —rpad Kamm xoneunoit moayrpymnmusl, To G He uzomopden HU
oxnomy u3 rpados Cemgnadexa G, 1 <1 < 12, ¢ a1000it opueHTaIel 1 pacKpackoii pédep.

Joxaszameavcmeo. Yucio Bepiiun n u 9ucjao pédep m rpada Kaaum nogayrpyris
CBSI3AHBI C IHCJIOM OOpa3yIONIuX €€ 3/1eMeHTOB ¢ paBeHCTBOM nt = m. B nmporuBHOM ci1ydae
HE XBATUT pédep IJId Olepalud yMHOKEHHs Ha KaykKIbIH U3 o0pasynoimux Jub0 He XBa-
TUT BEPIIHH JJIS MOJIYYEHUs Pe3yIbTAaTOB TaKOro ymMHoKeHus. [lapamerpnr n u m rpadon
Cenadeka NpUBeIeHBI B TaOIHIE.

t | 1123|4156 7|8|9 10|11 ]12
8 8 5 6 | 6
m|9(9{9]9(8919]9(10]| 9|9 ]9

S
0]
co
D
N |
N
-~

Kak sBunnm, piaga jgoboro ¢, 1 < ¢ < 12, yucao pédep m = |E(G;)| He neanrca Ha 9uco

? ? ?
seprua n = |V (G;)|. CrenoBarenbno, au onus u3 rpacdos Cemadeka, B3ATHI ¢ HEKOTOPO’
opueHTalyeil u noMerkoit pébep, ne nzomopden rpady Kaim kakoit-imubo mojgyrpynibl. B

3akJiJdyeHue

B pesyibraTe mpoeaéHHOTO HCCJIEJIOBAHUA HaiieHbl: OECKOHEUYHBIE CEPUU YACTUIHO
KOMMYTATUBHBIX IMOJYTPYHI U OECKOHEUHBIE CepUHM HEMUKJIUIECKHX MOJYTPYII C €IuH-
CTBEHHBIM ONPEIENSIONIM COOTHOIIEHNEM, OMYCKAIONHe MOJYyTIPYIIOBOE TOXKIECTBO,
CBOICTBO BHeNIHEILTAHAPHOCTH rpadoB K3y KOTOPHIX 3KBUBAJIEHTHO CBOHCTBY 0000IIEH-
HOIl BHEIHeILJIAHAPHOCTH, HO He 3KBUBAJIEHTHO CBOMCTBY ILJIAHAPHOCTH; CEPUH 7T-BEEPHBIX
HOJIYPEIIéTOK, CBOHCTBO IIaHapHocTd rpadoB Kaoaum KOTOPBIX 9KBHBAJIEHTHO CBOHCTBY
000OIIEHHOM BHENTHEILIAHAPHOCTHU, HO He SKBHBAJEHTHO BHEITHEILIaHAPHOCTH. KpoMe Toro,
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nokazano, uTo rpad Ksmm mio6oit KoHewHo# MOoIyrpynnbl He W30MOpdeH HU OJHOMY U3
zanpeméaaex rpadop Cearadeka n3 KpuTeprus 0000IMEHHONH BHEITHEILIAHAPHOCTH IPadoB,
B34ATHIX C JII000I opueHTalneil 1 mMoMeTKoi pedep.

HOﬂy‘{eHHbIe pe3yJabTaTbl MOI'YT OBITH HCIOJb30BAHBI AJId yCTaHOBJIEHUA B3aXMHOI'O OT-

HOIITEHUsI MeXKIy KJIACCaMU OJYIPYII, TOIMYCKAOIINX BHEITHeIIaHapHbie rpadbl Kan, u
KJIaCCAME TTOJIYTPYII, JTOMYCKAIOMNX 0OOOMIEHHBIE BHeNIHEILIaHapHble rpadnsl Kamm. Io-
caeHee OTKPBIBAET MEPCIEKTUBBI HCCAEIOBAHUS 00J1€€ CAOKHBIX KOHCTPYKIHi, B 4acT-
HOCTHU OPAMHAIBHBIX CYMM HPSIMOYTOIbHBIX MOIYTPYIII, JOMYCKAKIINX BHEITHEIIaHAPHBIE
rpadbr Kaim u ux 060011eH.

10.

11.
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The random oracle model is an instrument used for proving that protocol has no
structural flaws when settling with standard hash properties is impossible or fairly
difficult. In practice, however, random oracles must be instantiated with some specific
hash functions that are not random oracles. Therefore, in the real world an adversary
has broader capabilities than considered in the random oracle proof: it can exploit
the peculiarities of a specific hash function to achieve its goal. In a case when a hash
function is based on some building block, one can go further and show that even if
the adversary has access to that building block, the hash function still behaves like a
random oracle under some assumptions made about the building block. Thereby, the
protocol can be proved secure against more powerful adversaries under less complex
assumptions. The notion of indifferentiability formalizes that approach. In this paper,
we show that Streebog, a Russian standardized hash function, is indifferentiable from
a random oracle under an ideal cipher assumption for the underlying block cipher.

Keywords: Streebog, GOST, random oracle, indifferentiability.

«CTPUBOT'» KAK CJIVUAIMHBIN OPAKYVYJI
JI. P. AxmerssroBa, A. A. Babyesa, A. A. Boxkko

Kpunmollpo, 2. Mocxsa, Poccus

Mojienn co cay4daiiHbIM OPaKyIOM HCITOIb3YETCS Il JOKA3ATEHCTBA CTOWKOCTH KPHTI-
TorpapuIecKux MPOTOKOJOB B CAyYae, KOrJa CTAHIAPTHBIE MPEJINoJ0KeHus o6 mc-
TTOJTB3YIOTIECsT Xer-pYHKIINY He TIO3BOJISIIOT 9TOT0 ¢earh. OqHaKO HA TPAKTHKE JIIs
peayin3alluu CJAy4aiiHOIO OpaKyJia B KOHKPETHOM MPOTOKOJIe NCIIOAb3YeTCsd HeKOTopasd
IEeTePMUHUPOBAHHAA Xer-(DyHKINA, KOTOPasd, 0e3yC/JOBHO, HE SBIAETCS CIYIaiHBIM
opakysiom. CiieloBaTeIbHO, B PEAJbHOM MUDE HapyIuTeab objagaer 6ojiee MupoKu-
MM BO3MOXKHOCTAMU, 4YeM IIPeAIoarajloch B J0Ka3aTeabCTBE — OH MOXKeT MCIIOJIb30-
BaTh 0COOEHHOCTU KOHCTPYKIIMNA KOHKPETHOMN Xell-DyHKITUH JIJIs OCYIIECTBJIEHUs] YT PO-
3bl. Eciim ucnosrb3yemas xem-hyHKIUs CTPOUTCI Ha OCHOBE HEKOTOPOrO APYTOro Mpu-
MuTHBa (HAIpuMep, 6J0IHOTO mmdpa), MOXKHO PACCMOTPETh HAPYIIUTENsI, KOTOPDIi
uMeeT JOCTYN HANPAMYIO K 3TOMY IPUMUTHBY, U TOKa3aTh, YTO JarKe OTHOCUTETHHOTO
TAKOTO HAPYIITUTE/TI HUCIOJIb3yeMast Xerm-QyHKIng BeaeT cebsd Kak CaydaliHbiii opa-
KyJI B TPEINOI0KEHUN 00 UAeaJbHOCTH UCIOIb3yeMOoTo npuMmuTtuba. Takum obpazom
MOXKHO [/[0Ka3aTh CTOMKOCTH IIPOTOKOJIA OTHOCHUTEJHHO DoJiee CHIIbHBIX HapylInTesen
B MEHee CUJIBHBIX ITPEJINOI0KEHUAX 00 UCIOIB3YIOMIUXC TPUMUATHBAX. X ell-(hyHKITHH,
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[IPY UCHOJIB30BAHUY KOTOPBIX MOYKHO JIOCTUYb TAKOI'0 PE3Y/IbTATA, HA3bIBAIOTCI HEPa3-
JIMIUMBIME OT CJIy9afiHOTO opaky/aa. B mammoit pabore mokaszaHo, uTo Xer-pyHKITHT
«Crpubors HepazAWYUMa OT CAYUIAKNHOTO OpPaKy/Jga B MOMEIN WUACATHHOTO GJIOUHOTO

mudpa.
Kirouesbie ciaoBa: Cmpuboz, I'OCT, cayuatinot opaxys, HEPASAUNUMOCTIG.

1. Introduction

The random oracle model introduced in [1| assumes that each party of the protocol
and an adversary has access to a random oracle, which is used instead of a hash function.
A random oracle [1] is an ideal primitive that models a random function. It provides a
random output for each new query, and identical input queries produce the same answer.
The random oracle model makes it possible to prove that the protocol has no structural flaws
in situations when it is impossible or very difficult to deal with standard hash properties,
which is the case for many efficient and elegant solutions. For example, such protocols
and mechanisms as TLS [2], IPSec 3], and Schnorr signature |4, 5| were analyzed in the
random oracle model; Russian standardized versions of TLS [6] and IPSec [7], as well as
SESPAKE protocol [8, 9], shortened ElGamal signature [10], to-be-standardized RSBS blind
signature [11], and postquantum Shipovnik signature [12]| are also analyzed in the random
oracle model.

In practice, however, being idealized primitives, random oracles do not exist and have to
be instantiated with some specific hash functions that are not random oracles. Therefore, in
the real world, an adversary has broader capabilities than those considered in the random
oracle proof: it can exploit the peculiarities of a specific hash function to achieve its goal.
To address such a situation, one can go further and consider the design of the hash function
to show that, under some less complex and more specific assumptions than the whole
function being a random oracle, it behaves like a random oracle. To do that, one must first
understand what “behaves like a random oracle” means and what assumptions you need to
make.

These questions for a particular class of hash functions are addressed by J.S. Coron et
al. in [13, 14]. They study the case when an arbitrary-length hash function is built from
some fixed-length building block (like an underlying compression function or a block cipher).
They propose a definition based on Maurer et al.’s notion of indifferentiability [15] of what
it means to implement a random oracle with such a construction under the assumption
that the building block itself is an ideal primitive. The definition is chosen in a way that
any hash function satisfying it can securely instantiate a random oracle in a higher-level
application! (under the assumption that the building block is an ideal primitive). Hence,
idealized assumptions are made about less complex lower-level primitive and, as a result,
more adversarial capabilities are taken into account.

In this paper, we study whether Streebog, a Russian standardized hash function [16], can
instantiate a random oracle. We recall that Streebog has always been a popular target for
analysis. An overview of the results which study standard properties of the algorithm can be
found in [17]. A recent paper [18] studies keyed version of Streebog as a secure pseudorandom
function in a related-key resilient PRF model for an underlying block cipher, highlighting
some important high-level design features of Streebog.

'We note that, as shown in [19], it only directly applies to cryptographic protocols which admit the
so-called “single-stage security proofs.”
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Since Streebog is a modified Merkle — Damgard construction based on LSX-style block
cipher in Miyaguchi— Preneel mode, we adopt the notion of Coron et al. The paper’s
main result is presented in Section 3: we prove that Streebog is indifferentiable from a
random oracle under an ideal cipher assumption for the underlying block cipher. We benefit
greatly from the work done in [13, 14| since their analysis is focused on Merkle — Damgard
constructions with a block cipher in Davis —Meyer mode. However, Streebog’s design
features and a different structure of the compression function do not allow us to use the
paper’s results and pose several challenges.

2. Definitions

Let |a| be the bit length of the string a € {0, 1}*, the length of an empty string is equal
to 0. For a bit string a we denote by |a|, = [|a|/n] the length of the string a in n-bit blocks.
Let 0* be the string consisting of u zeroes.

For a string a € {0,1}* and a positive integer [ < |a| let msb,(a) be the string consisting
of the leftmost [ bits of a. For nonnegative integers [ and i, let str; (i) be [-bit representation of
i with the least significant bit on the right, let int()/) be an integer i such that str;(i) = M.
For bit strings a € {0,1}5" and b € {0,1}5" we denote by a + b a string str,((int(a) +
+int(b)) mod 2"). If the value s is chosen uniformly at random from a set S, then we denote
it s & 3.

A block cipher E with a block size n and a key size k is the permutation family
(Ex € Perm({0,1}") : K € {0,1}*), where K is a key.

21. Streebog hash function

The Streebog hash function is defined in [16]. For the purposes of the paper, we will
define Streebog as a modification of Merkle — Damgard construction, which is applied to
a prefix-free encoding of the message; in that we follow the approach of [13, 14]. We will
also make the use of the equivalent representation of Streebog from [20]. For Streebog the
length of an internal state in Merkle — Damgard construction is n = 512 and the length of
the output £ is either 256 or 512.

Let us define a compression function A : {0,1}" x {0,1}" — {0, 1}", which is based on
12-rounds LSX-like block cipher E : {0,1}" x {0,1}" — {0,1}", where the first argument
is a key, in Miyaguchi — Preneel mode:

h(y,z) = E(y,z) ®x @ y.

We also define a prefix-free encoding ¢ : {0,1}* — ({0,1}",{0,1}™)*, which takes as an
input a message X:

9(X) = (@1, A) |22, M)l || (7] [10" 4L A (L, 0) (S, 0),

where L = |X|, I = |L/n| + 1, X = x| ... ||z}, z1,...,2-1 € {0,1}", 2} € {0,1}<",
and z] is an empty string if L is already divisible by n; A; = str,(in) @ str,((i — 1)n),

~ -1 ,
A; = str,,((i — 1)n), and X = > 2 + (z7]|[10"~1~1=l). The encoding pads the message with
i=1

10"~ 1=1#1l then it splits the message in blocks of length n, computes the counter value
for each block and appends two last blocks of the encoding, the bit length L and the
checksum ¥, which correspond to the finalizing step of Streebog.

Finally, we define the hash function Streebog on Fig. 1, where IV, |IV| = 512, is a
predefined constant, different for £k = 256 and k£ = 512. On Fig.2 Streebog is depicted
schematically.
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We will call a sequence of triples (yi, x1, 21), (Y2, 2, 22), - - -, (Y122, Ti12, 2142), Where z; =
= h(y;, z;) ® y; ® x;, which appears during a computation of Streebog on an input X, a
computational chain for X.

Streebog(X)

< ||X]/n] +1
(@1, c1)[[ (22, c2) - .-
y1r < IV
fori=1...14+2do:
Yit1 < h(yi,zi) @ ¢
return msby(y;+3)

|1, )| (i1, 1) |2, cige) < g(X)

Fig. 1. Streebog hash function
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Fig. 2. Streebog computation, [ = 3
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22. Indifferentiability

The following strategy is often applied to prove the security of a cryptosystem with
some component (or primitive). First, it is proven that the system is secure in case of using
idealized primitive. Secondly, we prove that the real primitive is indistinguishable from an
idealized one. Informally, two algorithms A and B are computationally indistinguishable if
no (efficient) algorithm D is able to distinguish whether it is interacting with A or B.

We consider two types of the ideal primitives: random oracles and ideal ciphers.
A random oracle [1] is an ideal primitive that models a random function. It provides
a random output for each new query, identical input queries produce the same
answer. An ideal cipher is an ideal primitive that models a random block-cipher
E:{0,1}7 x {0,1}" — {0,1}", each key K € {0,1}" defines a random permutation on
{0,1}". The ideal cipher provides oracle access to £ and £7'; that is, on query (+, K, x),
it answers ¢ = F(K, ), and on query (—, K, ¢), it answers = such that ¢ = F(K, z).

Obviously, a random oracle (ideal cipher) is easily distinguishable from a hash function
(block cipher) if one knows its program and the public parameter. Thus, in [15] the extended
notion of indistinguishability — indifferentiability — was introduced. It was proven, that if a
component A is indifferentiable from B, then the security of any cryptosystem C'(A) based
on A is not affected when replacing A by B. According to the authors, indifferentiability
is the weakest possible property that allows security proofs of the generic type described
above. Thus, to prove the security of some cryptosystem using hash function, we may prove
its security in the random oracle model, and then prove that hash function is indifferentiable
from a random oracle within some underlying assumptions. We assume that the base block
cipher is modelled as an ideal cipher.

Let us define formally what the indifferentiability from an ideal primitive means. We give
the definition directly for the hash function (based on the ideal cipher) and random oracle.
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This definition is a particular case of more general indifferentiability notion introduced
in [15].

Definition 1. A hash function H with oracle access to an ideal cipher £ is said to be
(Tp, qu, qE, €)-indifferentiable from a random oracle H if there exists a simulator S such
that for any distinguisher D with binary output it holds that:

|Pr[D"¥ — 1] = Pr[D"® - 1]| <e.

The simulator has oracle access to H. The distinguisher runs in time at most 7 and makes
at most qg and gg queries to its oracles.

The indifferentability notion is illustrated in Fig.3. The distinguisher interacts with
two oracles, further we denote them by left and right oracles respectively. In one world,
left oracle implements the hash function H (with oracle access to the ideal cipher), while
the right oracle directly implements the ideal cipher £. In another world, the left oracle
implements the random oracle H and the right oracle is implemented by the simulator S.
The task of the simulator is to model the ideal cipher using the oracle access to H so that
no distinguisher could notice the difference. To achieve that, the output of S must match
what the resolver can get from . Note that the simulator does not have access to the
queries of the distinguisher to H.

Fig. 3. The indifferentiability of hash function H and random oracle H

3. Streebog indifferentiability

In this section, we present the main result of the paper, which shows that Streebog is
indifferentiable from a random oracle in the ideal cipher model for the base block cipher.

First, we discuss the choice of the underlying assumption. Indeed, the straightforward
solution is to prove Streebog indifferentiability in assumption that the compression function
is a random oracle. Although such proof may be constructed much easier than in the
ideal cipher model, we show that the Miyaguchi — Preneel compression function cannot be
modeled as a random oracle. Indeed, for this function the following condition always holds:

z=E"(y,hy,z)®x DY)

Thus, the distinguisher can easily identify whether it interacts with the real compression
function or the random one by making the query (y,x) to the left oracle and the query
(—,y,h(y,x) & x®y) to the right oracle.

We give an indifferentiability theorem for Streebog. The full proof is provided for
the Streebog variant with output size k& = 512. For the shortened Streebog variant
argumentation is completely similar. Formally, the only thing which has to be adjusted is
the construction of the simulator; we will highlight the difference in the proof. The general
structure of the proof and some techniques are adopted from [13, 14].
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Theorem 1. The hash function Streebog with k& = 512 or 256 using a cipher E :
{0,1}" x {0,1}" — {0,1}" is (tp,qm, qr, €)-indifferentiable from a random oracle in the
ideal cipher model for E for any tp with

M+1ln)g (1 +n+1,)q
2n—4 + 2n—7 ?

where ¢ = qg + qy (L, + 2) and [, is the maximum message length (in blocks, including
padding) queried by the distinguisher to its left oracle.

Proof. The main goal of the proof is to show that no distinguisher can tell apart two
words: in the first one, it has access to the Streebog construction using an ideal cipher as
an underlying block cipher and to the ideal cipher itself; in the second one it has access to
a random oracle and a simulator. The first step of the proof is to present a simulator for
which it would be possible to achieve that goal.

Our simulator for the ideal cipher £ is quite elaborate. On every distinguisher query, it
tries to detect whether the distinguisher seeks to compute Streebog for some message itself.
If this is the case, it chooses the answer consistently with the random oracle; otherwise, it
chooses the answer randomly.

The simulator. Before we proceed with the simulator itself, let us define an auxiliary
function go : {0,1}* — ({0, 1}, {0, 1}™)*:

90(X) = (w1, Ar)l| (@, Ao)|l .. [[ (210777 A (L, 0),

where L = |X|, l = |L/n| + 1, X = z4| ... ||z}, z1,..., 2121 € {0, 1}" z; € {0,1}<" a
x) is an empty string if L is already divisible by n. Clearly, if ¥ = Z z; + (|10 1 W),

then go(X)[|(%,0) = g(X).

The simulator accepts two types of queries: either a forward ideal cipher query (+,y, x),
where x € {0,1}" corresponds to a plaintext and y € {0,1}" to a cipher key, on which
it returns a ciphertext z € {0,1}"; or an inverse query (—,y,z), on which it returns a
plaintext z. The simulator maintains a table 7', which contains triples (y, z, z) € {0,1}" x
x {0,1}" x {0,1}".

Forward query. When the simulator gets a forward query (+, y, ), it looks up the table T
for a triple (y, x, z) for some z. It returns z if such a triple exists. If there is no such triple,
the simulator chooses z randomly, puts the triple (y, z, z) in the table, and returns z to the
distinguisher. Additionally, in that case the simulator proceeds with the following routine.
It looks up the table for a sequence (y1,x1,21), ..., (Y, 21, 2;) of length | = |int(x)/n| + 1
such that:

— there exists X such that go(X) = (x1, A1) (z2, Ao)|| ... || (z1, A (2, 0);
— it is the case that y, = IV

— for each 1 = 2,...,[, it is the case that y; = x;_1 D y;_1 D zi_1 D Aj_1;
— it is the case that y =2, B y; S 2, B Al.

If such sequence exists, the simulator forms a pair (y;42,2112) such that y,.0 = = &

-1

Dy dzand x40 = Y x; + 2, where X = xq]|...||z]. It is easy to see that g(X) =
i=1

= (21, A1) .. [(x, A (2, 0)]| (2142, 0). The simulator does nothing if there already exists

a triple (Y40, T142, 2") for some 2’ in the table T'. Otherwise, it computes 2’ to form a triple
(Y142, Ti12, 2), which will be consistent with a random oracle output on X, in advance. To do
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this, it queries the random oracle to get the output Z = H(X), computes 2’ = Z®x; o0Dy10
and stores the triple (y;19, 142, 2’) in the table T'2.

Inverse query. On an inverse query (—,y, z) the simulator acts almost similarly. It looks
up the table T for a triple (y,z, z) for some x. It returns z if such triple exists. If there is
no such triple, the simulator chooses = randomly, puts the triple (y,z, z) in the table, and
returns = to the distinguisher. In this case, it proceeds with completely the same routine
as described above.

We will denote the number of entries in the table T by ¢. It is clear that ¢ < ¢ < 2¢g,
since for each adversarial query to S, at most one additional record can be added to the
table T besides the answer to the query itself.

Proof of indifferentiability. Due to the definition of indifferentiability, if the following
inequality holds for every distinguisher D:

|Pr[D"¥ — 1] — Pr[D"® = 1]| <,

then the theorem follows. So we have to prove that no discriminator D can distinguish
between these two words except with probability e. We will do that using the game hopping
technique, starting in the world with the random oracle H and the simulator S and moving
through the sequence of indistinguishable games to the world with the Streebog construction
and the ideal cipher £.

Game 1 — Game 2. The Game 1 is the starting point, where D has access to the
random oracle H and the simulator S. In the Game 2 (Fig. 4), we give D access to the relay
algorithm Ry instead of direct access to H. Ry, in its turn, has access to the random oracle
and on distinguisher’s queries simply answers with H(X). Let us denote by G; the events
that D returns 1 in Game 4. It is clear that Pr[G;]| = Pr[G,].

Fig. 4. Game 2

Game 2 — Game 3. In the Game 3, we modify the simulator S by introducing failure
conditions. The simulator explicitly fails (i.e., returns an error symbol 1) when answering to
the distinguisher’s query, if it computes the response satisfying one of the following failure
conditions. Let Sy denote the modified simulator.

We introduce two types of failure conditions. Each condition captures different relations
between the simulator’s answers that could be exploited by the distinguisher. By failing,
the simulator “gives” the distinguisher an immediate win. Our longterm goal is to show
that, unless the failure happens, distinguisher cannot tell apart Game 2 form the ideal
cipher world. The simulator Sy chooses response to the forward or inverse query similarly
to the simulator S and then checks the resulting triple (y, z, z) for the conditions defined
below. For each type of conditions we also provide a brief motivation behind it, i.e., how
the distinguisher can exploit corresponding situations to tell apart two worlds.

2In the case of k = 256, the simulator first pads Z with 256 randomly chosen bits and then computes
2 =7 ® x112 D Yito-
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Conditions of type 1. Conditions of type 1 are checked if the answer to the query
was chosen randomly or the discriminator was first returned with a value selected by the
simulator as corresponding to a random oracle and previously tabulated:

1) Condition Byy: x@y®z=1V.
2) Condition Bia: there exists [ € {1,...,l,,} such that t ®y ® 2z A =1V.
3) Condition Bis: there exist a triple (y/,2',2') € T and i € {1,...,l,, — 1} such that
r@Yy®z=a0®y ®2 G A;. Note that |[{A;:i € {1,2,.. }} <n.
4) Condition Biy: there exist a triple (v/,2',2') € T and | € {1,...,l,} such that
TBYDz=0 DY D PBA,.
5) Condition Bis: there exists a triple (v/,2’,2") € T'such that s Gy d 2z =2’ Sy & 2.
The type 1 conditions correspond to the situation when the internal states of two
Streebog computational chains for different messages collide. The distinguisher can exploit
that situation in a number of ways, for example, it can force these two chains to end with
the same block, which will give the same result for two different messages. From this,
the distinguisher can easily distinguish between the two worlds by querying its left oracle
with these messages. Other bad situations which correspond to this type of conditions are
analyzed in the proof of Lemma 1.
Conditions of type 2. Conditions of type 2 are checked if only the answer to the query
was chosen by the simulator randomly (i.e., the answer was not taken from the table):

1) Condition Bs;: there exists a triple (v/,2/,2") € T such that x Dy ® 2z = ¢/'.
2) Condition Bay: there exist a triple (y/,2/,2') € T and i € {1,...,l,, — 1} such that
TOydz=y oA

3) Condition Bas: there exist a triple (y',2',2') € T and [ € {1,...,l,,} such that

rPYydz=9y ®A.

The conditions of type 2 correspond to a situation when some block in the computational
chain is queried sometime after the query corresponding to the next block was made. In this
case, this query can be made even after the query for the last block in the chain was. The
distinguisher can then easily tell two worlds apart, because the simulator did not choose the
answer to the last query to be consistent with the random oracle. Notice that conditions
of that type are only checked when the simulator chooses the answer randomly itself.
Otherwise, the distinguisher can easily force the failure event using the random oracle, for
example, it can choose an arbitrary X, query the random oracle for Z = H(X), then query
the right oracle with (4, Z, z) for some z, and finally compute the Streebog construction for
X using its right oracle. The simulator would then fail due to condition By, when answering
for the last block of the computational chain. However, such a situation will not help the
distinguisher, since this is in a sense an extension of the computational message chain with
new blocks, which will not lead to another valid computational chain due to our prefix-free
encoding ¢g. Bad situations which correspond to this type of conditions are analyzed in the
proof of Lemma 2.

The probability of the event that the simulator fails due to one of the failure conditions
is estimated as follows:

(1+lm)ge N (L+n+1n)g

PI‘[SO falls] < on—1 on—4

That bound directly follows from Lemma 3 with ¢q¢ = ¢g, which is given in Appendix
Appendix A. The proof of this statement is rather technical and is also provided in Appendix
Appendix A.
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Since Game 2 and Game 3 are different only in situations, where the simulator Sy fails,
it is clear that

(1+1n)qE N (1+n+1l,)q%

| Pr[Gs] — Pr[G3] | < Pr[S; fails] < T S

Now, before we proceed to the next game, our aim is to show that unless the simulator
fails, its outputs are always consistent with random oracle outputs, i.e., it does not matter
if the distinguisher is computing the Streebog construction with its right oracle (maybe in
some unsual way) or queries the random oracle, the results would be the same. To do this,
we prove two lemmas, where Lemma 2 formalizes the outlined goal.

The first lemma states that in the table T there are no two sequences of triples
corresponding to computational chains with two different inputs such that the last block of
one chain is the first, middle, or last block of another, unless S fails.

Lemma 1. If the simulator Sy does not fail, then in the table T there are no
two different sequences of triples (yi,x1,21), --., (Yo, Tivo, 2102) and (y), ), 21), ...,
(Ypr9s Thpyar Zpra), Where [, p < I, such that the following conditions hold:

— there exist X and X’ such that g(X) = (21, A1)|| ... [[(x111,0)||(2142,0) and g(X') =

= (21, A) || - - [[(@pp15 0)][ (@0, 0);

— it is the case that y;, = y; = IV

— foreachi=2,....land j =2,...,p, it is the case that y; = x; 1 D y;_1 D 2,1 D A;_4
and ?J; = %71 S y}71 2 33'71 ® Aj1; ~ )

— it is the case that Y1 =1 @y Oz © A and Yy, =2, Dy, O 2, D Ay;

— it is the case that yi 0 = 2141 © Y1 © 2141 and Y0 = 7 DY, B 2,405

— there exists s € {1,...,14 2} such that (ys, 7, 2:) = (Y12 Thia 2 12)-

Proof. Let us suppose that there exist two sequences (y1,21,21), ..., (Yi+2, Ti42, 2142)
and (y1, 71, 21), -, (Yps9s Tpya, Zp1o) in the table T', which satisfy conditions of the lemma.
Then there exists the maximum r € {1,...,min(s,p + 2)} such that

(ys—i7 Ts—i, Zs—i) = (y;,Q,i; I;,Q,i, 22,72,7;), 1= 0, e, T 1.

In other words, r is the length of the subsequence of equal triples ending with (ys, x5, z5) =
= (Ypy2 Tpior Zp12)- We will now consider several cases depending on values of 7 and I.
Notice that r < s <[+ 2.
The case r = 1. Since it is true that (ys, 75, 2s) = (Y19, Tpy2, 2p19), We can deduce
that one of the following equalities has to hold:
1) if s =1, then y, = IV. Hence, 7, ® vy, © 2,1 = Ypro =Ys = 1V
2) if s€{2,...,0}, then ys = v, 1 D ys1 D 2,1 © Asq. Hence, 2, Dy, © 2, =
=Ts_1 D Ys—1 ® z5-1 D Asfl; 5
3) if s =1+ 1, then ys = 51 D Ys1 D 21 D A, 1. Hence, 2., @y, © 2, =
=Ts-1 DYs—1 D 251D Al;
4) ifs = 1+2, then y, = v, 1Dy, 1D2s 1. Hence, z, By, 1Dz, = 15 10Ys 1D 21
However, it is easy to see that the above equalities correspond to the failure conditions
Bi1, Bi3, B, Bis, respectively. Therefore, one of these failure conditions would have been
triggered if a forward or inverse query which corresponds to the triple (ys_1,zs_1,2s-1) or
(Ypi15Tpy1, Zpyq) (depending on which of them was made later) was made.
The case r> 2,1 >1andr =3, = 1. Since r > 2, it is easy to see that the
same inequality holds for s. Thereof, from y;,,, = y, and the lemma statement we have



36 L. R. Akhmetzyanova, A. A. Babueva, A. A. Bozhko

that 7., Dy, 2, ©0=2,1DYs1 ® 2,1 D c for some ¢ € {Ay,.. .,Al_l,Al,O}.
However, since from r > 2 we have (ys—1, %51, 2s-1) = (Y41, 711, Zpy1)> the constant ¢ has
to be equal to 0. It is also easy to see that none of the values {Aq,... A, 1, Al} is equal
to 0 when [ > 1. Hence, due to the encoding g, it is only possible that the triple (ys, s, 2)
is the last one in the sequence and s = [ + 2.

Thereof, 7,1 = x),,,, where, due to the definition of g, 241 and ], ; are equal to | X| and
| X’| correspondingly. Consequently, since by definition [ = || X|/n]+1 and p = [|X'|/n]+1,
we have that p = 1[.

Finally, consider triples (yi+o—r, Ti42—r; Zi42—r) 7 (Yis9—rs Tiyo_rs Z140_r)- Notice that r <
< [+ 2 or else the considered sequences are equal (that excludes the r = 3,1 = 1 case at
all). Since Y4241 = Yj49_p41, the following equality has to hold:

/ / /
Yito—r D Tivo—r D 242+ D=y , DT 9 . D2s De

where ¢ is equal either to Ay o, or AHQ,,,. However, it is easy to see that in either way
the equality matches the failure condition Bj;. Therefore, it would have been triggered
if a forward or inverse query which corresponds to the triple (yi2_p, Tjro v, 2102-) OF
(Yiyo—rs T1yo_rs Z40—p) (depending on which of them was made later) was made.

The case r=2and [ = 1. We have that A, is equal to 0, hence two situations are
possible. The first one is when s = 3, the reasoning here is exactly the same as in the last
case, since equal triples are the last two triples in the sequences.

The second one is when s = 2. From that and since r = 2, we have that (y1,21,21) =
= (Yps1>Tpy1> Zpr1)- From the lemma statement, y, = IV and y, ., = x, ® y, ® z, ® A,,
thereof the following equality has to hold:

! ! ! A
T, DY, B2, BN, =1V

However, it is easy to see that the equality matches the failure condition Bjs. Hence, it
would have been triggered, when a forward or inverse query which corresponds to the triple
(Y, T, 2,) Was made.

We have considered all possible pairs (r,1). Hence, we can conclude that no such
sequences can exist if the simulator Sy does not fail. m

Now we prove that the outputs of the simulator are consistent with the random oracle
unless it fails. To do this, we show that if the distinguisher at some point computes the
Streebog construction itself, it has to do that block-by-block, with the last triple of the
computational chain being consistent with the random oracle.

Lemma 2. Consider any sequence of triples (y;,x1,21), ..., (Y112, Tiyo, 2142), Where
[ <, from the table 7" such that the following conditions hold:

— there exists X such that g(X) = (21, A1)l ... (141, 0)|| (2152, 0);

— it is the case that y; = IV

— for each : =2,...,[, it is the case that y; = x;,_1 D y;_1 D 21 D A;_1;
— it is the case that yy 1 =2, By, B 2 & Al;

— it is the case that y; 10 = 111 B Y1 D 2141

If the simulator Sy does not fail, then it must be the case the triples (y1,x1,21), ...,
(Y141, Tr41, z141) were put in the table T exactly in that order and answers to the
corresponding queries were chosen randomly by the simulator. It is also necessary that the
triple (yiy2, T112, 2142) was put in the table simultaneously with the triple (y;1, 111, 2141),
chosen to be consistent with the random oracle output H(X).
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Proof. Let us suppose that there exists i € {1,...,l+ 1} such that the triple (v;, z;, z;)
was put in the table as a result of the corresponding forward or inverse query, when the
triple (Yir1, Tiv1, zir1) already existed in the table T'. For that pair of triples the following
equality holds:

Yi Dx; D 2 D €= Yiyr,

where ¢ is one of the values {A;, A;,0}, depending on the value of i. From Lemma 1 it
follows that the triple (y;, z;, z;) could not be the last in the computational chain of some
message X' £ X. In other words, the answer to the corresponding query was not chosen to
be consistent with the random oracle, but was chosen randomly by the simulator. Hence,
on the query corresponding to the triple (y;, x;, z;) one of the failure conditions of type 2
would have been triggered.

Thereby, when the query corresponding to the triple (y;y1, %41, 2141) is made, triples
(y1,21,21)s - - -, (Y1, T, z1) already exist in the table and the triple (y;12, 112, 2142) does not.
These triples satisfy the conditions of the simulator’s routine and it has to choose the triple
(Y142, 142, Zi42) to be consistent with the random oracle and put it in the table with the

triple (Yig1, 141, 2141). W

Game 3 — Game 4. In Game 4 (Fig. 5), we modify the relay algorithm Ry. Let Ry denote
the modified algorithm. It does not have access to the random oracle. On a distinguisher
query X, R; applies the Streebog construction to X using the simulator for the block
cipher E. Notice that now at most ¢z + qu(l,, + 2) queries are made to Sy.

Fig. 5. Game 4

Let fail3 and fail4 denote the events when the simulator fails in the corresponding
game. From Lemma 2 it follows that, unless the simulator does not fail, answers of the
modified relay algorithm R; are exactly the outputs of the random oracle on corresponding
messages, since the simulator’s answers are consistent with the random oracle. Hence, if
the simulator does not fail in either world, the view of the distinguisher remains unchanged
from Game 3 to Game 4:

PT[G?)‘M} IPY[G4|M]~

Probability of the event fail; was estimated earlier in the transition from Game 2 to Game 3.
Probability of the event faily is estimated from Lemma 3, where qs = qg + qu(ln + 2).
Thus, we have:

| Pr[Gs] — Pr[G4] | = | Pr[Gs | fail] Pr| fails] 4+ Pr[Gs | fails] Pr[fails] —
—Pr [G4 | faild Pr {failll] — Pr[Gy | faily] Pr{faily] | < Pr [Gg | failg} . }Pr [failg] —
—Pr[faily] | + | Pr[Gs | fails] Pr(fails] — Pr[Gy | faily) Prfails] | <
< | Pr(faily] — Pr[fails] | + | Pr[Gs | fails] Pr|fails] — Pr[Gy | fails) Pr[faily] | <
< max(Pr[fails], Pr[fails])+ max(1- Pr[fails] —0- Pr[faily],0- Pr[fails] +1- Pr{fails]) <




38 L. R. Akhmetzyanova, A. A. Babueva, A. A. Bozhko

(1+lm)(QE+QH(lm+2)) + (1+n+lm)(QE+QH<lm+2))2) .

< 2max (Prlfaits] Prifait]) < 2 = =

Game 4 — Game 5. In Game 5 (Fig.6) we modify the simulator. Let S; denote the
modified simulator. It does not consult the random oracle when answering the query, it
still maintains a table T of triples (z,y,z). On a forward query (+,y,x), it searches the
table T for a triple (y, z, z) for some z. It returns z if such triple exists. If there is no such
triple, the simulator chooses z randomly, puts the triple (y,x, z) in the table and returns z
to the distinguisher. It acts similarly to answer the inverse query (—,y, z), but chooses a
random z, if there is no corresponding triple.

Fig. 6. The ideal cipher world and Game 5

The simulator responses in both games are identical except for the Sy failure condition.
This is true because even when S; chooses the answer using the random oracle, all its
answers look uniformly distributed to the distinguisher as it does not have a direct access
to the random oracle in Game 4. Hence, the view of the distinguisher is identical in both
games if the simulator does not fail in Game 4, and if in Game 5 the simulator does not give
a response, which would have led to failure in Game 4. The probabilities of these events
are equal, since the number of queries to the simulators in both games is the same, and
the distribution of the responses of the simulators is identical. Let us denote the event
“S1 should have failed” by fails. Hence, the following inequality holds:

| Pr[G4] — Pr[Gs] | = | Pr[Gy | faily] Pr|faily] + Pr[Gy | faily] Pr[faily] —
—Pr[Gs | fails| Pr[fails| — Pr[Gs | fails] Pr|fails] | =
= | Pr[Gy | faily]) Pr|fails] — Pr[Gs | fails] Pr[fazl5 | <

< Pr[Gy | faily] Pr{faily] + Pr|Gs | fails] Pr|fails] < Pr|faily] + Pr[faz'l5] =

Game 5 — Game 6. In the final game we replace the simulator S; with the ideal cipher £.
Since the relay algorithm R, is the Streebog construction and now it uses the ideal cipher
for F/, the Game 6 is exactly the ideal cipher model.

We now have to show that the view of the distinguisher remains almost unchanged.
The outputs of the ideal cipher and the simulator S; have different distributions: the ideal
cipher is a permutation for each key and S; chooses its answers randomly. Hence, the
distinguisher can tell apart two games only if forward/inverse outputs of the simulator
collide for the same key. The probability of that event is at most the birthday bound
through all queries. Thus, we have

(g8 + qu(ly +2))?
n '

‘PI‘[G5] - PI‘[G@] | <
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Finally, combining all the transitions and since Game 6 is exactly the ideal cipher model,
we can deduce that

2
| Pr[D€ 5 1] — Pr[D"S 5 1] | < (Lt lwap | (LEn+ b)ds

2n—1 2n—4
(L +ln)(ge +qu(lm +2))  (L+n+1a)(ge +aln +2)*\ | (g2 +qu(ln +2))°
+4 on—1 + on—4 + on '

The statement of Theorem 1 hence follows. m

4. Conclusion

In the paper, we prove that the Streebog hash function is indifferentiable from a random
oracle under the ideal cipher assumption for the underlying block cipher. From a practical
point of view, under this assumption Streebog can be considered as a random oracle as long
as computational power of the adversary remains much less than 2™/2 operations. However,
it is still an open problem to determine if it is possible to prove indifferentiability of Streebog
and other hash functions under idealized assumptions for even lower-level objects than a
block cipher.
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Appendix A. Probability of the simulator’s failure event
Lemma 3. Let Sy be a simulator defined in the proof of Theorem 1. Then the
probability of the event that the simulator Sy explicitly fails due to one of the failure
conditions By, ..., Beg, defined in the proof of Theorem 1, satisfies the following bound:

(1 + lm)qs + (1 +n+ lm)qg'

Pr[S) fails] = St i

where ¢g is a number of queries made to the simulator.

Proof. Let us denote by ¢ the maximum number of entries in the table T, g5 < ¢ <
< 2¢s. To estimate the desired probability, we consider each failure condition and bound
the probability that there exists a query to the simulator satisfying the condition. Let us
begin with conditions of type 1.

— Condition Biy. It is the probability that one of at most ¢ random n-bit strings (where
the randomness is due to either the simulator’s random choice or the random oracle
output) is equal to fixed V. Hence,

Pr[3 query satisfying By, | < 2%
— Condition Biy. It is the probability that one of at most ¢ random n-bit strings is equal
to one of [,,, strings IV & A, L€ {1,...,0,}:

lmq
on

Pr[3 query satisfying Bis] <
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— Condition Bi3. To estimate the probability of this event, we will consider three separate
situations.
The first one is that there exists a query satisfying the condition, the answer to which was
chosen by the simulator randomly. The probability of that situation is the probability
that one of at most ¢g¢ < ¢ random n-bit strings is equal to one of less than ng strings
YOy DDA, (Y, ) eT, i€ {l,... l,,—1} (recall that [{A; : 7€ {1,2,...}] <n).
Hence,

nq?

o

The second one is that there exists a query satisfying the condition, the answer to

which was chosen by the simulator to be consistent with the random oracle (then

x @y ® z is exactly the random oracle output), and the triple (y/,2’,2") € T was

constructed independently from the random oracle (the answer to the corresponding

query was chosen randomly by the simulator itself). The probability of that situation is

the probability that one of at most ¢¢ < ¢ random oracle n-bit outputs is equal to one

of less than ng strings 2’ @y’ ® 2/ & A, (v, 2',2") e T, i€ {1,...,l,, — 1}. Hence,

Pr[3 query satisfying B;3 and Situation 1] <

nq2

o

Pr[3 query satisfying B;3 and Situation 2] <

The third one is that there exists a query satisfying the condition, the answer to which
was chosen by the simulator to be consistent with the random oracle, and the triple
(v',2',2") € T was also constructed to be consistent with the random oracle. Then both
r@®y®zand 2’ By P 2" are the random oracle outputs on different messages X and X’
(they are different since both triples have to be the last blocks of some computational
chains and there is only one computational chain for every X). The probability of that
situation is the probability that two random oracle outputs Z and Z’ from at most
gs < ¢ satisfy any of the less than n equalities Z & Z' = A;. Hence,

2
n
Pr[3 query satisfying Bj3 and Situation 3] < 2—3
Finally, it is easy to see that

Pr[3 query satisfying Bi3] < Pr[3 query satisfying B3 and Situation 1]+
+ Pr[3 query satisfying Bis and Situation 2] + Pr[3 query satisfying B3 and Situation 3] .

Hence,

nq?

Pr[3 query satisfying B3] < 3

n
— Condition Biy. The probability of that event is estimated similarly to the previous one
with the difference that |[{A;: 1 =1,...,1,,}| = l,,. Hence,

lin ¢*

n

Pr[3 query satisfying Bi4] < 3

— Condition Bys. The probability of that event is estimated similarly to the previous two:

2
Pr[3 query satisfying Bis] < 3 g—n

We proceed with conditions of type 2:
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Condition Bsyp. It is the probability that one of at most gs < ¢ random n-bit strings,
where the randomness is due to either the simulator’s random choice or the random
oracle output and is independent of the distinguisher’s random tape, is equal to one
of ¢ strings v/, (v/,2',2") € T, where all 3/ are chosen by the distinguisher. Hence,

2
Pr(3 query satisfying Ba; | < g—n

Condition Bas. The probability of that event is estimated similarly to the previous one,

with the only difference that there are at most nq different strings v ®A;, (v, 2',2") € T,

ie{l,...,l, — 1}. Hence,

nq?

n

Pr[3 query satisfying Bas] <

Condition Baz. The probability of that event is estimated similarly to the previous ones,
with the difference that there are at most [, ¢ different strings v ® A, (v/,2',2") € T,
le{l,...,l,,}. Hence,

lm q
on

Pr[3 query satisfying Bag] <
Finally, we estimate the probability of the event that the simulator fails:
Pr[Sy fails] < Pr[3 query satisfying some bad condition] <

2 2
(4 In)g N (4+4n +41,)? (1 +1n)gs N (1+n+1n)g

< —

omn omn on—1 on—4 ?

where the last inequality is due to ¢ < 2¢g. ®
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TPA®OBBLIE METO/IbI PACIIOSHABAHISI KMOII-BEHTUJIEN
B CXEMAX TPAH3NCTOPHOTI'O YPOBHZ{

. 1. Yepemucunos, JI. /1. Yepemucurona

Obsedunennviti uncemumym npobaem ungpopmamuru HAH Beaapycu, 2. Munck, Beaapycsy

PaccvaTpuBaercs 3aj1ada JIEKOMITHIISINIAN TJIOCKOTO OIUCAHUS] TPAH3UCTOPHON CXEeMBbI
B ¢popmare SPICE B mepapxudueckoe ONMMCaHUe CXeMbl HA YPOBHE JIOTHUECKUX DJIEMEH-
toB. IIpobiiema nexomnuasiuu sozuukaer npu Bepudukaiuu CBUC nyTém cpaBrenus
MCXOJHOTO ONUCAHUS /I CHHTE3a TPAH3UCTOPHON CXEMBI CO CXEMOI, BOCCTAHOBJIEHHO
13 TOIOJIOTUH, & TAKKe Ipu 00PATHOM MHKWUHUDPHUHIE JJId IePenPOeKTUPOBAHIS WHTE-
IPaJIbHBIX CXEM M OOHAPYKEHWS HECAHKITMOHUPOBAHHBIX BJIOYXKeHMiT. PaccmarpuBaercs
caydail, KOrIa Npy U3BJIEUEHUN CTPYKTYPbI (DYHKITMOHAIBLHOTO YPOBHS U3 TPAH3IUCTOP-
HO# cxeMbl 6UOIHOTEKA UCXOMHBIX JOTUIECKUX AJIEMEHTOB He n3BecTHA. IIpeimoKeHs
rpadpOBble METOMBI JIJIsT PEIIeHNs] HEKOTOPBIX KJFUYEBBIX 3a/1a49, BO3HUKAMOIINX IIPU
JEKOMITUJIANIAN OTTUCAHUST TPAH3UCTOPHOM cxeMbl. [IpeicTaBieHHbIE METOBI PEATH30-
BaHbI Ha g3biKe C+—+ KaK 9acTh MPOTPAMMBI JIEKOMITHJISIIIAN, KOTOPast TPOTECTHPOBAHA
Ha MPAKTUYECKUX CXeMaX TPAH3UCTOPHOI'O yPOBHSI.

Kmrouenbie caoBa: KMOII-cxema u3 mpan3ucmopos, sKCmparyus nodcrem, pacno-
3HABANUE A02UMECKUT 6enmuneti, uzomoppusm zpagos, dopmam SPICE.
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1. Introduction

Currently CMOS is the dominant technology used in most very large scale integrated
(VLSI) circuit chips: more than 95 % of integrated circuits are fabricated in CMOS. Modern
digital CMOS circuits contain up to a billion primitive elements at the transistor level, and
the complexity of systems rapidly increases while time-to-market is imposed to decrease.
Rapid verification of the software implementations and the detection of logical errors are
becoming a major bottleneck in VLSI Computer-Aided Design (CAD). One of the most
important steps in CAD VLSI circuit is to ensure that the final layout of the circuit geometry
correctly represents the intended logic of the previous specification. Traditional test method,
such as switch-level simulation, is an effective means for verifying MOS digital circuits, but
it is very expensive in terms of the computing resources required, since transistor-level
circuit simulators such as SPICE (Simulation Program with Integrated Circuit Emphasis)
have proven to be very time consuming in terms of computer and human effort even for
relatively small circuits. It is easier to verify circuit implementation at the higher level of
its description (without unnecessary details) — functional or logical level.

The step to raise the level of circuit description is performed by decompiling transistor
circuit. As with the decompilation of programs, the circuit is decompiled to replace its
representation at a low (transistor) level with a higher-level representation (at the logic
gate level). Tools for the recognition of high-level structures in transistor circuits can be
used to support many tasks in integrated circuit design, such as functional verification [1],
fault simulation [2]|, automatic test pattern generation [3|, circuit reengineering [4], static
timing analysis, etc.

In the paper, we consider the problem of extraction of logical networks from transistor-
level circuit netlists in SPICE. The most general case is considered when the source cell
library is unknown. Graphs are used to represent both the flat transistor circuit and
hierarchical network of logic elements. This is undirected vertex-colored (or labeled) sparse
graph of large size. In graph interpretation, the problem is formulated as recognition of
subgraphs corresponding to logic gates and other subgraphs that frequently occur in a
given graph. The complexity of frequent subgraph mining was thought to be tremendous
due to the need to solve the subgraph isomorphism problem, which is NP-complete, many
times. But VLSI transistor netlists tend to be sparse enough and have the specific structure,
so runtimes did not grow unreasonably since sensible data structures and data processing
methods have been adopted.

Graph methods are proposed to solve some key tasks in the problem of decompiling
transistor-level circuits. The presented graph methods have been implemented in C++ as a
part of a decompilation program, which was tested using practical transistor-level circuits.
The presented experimental results show that the typical running time for large CMOS
circuits is polynomial in the total number of transistors in netlists.

2. Related work

There were many attempts to solve the problem of extracting the hierarchy of large-
scale subcircuits from a transistor level networks for various VLSI technologies, restrictions,
solution methods. An overview of the approaches to this problem can be found in [5, 6].
Some of the methods for extracting logical networks are based on structure recognition and
use a rule-based method in which CMOS gate structures are recognized in transistor-level
circuits as channel connected sequences of MOS transistors [5, 7, 8]. Such algorithms are
very fast and can easily find static CMOS logic gates, but cannot help to recognize other
structures.
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The other approach [9, 10] for solving subcircuit extraction problem is based on mapping
transistor-level circuit into a graph and treating subcircuit pattern matching problem as
subgraph isomorphism one. However, such algorithms are much slower than rule-based
techniques because the subgraph matching problem is NP-complete in general case.

Some of the methods suppose that cell library is predefined. So the subgraphs to be
found are known and the problem can be reduced to pattern recognition. This is done
in |9, 10] and in the second step of extraction process for the gate-level structure in [5].

This paper presents the methods and the computer program for extracting the hierarchy
of a large-scale digital circuit from its MOS transistor-level description for the most general
case when any predefined cell library of logic gates is unknown. Moreover, the proposed
method makes it possible to recognize subcircuits that implement the same logic functions
but are not topologically isomorphic at the transistor level. The method is based on the
solution of graph problems that are modified to process large transistor-level descriptions
in a short time.

3. Transistor circuit graph representation

The source and resulting circuit netlists are presented in SPICE (Simulation Program
with Integrated Circuit Emphasis) format [2]. It is one of the main formats for exchanging
electrical circuits that allows to describe both the transistor- and gate-level circuits including
hierarchical ones. This format is used in the developed decompilation program for source
and resulting netlists.

The main part of the circuit netlist in SPICE format is the list of transistors, where
each transistor terminal is indicated by the label of the net connecting it with the rest of
the circuit. Each transistor has four terminals: drain, gate, source, and substrate, and so it
has four connections. The general form of the netlist description of a unipolar transistor is
as follows:

M (name)(nd)(ng)(ns)(nb)(model-name)[L = value] [W = value],

where M is the title of a transistor; nd, ng, ns, and nb are the labels of nets connected with
the drain, gate, source, and substrate terminals of the corresponding transistor; “model-
name” is the transistor type; L and W are the length and the width. For example, the
transistor instance description «mp 2 1 3 3 P» is an abbreviated notation for the pairs
(mp.d, 2), (mp.g, 1), (mp.s, 3), (mp.b, 3), where the name mp of the p-MOS transistor is
taken out, the names of its terminals are omitted and set by a predetermined sequence of
nets.

A simple model for an electrical circuit is a hypergraph, in which the vertices correspond
to devices, and edges to their connections. But in a netlist format, an electrical circuit
consists of elements that are connected to each other by nets, and a more convenient
natural way to represent circuits is to use an undirected bipartite graph G = (Vi, Vs, E),
ViNVy = @, were vertices may be divided into two classes V; and V5. The vertices of the first
set V] correspond to transistor terminals and circuit ports (primary inputs and outputs),
and the vertices of the other set V5 correspond to connections between the terminals, i.e.,
nets. No edge exists between two transistor terminals and no edge exists between two nets.
Examples of nets are power supply and ground nets, which are connected to a large number
of circuit elements. Each edge e € E has one end in V; and the other in V5.

Circuit representation in the form of a hypergraph requires significantly more memory
during software implementation than the representation in the form of a bipartite graph.
We can say that according to the memory requirement, the complexity of the first structure
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is estimated as O(n?), while the complexity of the second is estimated as O(n), where n is
the number of circuit elements. In addition, a bipartite graph is a natural formal model for
representing a circuit in SPICE format.

For sparse graphs (such as our bipartite graph), the optimal data structure that speeds
up computation is an array of adjacency lists of graph vertices. The array is indexed by
vertices, and each vertex of the graph corresponds to an adjacency list consisting of vertices
adjacent to it. In a bipartite graph, which is a model of a CMOS circuit, the degrees of all
vertices in the set V] of transistor terminals (and circuit ports) are 1, so for this graph each
of the adjacency lists consists of the only element. In this case, the array is indexed by the
vertices exclusively of the set V. The value of the i-th array element is the net connected
to the i-th terminal. For example, the data structure representing a bipartite graph for the
inverter circuit:

.subckt inverter 1 2 3

mp 2 1 3 3 mypmos

mn 2 1 0 0 mynmos

.ends
will be the array “213 321 00”. The order of the nets in the array of adjacency is determined
by the order of the transistor instances in the SPICE circuit description. The memory
requirements for such structure are estimated as O(n), where n = |V;|.

4. Definitions and notation

As stated above, transistor circuits are modeled as a bipartite graph G = (V, Vs, E),
consisting of two subsets of vertices Vi and V; corresponding to terminals (transistor
terminals and circuit ports) and nets, and the set of edges E. We assume that the graph
is undirected and vertex-colored, i.e., each vertex has a color associated with it, that is
drawn from a predefined set of vertex colors L(V'). Each vertex of the graph is not required
to have a unique color, and the same color can be assigned to several vertices in the same
graph. Transistor-level circuits made by CMOS technology have several types of their nodes:
terminals (drain, gate, source and substrate) of n-MOS and p-MOS transistors, power
supply terminals (Vdd and Gnd), input/output ports (external nets), and internal nets.
Thus each graph vertex corresponding to an n-MOS terminal is assigned by one of the
first four colors, p-MOS terminal is assigned by one of next four colors. Then input/output
ports, Vdd and Gnd nets, internal nets have unique colors.

A graph, which is a model for describing a MOS circuit, is connected (there is a path
between any pair of vertices in the graph). Some other specific features of the bipartite
graph: it is sparse and the degrees of all vertices from the set V of transistor terminals and
circuit ports are 1.

Two undirected graphs Gy = (V1, E1) and Gy = (V, Ey) with |Vi| = |V5] are isomorphic
if they are topologically identical to each other, that is, there is a one-to-one mapping f
between vertices of V; and V5 such that each edge in F; is mapped into a single edge in F»
and vice versa, i.e., (v,u) € By <= (f(v), f(u)) € Es.

In the case of colored graphs, the mapping f must also preserve the colors on the vertices.
Two bipartite colored graphs G' = (V}, V;!, E') and G? = (V V2, E?) are isomorphic if
there is a one-to-one mapping f : V! <> V2 and V! <+ V;2 between vertices of graphs such
that L(v) = L(f(v)) for each v € V;' UV, and each edge in E' is mapped into a single edge
in E? and vice versa, i.e., (v,u) € E' < (f(v), f(u)) € E*

The given graph G = (V;, Es) is a subgraph of G = (V, E) if V; CV and E; C E. Two
subgraphs G1 = (V4, E1) and Gy = (V4, Es) of a graph G are called edge-disjoint if they do
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not share edges, i.e., they use different sets of edges from E: F; N Ey = @. In the case of
vertex-colored graphs, this mapping must also preserve the colors on the vertices.

Given two graphs G = (V, E) and G = (V4, Ey), the problem of subgraph isomorphism
is to find an isomorphism between G; = (Vj, E;) and a subgraph of G = (V, E), i.e.,
determine whether or not Gy = (Vi, E) is included in G. The subgraph isomorphism
detection can be defined as follows: given a graph G and a pattern graph G; (that can have
all its vertices and edges in G), find all the subgraphs of G’ which are isomorphic to Gj.
Subgraph isomorphism has a wide range of practical applications.

Thus, graph isomorphism requires a strict correspondence among the two graphs being
matched, and subgraph isomorphism requires an isomorphism between one of the compared
graphs and a subgraph of the other. Subgraph isomorphism is more common than strict
isomorphism in pattern recognition, but has been shown to be NP-complete for general
case of graphs. However, for the problem of graph isomorphism, no efficient (polynomial)
algorithm (suitable for arbitrary graphs) is known too, a lot of work has appeared on this
topic, but little progress has been made [11].

5. Graph-based formulation of subcircuit extraction problem

The proposed subcircuit extraction application begins with the construction of a graph
model from the SPICE description and hierarchical hash tables for storing the syntax
elements of the analyzed circuit [12|. After this, the circuit is preprocessed, during which
some standard fragments are searched. For example, each group of identical MOS transistors
(with the same signals applied to their gate terminals), connected in series or in parallel, is
replaced in the circuit with the single such transistor. Then, the identification of pass gates
is fulfilled.

The goal of transistor circuit decompilation is to build a logic network that is functionally
equivalent to it. The task consists in recognizing subcircuits, which implement logic gates.
When there is no predefined cell library, it is necessary to extract subcircuits realizing logic
functions or, if we cannot, to split the transistor circuit into sufficiently large subcircuits
that look like as logic gates and are found quite often. In graph interpretation, the problem
is solved by partitioning a graph into sufficiently large edge-disjoint subgraphs in such a
way that they can be partitioned into the minimum number of classes of isomorphic graphs.

In MOS transistor circuit, not every subcircuit is correct. Correct subcircuits are
among channel connected sequences of transistors. Thus, first, the proposed method of the
subcircuit recognition uses the structural approach to divide the transistor-level circuit into
subcircuits, which are channel connected sequences of transistors, as in [5, 7, 8]. In graph
interpretation, the task is reduced to searching for connectivity components in a graph.

After this step, we get a set of possible correct subcircuits, which potentially can be
standard CMOS gates. And, in a general case, in addition to the set of channel connected
components of transistors, individual transistors or some other elements can remain. The set
of such circuit elements forms the uncovered part of the circuit, they are no longer analyzed
and are included in the resulting mixed gate-transistor-level circuit without changes.

In the second step, we have the set of possible subcircuits that are channel connected
components. Among these subcircuits there are those that are standard CMOS gates.
The task is to find such subcircuits and the functions that they realize. And finally, the set
of all subcircuits, both implementing and not implementing CMOS gates, is partitioned into
classes of topologically identical. Subcircuits of the same class represent the same functional
block in resulting hierarchical description of the decompiled circuit. In graph interpretation,
the task is to classify subcircuits into classes of isomorphic circuits.
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As result of the mentioned steps performing, a hierarchical mixed gate-block-transistor
netlist is generated. In the next step, the extraction of logic network from the hierarchical
transistor-level circuit is done. That makes it possible to recognize more complex elements
than gates. In graph interpretation, the task is to extract out of undirected graph connected
subgraphs only with those vertices that correspond to CMOS gates, and convert the
resulting undirected subgraphs into oriented ones.

6. Partitioning a graph into connected subgraphs

A static MOS circuit has a well-defined structure that allows it to be splitted into
smaller subcircuits, each of which is a group of channel connected transistors. Such a
circuit component consists of transistors connected by their source and drain terminals
and provides a signal path between the power Vdd and Gnd terminals. A group of channel
connected transistors is a cluster with three types of external connections:

— the cluster inputs are fed only to the transistor gates;
— the cluster outputs are connected only to the transistor gates of the other clusters;
— there are connections to the Vdd and Gnd terminals.

Figure 1 shows the example of grouping transistors into two channel connected
components.

Fig. 1. Two groups of channel connected components of MOS transistor circuit

The task of recognizing clusters of the MOS transistor circuit is solved on a graph H,
which is obtained from the previously introduced graph G = (V, V3, E), by:

— removing the circuit power terminals and transistor gate terminals;
— shorting the drain and source terminals for each transistor.

In graph interpretation, a channel connected group of MOS transistor circuit
corresponds to a connectivity component of the graph H. All connectivity components
are edge-disjoint subgraphs of the graph H. So the splitting transistor circuit into disjoint
subcircuits of channel connected transistors is reduced to the search for connectivity
components of the graph H. This is done by using the well-known Depth-First Search
(DFS) algorithm, which starts at an arbitrary unconsidered vertex and explores paths from
it as far as possible along each branch before backtracking. Reaching a backtracking results
in a new connectivity component. When implementing the DFS algorithm, the initial graph
G = (V1, V,, E) was not transformed explicitly into the graph H. Instead, the DFS algorithm
was tuned to the modification of data structure for storing a bipartite graph G.
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It is worth noting that in order to search for groups of transistors connected by a
current, it is necessary to know in advance which terminals of the initial transistor-level
circuit correspond to Gnd and Vdd.

7. Structural recognition of logic gates

In static CMOS circuits, the MOS transistor can be regarded as a switch controlled
by input voltage at its gate. The simplest digital circuit is a pass gate consisting of the
only MOS transistor that controls the transmission of binary signals. This circuit is passive
because it does not amplify the input signal. The amplification of binary signals is provided
by a complementary MOS circuit (CMOS gate) in which, at any instant of time, gate output
is connected either to a power circuit or to ground through a path with low resistance. The
CMOS gate consists of two blocks separated by a connection net (output net) (Fig. 2).
The first block is formed by n-MOS transistors (pull-down network — n-part of a CMOS
gate), which are connected in series by their source/drain terminals. The block is placed
between the connection node (output net) and Gnd. The second block is formed by p-MOS
transistors (pull-up network — p-part of a CMOS gate), which are connected in parallel,
by their source/drain terminals. The block is placed between Vdd and the connection
node. When the block conductivities are complementary, no matter what the input signals

on transistors gates are, there is a valid patll to ()lltpllt node either from Gnd or from
=
Vdd.
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Fig. 2. CMOS gate: its transistor structure and implemented function

A CMOS gate is a group of channel connected transistors; the opposite is not always
true. The necessary conditions for the group to belong to the class of CMOS gates are the
following:

— the only chain connecting the p-part and the n-part of the group is the output
(connection) node;

— all paths from the connection node go to the signal nets Gnd or Vdd;

— pull-down and pull-up networks have the same number of transistors;

— pull-down and pull-up networks implement mutually inverse functions.
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For example, the right group of channel connected transistors of the two shown in Fig. 1
is CMOS NAND element, but the left one is not.

A logic function expression implemented by the pull-down (or pull-up) network is formed
by tracing paths from the connection node to Gnd (or Vdd) terminal. Each path gives a
conjunction of the conductivity variables fed to gate terminals of the transistors from the
path. The OR of all such conjunctions yields the disjunctive normal form (DNF) for the
expression. If the conductivity functions f,, and f, of pull-down or pull-up networks are
complementary (f, = f,), then the analyzed channel connected group is a standard CMOS
gate. To classify CMOS gates extracted from the transistor circuit, it is convenient to
represent the recognized functions as parenthesized algebraic expressions. Such a form can
be constructed by the algebraic factoring DNF of the Boolean function found [12, 13].
For the CMOS gate in Fig. 2, we have

fo=acVbcVvd=(aVbecVd, f,=abdVed=(abVe)d,

and f, = f,. Thus, it is standard NOAO2 CMOS gate.

Channel connected groups of transistors, which are static CMOS gates, can be divided
into classes of identical according to the formulae of implemented logic functions. Each class
is made up of all instances that implement the same function formulae and therefore are
functionally equivalent.

However, not always the only CMOS gate may be associated with the class of
functionally equivalent channel connected groups. This is true if we are only interested
in functional equivalence of circuits. The topological aspect requires dividing a class of
functionally equivalent CMOS gates into subclasses of topologically equivalent CMOS gates.
Some features of the topological implementation of circuits at the transistor level, which
must be taken into account when combining or not combining subcircuits into a class of
topologically equivalent, are given in [12]|. For example, we should take into account the
following specifics of the topological implementation of CMOS gates:

— asymmetry of the inputs of the topological implementation of a CMOS gate (although
the gate implements a symmetric function);
— interchangeability of its drain and source.

The proposed algorithm distinguishes between the following groups of functionally
equivalent CMOS gates:

1) CMOS gate implementations that differ from each other by exchange the drain and
the source at least in one transistor. The interchangeability of the drain and source
in a MOS transistor results in existence of topologically different subcircuits that
implement the same logic function. For instance, there are four variants of subcircuits
for a CMOS inverter. If, in a decompiled circuit, all variants of a logic gate subcircuit
are represented by the same subcircuit, then the decompiled and original circuits will
not be isomorphic.

2) CMOS gate implementations that differ from each other by permutation of their
inputs (Fig. 3). Even if a CMOS gate implements a symmetric Boolean function,
the permutation of the inputs of the CMOS circuit that implements it makes the
circuit topologically nonisomorphic to the original one. This is because CMOS circuit
has asymmetric inputs. However, logically, both CMOS circuits implementations are
equivalent.

Topological equivalence of CMOS gate implementations can be established by checking
whether the corresponding graphs are isomorphic or not.
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Fig. 3. Topologically nonequivalent implementations of the NAND gate

8. Graph isomorphism and canonical labeling

One of the key operations required to partition the set of subgraphs into classes of
isomorphic ones consists in checking whether two subgraphs are identical or not. One way
of performing this check is to perform a graph isomorphism operation. But in our case,
when many such checks are required for the same set of subgraphs, a better way to perform
the task is vertex canonical labeling [14]. It assigns to each graph a unique code (a sequence
of bits) that is invariant on the ordering graph vertices and edges. Comparing whether
or not two graphs have identical canonical labels allows you to say whether or not two
graphs are identical. Moreover, by comparing the canonical labels we can partition the set
of graphs into classes of pairwise isomorphic graphs. Thus, checking two arbitrary graphs
for isomorphism is reduced to comparison of their canonical forms.

Calculating canonical labels is computationally equivalent to determining isomorphism
between graphs; both canonical labeling and determining graph isomorphism are not known
to be either in P- or in NP-complete class [15]. If a graph has |V/| vertices, the complexity
of determining its canonical labeling using this method is in O(|V|!) making it impractical
even for moderate size graphs.

In our case, the complexity of determining a canonical labeling of a graph is reduced
due to taking into account the special properties of subgraphs under classification: they
are vertex-colored, sparse and small enough. By comparing canonical labels of graphs, it is
possible to sort them in a unique and deterministic way.

Canonical labeling is done in an iterative manner in the process of building a sequence
of partitions for the set of graph vertexes that defines an ordering of the graph vertices.

Suppose we have an ordered collection of subsets of the vertices (Vi, V3, ..., Vi) whose
union is V. They say that all vertices from the same subset V; have the same label . The set
of these subsets represents the partition of the set V of graph vertices, constructed from
the initial partition that is specified by colors of vertices.

At first, the number and sizes of these subsets V; must be the same for both compared
graphs, i.e., the graphs have identical partitions of the set V. Then we repeatedly apply a
relabeling step, which assigns to each vertex v a classifier C(v) = (ny,n2,...,nx), where
n; is the number of vertices in subset V; that are adjacent to v. Using these classifiers,
each subset V; can be partitioned into subsets, where each subset should include all vertices
with the same classifier. These subsets are lexicographically ordered according to their
classifiers. In this way, we may obtain a refinement of the original partition, which consists
of subdividing the partition blocks. No refinement will be obtained if all vertices in each
subset V; have identical classifiers. If a refinement has been obtained, then the classifiers
are recalculated (and vertices are relabeled) until there is no further refinement.
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It is clear from the description that the essential idea is to relabel vertices so that each
new classifier reflects information about a gradually increasing region around the vertex.
In an ideal situation, after exhaustive application of the relabeling process, all subsets
in the partition (V,Va,..., Vi) will become singletons (containing exactly one member),
such a graph canonical labeling is called discrete. Discrete canonical labeling defines graph
canonical isomorph, which is given by an ordered set of vertex classifiers that represent a
unique graph code. If two compared graphs have the same canonical labeling, then they are
isomorphic with each other.

Today there exist several successful programs of computing the canonical isomorphs,
they differ by refinement procedure associated with details of reducing the search tree built
in the process of partition refinement (the pioneer work [16]). However, the fastest known
algorithm for graph isomorphism (as well as graph canonization) is 20(vnlogn) time and no
polynomial algorithm is known.

9. Graph-based subcircuit recognition method

After structural recognition of logic gates and pass gates, there are two main
unrecognized groups of transistors. The first group includes structures that cannot be
partitioned into gates or that are separate transistors. In resulting SPICE description they
are given as ungrouped transistors. The second group includes found channel connected
components of MOS transistors that have not been recognized as standard CMOS gates, so
they are assigned to be pseudogates. Each of the pseudogates is represented by a bipartite
undirected vertex-colored graph, which is sparse.

At this stage, the subcircuits associated with the pseudogates must be pattern matched
using a user-defined library of cells, as was done, for example, in the Frosty program [5].
However, in our case, when there is no cell library, all we can do is to classify remaining
pseudogates into classes of pairwise identical subcircuits.

In graph interpretation, the task consists in testing isomorphism between graphs by
means of comparing their canonical labelings. To simplify the canonization problem, the
subcircuit graphs are complemented with edges connecting all four terminals for each
transistor. The “bliss” program (T. Yuntilla and P. Caski [17]) was chosen as a prototype
of a program for calculating canonical isomorphs, which provides fast processing of large
and sparse graphs. Our pseudogate graphs are represented with exactly such graphs.
The experiments with the modified canonical graph labeling program have shown that
applying the canonicalization process to pseudogate graphs results in a discrete canonical
labeling.

The graphs of pseudogates with the same initial partitions on the set of colored vertices
are considered one by one. For each of them, a canonical isomorph is generated and a hash
of the canonized graph is computed. The hash value is a word-length bit string obtained by
the transformation of a sequence of numbers representing graph vertex classifiers. Graphs
with equal hashes are isomorphic and they are changed in a hierarchical SPICE description
with their canonical isomorph.

10. Logic network construction

At this stage, we have a mixed circuit which, in addition to static CMOS gates, consists
of pseudogates, pass transistors and ungrouped transistors. Now, the task is to recognize
more complex elements than gates. Using the previously described graph-based subcircuit
recognition method, we can recognize in logical network (consisting of CMOS gates) some
library-defined patterns. So the next step is to extract a subcircuit from the mixed circuit
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which consists only of gates, i.e., logical network. To specify a logical network means to
specify its inputs and outputs, the structure of connections between its elements, and
Boolean functions realized by the elements.

In graph interpretation, a logical network is a directed connected graph H = (W, A).
The set of vertices W is partitioned into three subsets: network inputs and outputs, and
internal vertices. Each vertex is labeled with input or output variable, or, if it is internal
vertex, with the function realized by the corresponding gate. An arc (directed edge) a =
= (u,v) € A goes from the source vertex u to the target vertex v (u,v € W). We further
consider that graph H = (W, A) is specified by the adjacency list, i.e., an array D of the
length |W|, where each entry D[i] is a pointer to a linked list of all out-neighbors of vertex
w; € wW.

The connected graph H = (W, A) is extracted from the undirected bipartite graph
G = (W, Vi, E) corresponding to the object mixed circuit. Graph H is contained in G
as the connected component C, including only the vertices corresponding to the CMOS
gates. There can be more than one such a component in the graph . Each undirected
connected subgraph corresponding to a connected component in a bipartite undirected
graph G is transformed into a directed connected graph H; = (W;, A;) of some logical
network. The transformation is carried out in the process of traversing the subgraph along
the paths in-going or out-going from the vertices labeled as CMOS gates.

The search for the next connected component C' begins with any unconsidered vertex
labeled as a CMOS gate and is done by the breadth-first search (BFS) method, considering
only the vertices labeled as CMOS gates. BFS allows not only to find out a connected
component C'; but also to get its topological sorting, which orders the vertices so that the
order corresponds to reachability. That is, if a vertex u is directly reachable from v, then
the edge (u,v) € E generates arc (v,u) € A, and if the vertex v belongs to the i-th graph
rank, then the vertex u belongs to the (i + 1)-th rank.

The proposed method provides to extract logic network that is ranked lexicographically.
From a lexicographically ordered network of logical gates, it is easy to pass to the formulas
of logical equations that specify the output functions of the network.

The next task connected with the logic network extraction is to determine primary
inputs and outputs of the network. It is solved by considering fan-ins and fan-outs for all
vertices of the graph H = (W, A). If all vertices from both fan-in and fan-out of some vertex
v € W are labeled as CMOS gates, then the vertex v is an internal one. Non-internal vertices
are assigned to primary inputs or primary outputs, depending on which of the fan-in and
fan-out sets contains the non-internal vertex.

After the gate-level networks are extracted, more complex elements than gates can be
recognized if the cell library is known.

11. Experimental results

Some experiments with the developed decompilation program have been performed.
Decompiled transistor-level circuits implement digital devices, both combinational and
sequential, with the complexity of several hundred thousand transistors.

The experiments have been carried out on a computer with Intel(R) Core(TM) i5-4460
3.20 GHz and 16 GB RAM. Table 1 shows how quickly the decompilation speed decreases
with increasing transistor circuit complexity. Here, transistor circuit decompilation speed is
estimated by the number of its transistors processed per second: n/t, where n is the number
of transistors in a decompiled circuit, ¢ is the circuit decompilation time.
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Two types of experiments have been carried out with the developed programm. In the
first experiment, CMOS circuits obtained by CAD system were used. In this case, the
technology cell library was known. One hundred percent coverage of the transistor-level
circuit by logic gates has been obtained. In the second experiment, transistor-level circuits
extracted from layouts have been examined. For some of these circuits the hierarchical
SPICE models were known, for others there was no additional information other than
the transistor-level circuit. In some circuits, in addition to MOS transistors, there were
other primitive elements (bipolar transistors, RC elements, etc.). Here, the coverage of the
transistor-level circuit with logic gates at the level of 60-70 % was observed.

Table 1
Speed of transistor circuits decompilation
Number Decompilation Number Processing speed:
of transistors | time: seconds | of found gates | transistors per second
1593 0.047 570 33893
11935 0.332 2727 35948
12566 0.398 3163 31572
38356 2.603 6179 14735
52408 6.085 9091 8612
62380 6.648 13664 9380
206896 90.182 34153 2294
345301 187.151 60033 1845

Some intermediate results of applying the proposed graph methods in the subcircuit
extraction program are given in Table 2. The table shows how many:

— n-MOS and p-MOS transistors are contained in each decompiled circuit (the second
column);

— the numbers of found pass gates (the third column);

— the numbers of all found CMOS gates in the circuit, the numbers of functionally and
topologically identical CMOS gates (the forth column);

— the numbers of all found pseudogates and the numbers of classes containing topologically
identical pseudogates (the fifth column).

Table 2
Intermediate experimental results
Cireuit Number Number Number Number
of MOS transistors | of pass gates | of CMOS gates | of pseudogates
1 1682, 1269 0 528, 16, 16 154, 55
2 3016, 2381 89 1041, 15, 39 284, 88
3 5776, 5827 25 2392, 7, 8 615, 23
4 5962, 5947 661 2777, 17, 34 119, 71
5 9415, 9415 1374 6639, 16, 44 0, 0
6 22988, 16436 766 5915, 39, 64 1178, 252

12. Conclusion

In this paper, we present the graph-based methods for solving the task of extracting gate-
level circuits from transistor-level descriptions for the most general case when any predefined
cell library of logic gates is unknown. We have used well-known graph methods, modifying
them so that they process large data of special types in a short time. The proposed methods
have been implemented in C++ as a part of a decompilation program. The program has
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been tested using practical and automatically designed transistor-level circuits. The tested
circuits had up to 100000 transistors. Some results of experiments on the program execution
and verification of the correctness of decompilation results can be found in [18].

Our future work is to extend the decompilation program with means of recognition

memory elements in gate-level network without using pattern matching techniques.
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OnTuMa/ibHBIE IUPKY/ISTHTHBIE CETH BRI3BIBAIOT MPAKTUIECKUI HHTEPEC KaK MO Ha-
IEXKHBIX C HU3KOHM 3aJepKKOofil ceTell CBA3M MYIbLTHIIPOIIECCOPHBIX KJIACTEPHBIX CHCTEM
u cereil Ha KpucTase. ABropaMu BIepBble NOCTPOeHa Oosbag 6a3a JaHHBIX (gaTa-
CeT) OMTUMAJBHBIX 0 JHAMETDY JIBYXKOHTYDHBIX KOJIBIEBBIX ITUPKYISHTHBIX CeTell
110 50 ThICHY y3JI0B, COJEPKAIIad MOIHBIN HAO0OP 00pa3yIoINMX ONTUMAILHBIX TPadOB.
[IpoBeién ananms naTacera C 1eIbI0 UCCIEI0BAHUS IPODJIEMBI TTOUCKA aHAJUTHIECKN
33/1aBAEMbIX CEMEHCTB ONTUMAJBHBIX TpadoB. Pa3paboTanbl 1Ba HOBBIX AJTOPUTMA
ABTOMATU3UPOBAHHOTO TMOWCKA AHAJATUIECKUX, OMUCHIBAEMBIX MOJUHOMAMHI OT A~
MeTpa, OMUCAHUHN ceMeitcTB onTUMaIbHBIX TpadoB. C MOMOIIBI0 PeaTn30BAHHBIX AJIT0-
PUTMOB HAfIEHO DOIBINTOE KOJUIECTBO HOBBIX AHAJUTUIECKN OMUCHIBAEMBIX CEMENCTR
ONTAMAJIBFHLIX ceTell, MpOBepeHHOe C TOMOIILIO BAaJUIAINN HA BCEM AWAIIa30HE M3-
MeHeHud auameTrpoB rpadoB maracera. Haiigenubie ceMeiicTBa ONTUMAJBHBIX CETel
MOTYT OBbITH HCIIOJIB30BAHBI IIPU MACIITAOUPOBAHUU aJTOPUTMOB Iepefadn HHMOpMa-
WY B JBYXKOHTYPHBIX KOJIBIEBBIX ITUPKYASHTHBIX CTPYKTYPaX.

KuroueBsbie cjioBa: damacem onmumasbHbLE cemeﬂ, HEOPUEHTIUPOBAHHbBLE dSy[I?%’OH—
MYpHHLE KOADUEBDIE CEMU, UUPKYAAHIMHOIE CEMU, MUHUMAALH I (3uamemp.

DATABASE ANALYSIS OF OPTIMAL DOUBLE-LOOP NETWORKS
E. A. Monakhova, O. G. Monakhov

Institute of Computational Mathematics and Mathematical Geophysics SB RAS, Novosibirsk,
Russia

Optimal circulant networks are of practical interest as models of reliable low-latency
communication networks for multiprocessor cluster systems and on-chip networks.
The authors are the first to construct a large dataset of optimal diameter double-
loop circulant networks with up to 50 thousand nodes, containing a complete set of
optimal graph generators. The analysis of the dataset has been carried out in order to
study the problem of finding analytically defined families of optimal graphs. Two new
algorithms for automatically finding analytical descriptions of optimal graphs families
described by polynomials in diameter have been developed. Using the implemented
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algorithms, a large number of new analytically described families of optimal networks
have been found and tested using validation over the entire range of changes in the
diameters of the dataset graphs. The found families of optimal networks can be used
when scaling information transmission algorithms in double-loop circulant structures.

Keywords: dataset of optimal networks, undirected double-loop networks, circulant
networks, minimum diameter.

Bsenenue

HeopuentupoBanubie IBYXKOHTYPHBIE KOJIBIEBBIE CETH ABJISIOTCA 00bEKTOM UHTEHCHB-
HBIX uccaenoanuii [1-11]. Baarogapst BBICOKOI MacimabupyeMOCTH, HAJIEKHOCTH U CHM-
MEeTPHUHU, OHH HAXOJAT MPHUMEHEHHE KaK CEeTH CBI3U B MYJIBTHIIPOIECCOPHBIX KJIACTEPHBIX
cucTeMax, B KpuITorpaduu Iprd MOCTPOSHUN COBEPIIEHHBIX KOAOB, HCIPAB/ISIONIAX OIIHO-
KH, & TAKYKE B CETIX HA KPUCTA/LIE B KAUECTBE 3aMEHbI TPAIUIINOHHO UCITIOTB3YEMBIX B HUX
JIBYMEPHBIX PEINIETOK W TOPOB, UMEIOIINX CYIIECTBEHHO DOJIBINNE 3a/IePKKU TPU OJHHAKO-
BOM YHCJIE Y3JIO0B.

JByxKkoHTYypHast KosblieBas ceTh (undirected double-loop network) mpejcrasisier coboit
neopuentupoBannblii rpad C(N;1,s), 1 < s < N/2, ¢ muoxecrsom Bepmnn V. = {0, 1,

.., N =1} upébep E ={(i,j):i—j==+1 (mod N),i—j =+s (mod N)}, vne {1,s} —
obpazytommue; N — nopsiok rpada. [Ipumep ABYXKOHTYPHO# KOJIBIEBOH CETH C YHCJIOM
y3n0B N = 18 npejacrasien Ha puc. 1. JIByXKOHTYpHBIE KOJBIEBbIE CETH CTEIEHU YeThIpe
MPUHAJIEKAT K KJIACCY NMUPKYJISIHTHBIX ceteil [1-3, 12-16].

Puc. 1. IsyxkouTypHas KoJbIieBas cetb C'(18;1,7)

Bamep:kku npu nepegade MHGOPMAIUKE B CETH, a TAKKe IIPU OPraHH3alUud KOJLICK-
THUBHBIX OOMEHOB B CHCTEMe OIEHMBAIOTCA auaMeTpoM rpada (U/mam CpejHuM paccero-
aaneM Mexkay BepmuHamu) [3, 4, 16]. dmamerp rpada G = (V,E) ectb mapamerp
d(G) = max d(i, ), rme d(i,§) — anuua KpaTdaiiiiero myTH W3 BepIIUHBI ¢ B BEPITHHY j.

)

NsBectHo (cMm. cepuaku B |1, 3]), 94T0 BepxHsisi TPAHHUIA MAKCHMAJIBHO BO3MOYKHOIO YHCJIA
BEPIINH B IUPKYIAHTHBIX Tpadax CTeIeHn YeThipe ¢ auamerpoM d pasaa Ny = 2d? +2d+1.
Tounasi HUZKHSSI TPAHWIA JWaMeTpa MUPKYJISTHTOB CTeNeHn deThipe moiydena B [17, 18]:

D(N) = [(-1+ v2N —1)/2].
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[Tpobiema cuHTE3a ONTHMAJIBHBIX MUPKYJISHTHBIX TpadOB COCTOUT B TOWCKe IpadoB
C MUHEMAJIBHO BO3MOXKHBIM JHAMETPOM Cpean rpadoB 3aJaHHLIX CTEHEHH M YUCJIA BEp-
mH. Onmumanvrowm HaseiBaerca rpad C(N;1,s) ¢ amamerpom d(C(N;1,s)) = D(N),
cybonmumanvrom —rpad ¢ nuamerpom D(N) + 1. B pabore [19]| BbiiBuayTa runoresa,
npoBepeHHas g Beex 3Hadennit N < 8 - 10%: mo kpaiineit Mepe, cybonTuMabHble Tpadbl
suya C'(N; 1, s) cymectBytoT ast to6bix N > 4.

OurumasbHoe CeMeRCTBO MUPKYISAHTHBIX ceTeil o00ro nopsaka N > 4 u creneHu ye-
TeIpe Haiineno B [17] u nepeorkperro B [18, 20]: {C(N;d,d+1) : d > 1}, rne d — Gimkaitmee
nesoe K (—1 4+ /2N —1)/2. B [17] mokazano, 4to Bce rpadbl ceMeficTBa OJHOBPEMEHHO
MMEIOT MUHUMYMBI JMaMeTpa U CPEeJHEro PacCTOSHUs MexK1y BepinuHamu. s JaHHOrO
ceMelicTBa ceTeil M3BECTHBI AHAIUTHYECKHE AJTOPUTMBI MAPHOI MapIIPpYyTH3AIMH € KOH-
CTAHTHBIMHU OIEHKaMu cjiokuoctu |3, 20, 21].

3 onmcanng mupkyasarHoro rpada suga C(N;d,d + 1) MoxKHO moIyInTh H30MOPdh-
Hble ONUCAHWS TyTEM YMHOXKeHus ero obpasyrommx d u d + 1 wa smements ¢t < | N/2]
IPUBEIEHHON crcTeMBbl BEIUETOB 110 Moay/ao N. Ho Takoii MeTos He MOKeT OBbITh HCIIOJIB30-
BaH JIJIs OJIyYeHUsT ONTUMAIbHBIX omucanuii rpados C'(N; 1, s) npu J00bx N, TOCKOJBKY
JU1st HeKOTOpbIX N oHM JinbO He CYIECTBYIOT, MO0 CyNIECTBYIOT, HO HE N30MOPMHBI OLKUCa-
auio Buga (N;d,d + 1). B mHacrosimeil pabore npejiaraercss MeTo/| aBTOMATH3AIMN TOUCKA
AHAJMTHYIECKHUX onucanuii cemeiicts ontumanbHbix Tpados uga C'(N; 1, s) Ha OCHOBE MOTY-
YeHHON aBTOpaMu GOJIBIION Ga3bl JAHHBIX (JaTacera) MapaMeTpOB OMUCAHUIT ONTHMATbHBIX
JIBYyXKOHTYPHBIX KOJTbIEBHIX ceteit C(N; 1, s).

1. IToaxoapl K MMOCTPOEHUIO ONTUMAJBHBIX JBYXKOHTYPHBIX KOJIBIIEBBIX CeTeli

CewmeiicTBa JBYXKOHTYDPHBIX KOJIBIIEBBIX CETell, OMMUCAHHBIE B JINTEPATYPE, TTPUBIEKAIOT
BHAMAHHAE B KAQ4CCTBE CCTEH CBA3U NPH U3YUYCHUHM UX CTPYKTYPHBIX M KOMMYHHAKATHBHBIX
CBOMCTB — aJITOPUTMOB MApPIIPYTU3AIUHA PA3JIUIHBIX BUJOB, BJOKAMOCTH B YAIBI 15 CETH
Ha KpHUCTaJ/Lle, CTPYKTYPHOU HaéxkuocTu u jp. Haupumep, nepsBoe uspectHoe ceMencrso
ONTHMAJBHBIX TPadOB ¢ AHATUTUYECKUM ONMUCAHHEM [22] akTHBHO n3ydasoch B TeOpHH
KogupoBaHust [11] m Kak MOIeNb CeTH CBSI3W MHOTOIPOIECCOPHBIX CHCTEM:

{C(Ng;1,2d+ 1) : d > 1}.

B pa6ore [23| mocrabiena ciemyroras npobiaeMa: KaaccnduiupoBarh Bee 3Hadenns N,
JIIST KOTOPBIX ONTHMAaJbHble Heopuentuposanubie rpader C(N;1,s) cymecrsyior. B sm-
TEPATYpPe PACCMOTPEHBI PABTUIHBIE MOIXOAbI K PEIIeHUIO TAHHON MPOOIEMBI U MOy YeHBI
HEKOTOpBIe HGeckoHednbie cemeiicTBa rpados C'(N;1,s) ¢ aHATUTHIECKAM OMUCAHUEM.

B |23] aokazano, aro gust cemeiicta rpados ¢ qucaom Beprud N = Ny — 1, ne d > 1,
MUHUMAJTHHO BO3MOXKHBI quamerp pasern D(N)+ 1. B GoabimuacTBe paboT, HOCBSIIEHHBIX
MOUCKY GECKOHEYHBIX cemeiicTB onTumanbHbiX rpados C(N; 1, s), UCIOIB3YIOTCS TEOPeTH-
decKre BepxHUE oreHKu auamerpa [19, 23-28|. B paborax [8, 19, 23, 26, 28| naiijgensl uin
UCCIAeYIOTCa ceMeiicTBa rpadoB ¢ JuHEHHBIME 0Opa3yionmMu Bujga s = 2d £+ «, tjae d —
auamverp; B |5, 29, 30| — cemeiicTBa rpadoB ¢ KBapaTHIHBIMEA 00PA3YOIUMA OT THAMETPA.
D dexTuBHBIE AJITOPUTMBI TAPHON MaPMIPYTH3ANUN pa3pabOTaHbl s P HallIeHHBIX
cemeiicts (26, 29, 31]. Mssecren [9] anropurm mapHOi MapiipyTusanuu s rpados
C(N;1,s) cnoxuoctn O(A), rme A < d. B [31, 32] moyuensl «mwioTHbies GeCKOHEUHbIE
ceMeiicTBa ONTHUMATBHBIX TpadOB, OMHCAHUS KOTOPBIX CJAEAVIOT U3 B3AUMHON TTPOCTOTHI
ancen (N,d) mwm (N,d + 1). B [19] naiizeno muoxecrso mommoctn O(vd) Geckomneu-
HBIX cemeiicTB onrumanbhbix rpagos C(N;1,s) s Kaxka0ro mHTepBaia 3HadeHuii N,
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rie Ngoy < N < Ny, d > 1, ¢ obpasytonumu Bujia s = 2d £ «. B [27] naiinensr Tpu ce-
MeHCTBa ONTUMAIBHBIX CEeTeil, KOTOPbIe MPEeJICTABIMbI KaK MpOou3BeieHnss KpoHeKepa AByX
uKI0B. B [5] aBTOpHI MOMTydnsn 1MecTh ONTHMAIBHBIX W TSTh CyOONTHMAILHBIX CeMeficTB
rpados C(N; 1, s) myis Kazjoro uarepsaia sadennit N, rae 2d°+d < N < Ny—1,d > 1.
B [33] peannzoBanbl reHeTHYECKEE AITOPUTMBI TIOUCKA CEMEHCTB 1 HOCTPOEHBI 70 HOBBIX Ce-
MeHCTB ONTHMAJIBHBIX IpadoB ¢ THHEHHBIMEI 00Pa3yIOmuMu BUAOB s = 4d+a u s = 6d+a.
ABropsi [34], ucrosb3yst NpeAIOKeHHBI UM AJITOPUTM BBIYHCICHUsT JuaMeTpa rpadon
C(N;1,s), npeAcTaBuIn HEKOTOPbIe PPArMEHThl Pe3YJIbTATOB BHIYHCICHUS ONTHMATLHBIX
1 cyOONTUMAJIBHBIX 00pa3yoluX Jid pasjudHbix 3nadenuit N, Bxiaouag N = 32000.
B [35], B ¢BsI3u ¢ aKTyaJbHOCTBIO MPUMEHEHUsT IIUPKYJISTHTOB B CETSIX HA KPUCTAJLIE, MOJTY-
YeH JATACeT ONTUMAJIbHBIX IUPKYJIAHTOB PA3IHIHBIX cTeneHeit ot 4 10 10 ¢ YncioM BepInnH
710 500, KOTOPBIit BKIIOYAET B TOM YHUCJIE JIBYXKOHTYPHBIE KOJIbIIEBbIE CETH.

B [36] aBrops! nocTponsn naracer ONTUMAILHBIX (C MEHUMAIBHO BO3MOZKHBIM JIHAMET-
pom mipu 3agarHoM nopsizke) rpados C(N; 1, s) no 50 Teicsa eprmma. Hobrii matacer co-
JIEPZKHT /T KazKJI0ro HopsiKa rpadoB Bce 00pa3yolie, COOTBETCTBYIONIHE OIITHMAJIbLHBIM
WA CyGONTUMATBHBIM (B CJIydae OTCYTCTBHsI ONTUMAJIBHBIX) onucanusim rpada. [lepednc-
Jienne 00pa3yronux Jjis ONTHMAaJBHBIX rpadoB B jgaracere MO3BOJUIO HANTH aHAJIATHIE-
CKHe 3aBUCHMOCTH MAPaMeTPOB, OMPEIEISONIX CeMeCTBa, ONTUMAIBHBIX TPadQOB.

Ha puc. 2 npuseieno Tpéxmeproe rpadudeckoe nzobpazkenue dpparMeHTa Jaracera To-
qek (N, s,d) ¢ ancaom Bepmma 10 < N < 900. [Jaracer mojaydeH ¢ TPUMEHEHHEM Ia-
paJLIeIbHOrO AJTOPUTMA HCUEPIIHIBAIONIETO TIOMCKA, peaan3oBaHHbIM Ha C Ha KjacTepe
Kunpeng [36]. Touku (NN, s,d) coorBeTcTByIOT napamerpaMm OMUCAHUNA ONTHMAJIBHBIX I'Da-
dbor C(N;1,s). Juga kaxaoro N nokazanbl Bce obpasyiomniue s < N/2, KoTopble onpeje-
JIAIOT rpad MUHUMAJIBLHO BO3MOXKHOTO jguamerpa d npu jganaom N. [Iposenéunbiit anains
rpacgoB U3 jparacera INokas3aj CyllecTBoBaHue 3HadeHuit N, s KOTOPBIX €IUHCTBEHHAS
ONTUMAaJIbHAsE 00pa3yloias MOKeT ObITh KaK JUHEHHOro, TaK ¥ KBAaJIPATHIHOIO BHJIOB OT
nuaMeTpa. Bech gaTaceT omMcaHmil MapaMeTpoB ONTHMAJbHBIX rpados ¢ N < 5 - 10 Bep-
e cojep:kuT okoJio 451 000 Tovyek m mpejcTaBjieH B OTKPHITOM jocTylie B lHTEpHeTE:
https://github.com/mila0411/Double-loop-networks/tree/main/Dataset.

[lepBoHavya/IbHBIN aHAJM3 JaTaceTa Ha OTKPLITHE AHAJUTHUYECKH OIIMCHIBAEMBIX Ce-
MefCTB onTUMAaTbHBIX TpadoB IpoBeéH B 36| ¢ MOMOMIBIO MOX0/1a, OCHOBAHHOTO HA TeM-
mwiefitTax ¢ HegoompeaeIéHHBIMI KoM MUIHEHTAMI U HCIOIb3YIONEro sl MOUCKA, ePCIeK-
TUBHBIX TEMILIEATOB aJrOPUTMbl METAa3IBPUCTHYECKOTO MOMCKA — MYyPaBbUHON KOJIOHUU U
muddepennuanbroii sBosonnu [37, 38]. TloxpobHoe onmucaHne aaropuTMOB TOUCKA MOZKHO
Haiitn B [36]. Peasmm3oBanHbIe AIrOPUTMBI ¢ MPUMEHEHHEM [ATH HafiIleHHBIX TeMIJIeHTOB
cretgepupoBajn 200 ceMeiicTB ONTUMAIBHBIX JIBYXKOHTYPHBIX KOJIbIEBBIX rpados. Ha puc. 3
YIEHBI TOJIYIeHHBIX ceMeicTB rpadoB oTMedeHbl YEPHBIMH TOYKAMH.

Jlajiee paccMOTpeH JIPYroil MOAX0/ K aABTOMATU3AINN TIOUCKA CeMEHCTB ONTUMAJIbLHBIX
rpacdoB B Jaracere, OCHOBAHHBIN HA MOC/IEI0BATEIHLHOM JEIEHUU ¢ OCTATKOM IapaMeT-
POB ONTUMABHBIX TPAMOB U TOCTPOCHUN KOIPMUIIMEHTOB MOJUHOMOB JIJIST UX MOPSIIKOB
1 06pa3yIoNHX, KOTOPbIii: 1) 06001aeT TeMILIedT-OpHeHTHPOBAHHBIN OIXO; 2) COMEPIKUT
HEKOTOpBIe O0IIHe MPUHITUITBL TOCTPOEHHsT CeMeHCTB ONTUMATBHBIX TpadoB; 3) M03BOJIsIET
OTKPBITH U3BECTHBIE U MOJIYIATH HOBBIE CEMEHCTRA, TOKPHIBAIONINE, KAK TOKA3A/IU IKCIEPHU-
MEHTBI, TIPEJICTABUTEJNbHYIO YaCTh TOUEK Jatacera; 4) naéT BO3MOKHOCTb MPOBOIHTH TEO-
peTnvecKkuil aHAJIN3 U MTPAKTUIECKYIO PeaJn3aluio ceTeil, OCHOBAHHBIX HA AHAJUTUIECKUX
onucanugax. Ha 6a3e HOBOro moaxoja paspadoTaHbl IBa aJrOPUTMa aBTOMATH3HPOBAHHOTO
OKMCKA CeMeifiCTB ONTHUMAIBHBIX I'PAPOB, OTIMIAIONINXCS BUIOM 00PA3YIONIHX.
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2. llouck ceMeiiCcTB ONTUMAJIBHBIX JBYXKOHTYPHBIX KOJIBIIEBBIX CeTell
C KBaAPaTUIHBIMHU OOpPa3yIoIuMnI

Y1066 aBTOMATH3UPOBATH IPOIECC ITOMCKA CeMEHCTB ONTUMAJIbHBIX I'PadoB, paccMOT-
pUM KOHKPETHBIH IIpuMep MOCTPOoeHus TpadoB MOTEHIINAILHO BO3MOKHOIO CeMeiicTBa, OC-
HOBBIBasICh Ha JIAHHBIX, B3ATBHIX U3 JAaTaceTa.

Bpeném nmapamerp p > 1. Ha3oBéM ero mepmogoM IIOBTOPSEMOCTH YJIEHOB ceMelcTBa.
[TapaMerp p paBeH pas3HHUIE THAMETPOB MEXKIY COCETHUMHU WiIeHAMH ceMmeiicTBa. AHaaus3
U3BECTHBIX CEMEHCTB ONTHMAIbHBIX ITPadOB MOKA3AJ, YTO P MOKET IPUHUMATH PA3JIHIHbIE
3HAYEHHsI — OT p = 1, KOrga ceMeicTBO CyIecTByeT npu jobom quaverpe 22|, mo p = 15 [5,
Teopema 3.8|, KOrJia 4IeHbl ONTUMAJIBHOTO CeMefiCTBa CYIIECTBYIOT B KJIacCCe THAMETPOB 10
Moaysaio 15. B nacrodimeil pabore MbI paccMaTpUBaeM CJydau, KOIJa Pa3HUIA JHAMETPOB
MEKIY COCEIHUMHU UJICHAMHU CeMeHCTBa sIBJISETCS ITOCTOSHHOM.

[TokazkeMm, Kak, HCIIOJb3Ysl JBE TOUKH JaTACETa, MOKHO HOJIYIUTh aHAJINTHIECKHEe (DOop-
MYJIBI JIJIS TIOCTPOEHHUsT 00Pa3yoIMNUX U HOPAIKOB IpadOB IMOTEHIINAILHOIO CeMeicTBa.

Bosbmém TouKy B maracere, Hanpumep (Ny, s1,dp) = (258,48, 11). Tlycrs p = 6. Haitaém
B paracere TOUKY (Ng, So,dy), M KoTopoii, KpoMme yciaoBust da = di + p, BHINOJHIETCS

CJIeIyIoNee:
Nl | "
$1 sy |

Hanpumep, mycts 310 Gyaer Touka (Na, o, ds) = (606, 108,17). Beinonnenune ycaosust (1)
O3Ha4YaeT, 9To 00e TOYKHU JaTaceTa HaXOMATCd Ha OOmell JUMHWM ¢ yIJIOM HAKJIOHA, OIpe-
neqsembiM orHoterneM | N/s| (em. puc. 2). Haiiggm mesble 4acTu 0 OCTATKH OT JIeJI€HUsI
obpazyromux rpadgoB, COOTBETCTBYIONINX AAHHBIM TOYKaM, Ha WX AuamMerp: s; = 4dy + 4,
sg = 6dy + 6. BBesiéM mapameTpbl, KOTOPBIE OIPEIEJAI0T MOC/IeI0BATEIbHOCTH YBeInde-
HUsE KOX(MDMDUIIMEHTOB TIPU OJIMHAKOBBIX CTeleHsX d JJisd 00pa3yoimuX rpadoB BOZMOXKHOTO

ceMelcTBa:
S9 S1
Al=|—|—-|—
LlQJ LllJ ’ (2)
Ay = 59 mod dy — s7 mod d;.
Jlng mamero npuMepa A; = 2, Ay = 2. Eciu npogozKuTh 3TH MOCTEI0BATEIHLHOCTH,

yBesimuuBag Juamerp rpados Ha p, TO o0Iuit Buj odpadyoimux rpados cemeiicrsa Oyjer

CJIETYTOTITIM:
s = ({ﬂJ + —(d — dl)AI) d+ s; mod d; + —(d — dl)A2.
p p

Cobupas KodhGUIHeHTH IPH OJIMHAKOBLIX CTEIeHIX d, HOJIYIUM KBAaIPATUUHBINA TOJHHOM
OT IHaMeTpa, OIPeIeJdIuil 00pa3yolIre ceMeiicTBa OITUMAIBHBIX IpadoB:

s=ed>+ fd+ g,

Ay
e=—,
p
di A A 3
f:{iJ_ll_"_Q’ ()
dy b p
g = s, mod d; — d1pA2.

Jlng mamrero npumepa B cury (3) momywaem s = (d* + 2d + 1) /3.
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Teneps 11 IBYX PacCMOTPEHHBIX TOYEK IATaceTa Hailaém (hopMyLy, KOTopas Olpeje-
JINT TIOPSIIKE TPpadOB BO3MOXKHOIO CEeMelCTBa.

Nmeem Ny = 5s1 + Ny mod s = Hsy + 18, Ny = sy + Ny mod s, = bsy + 66. ITocae
JIeJIEHHS OCTATKOB Ha JuaMeTpsl nojayduM Ny = bsy + dy + 7, Ny = bsy + 3ds + 15.

Beeaém mapaMeTphl, KOTOPBIE OIIPEIEIAT IIOCIeI0BATeIbHOCTH YBeInIeHNs KO pUIm-
eHTOB IIPU OJMHAKOBBLIX CTEINEHAX d B PA3JIOKCHHH OCTATKOB OT JejeHus Ha d OCTaTKa OT
neJsienug N Ha S:

Az = |(Ny mod s3)/dsy] — | (N7 mod s1)/d; ],

4
Ay = (Ny mod s3) mod dy — (N7 mod s;) mod d. (4)

s paccmarpuBaemoro npumepa Az = 2, Ay = 8. Eciin 1pogozKuTh STH MOCAET0BATEIb-
HOCTH, YBeJIMYUBas jquaMerp rpahos Ha BeJTMIUHY p, TO OOIUIt BUL MOPSIKOB BOZMOXKHOTO
cemeiicTBa OYIeT CJIeTyIONInii:

(d — dl)A4

N =|Ni/s1]s+ (LU\G mod s1)/d;y | + (d_p&) d+ (N; mod s1) mod d; + )

[Moxcrasiss dopmyay (3) mis obpasytomeil s u cobupas Ko3(DMOUIMEHTHI TIPH OTHHAKOBBIX
CTENeHAX d, MOoJIyYaeM

N = ad?® + bd + c,
a=e|[Ni/s1| + As/p,
b= f|Ni/s1] + [(Ny mod sy)/dy | — diA3/p+ Ay/p,
c¢=g|N1/s1] + (N1 mod s1) mod dy — d1Ay/p.

(5)

Takum obOpazom, KBaJpaTUYHBINA TOJHMHOM OT JIMAMETPa, KOTOPBIH OINpeIe/deT MOPs KN
ONTUMAIBHBIX IPaOB MOTEHIUAJIHHO BO3MOKHOIO ceMeiicTBa, c(hOpMHPOBaH.

st paccMOTpeHHOro mpumepa B cuiy (5) noaydaem N = 2d? +2d — 6 1 COOTBETCTBEHHO
caemyiomuii Bug cemeiictsa rpacdos: {C(2d* +2d — 6;1, (d*> +2d +1)/3) : d =5 (mod 6)}.
[TpoBepka B jaracere mokasaJa CyllecTBOBaHHe Bcex rpadoB cemMeiicTBa, HaunHas ¢ d = H
10 149.

Huxe ommcana obrmas cxeMa ajropurMa 1 — BPHCTHYIECKOrO aJrOPUTMa aBTOMATH-
YeCKOI'0 IOUCKA CeMEHCTB ONTUMAJIBHBIX I'PadOB, OCHOBAHHOIO HAa PACCMOTPEHHBIX BBIIIE
HMPUHIIAIIAX.

CiieiyeT OTMETUTH HHTEPECHYIO 0COOEHHOCTH Pe3y/IbTaToB PAabOThl aJropuTMa 1: HEKO-
TOpble W3 HalIEeHHBIX ceMeicTB rpadoB UMET 00pa3ymlnne JUHEHTHOTO BHa OT d. DTO
IIPOUCXOJIUT B TeX CJIydasiX, KOIJIa IPU BHIMOJTHEHUH HEOOXOMUMOro ycaoBus (1) TakKe BbI-
noJtHsieTcst yesaosue | s1/dy | = |sa/ds], aro maér e = 0. YT0oOBI ABTOMATH3UPOBATH IPOTIECC
MOMCKA CEeMEeHCTB ONTHMAJIBHBIX I'padOB ¢ JUHEAHBIMH OOPA3yIOINIMMHU OT JHAMETPA, MBI
pazpabora/ii OT/IeJbHBIN aJIOPUTM, OCHOBAHHbBIH Ha aHAJIOTMYHBIX HPUHIUAIIAX.
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AgropurM 1. AJIropuT™M aBTOMATHYICCKOrO IIOMCKA CEMEHCTB ONTHMAJbHBIX rpadoB
¢ KBaJ[paTHIHbIMK oOpasyonumu (obrmast cxema)

Bxoa: Touku maracera (N, s, d); P— MakcuMaabHOe 3HAYECHHE HapaMeTpa p.

1: Boibupaem navasibHoe 3HaveHue nepuoga p € {1,2,3,..., P} u quamerpa d = dy, rae
d; = 0 (mod p). Buibupaem Bce Touku (Ny, $1,d;) B Jaracere W Cpeld TOYEK BUIA
(N, s9,ds), Tine dy = di + p, Beibupaem 1ouku (N, So,dy), KOTOPbIE YIOBIETBOPSIOT
yeioBuio (1).

Hasa rouku (Ny, s1,dy) u odgepennoit Touku (Na, So,dy) rerepupyem obrne GhOpMyJIb!
Jig s 1 N B BUJe KBaJIPATHIHBIX IOJUHOMOB OT JuaMeTpa s IpadoB BO3MOKHOIO

cemeiicTna:
C(N =ad® +bd+c;1,s =ed®+ fd+g).

JL1st 9TOro MCIo/Ib3yeTcs CBOMCTBO MOBTOPSIEMOCTH BHA UJEHOB ceMeiicTBa yepe3 k =
= (d—d,)/p maros, a nvmenno: mas Ko3bduimenTos e, f, g ncnoab3yores GopmyJs (2)
u (3); st a, b, c— dopmysst (3), (4) u (5). Takum obpaszom, ajst Touek (N, s1,dy) n
(N3, 89, dy) anamuTudeckuil B rpadoB BO3MOKHOIO ceMeicTBa chOPMUPOBAH.

2: IIpoBepsieM NpHCYTCTBHE WIEHOB ¢(OPOPMUPOBAHHOTO ceMeiicTBa B JaTaceTe, YBeTHInBast
JuamMeTp Ha Besimuuny p. Eciu cymecTBoBaHue CjieIyonux 4ieHOB CeMeiCcTBa MOATBED-
JKJIEHO Ha BHIOPAHHON 9acTH aTacera, TO CYNTAETCS, 9YTO CeMeHCTBO MPOILIO TeCTHPO-
BaHUE W HOBOE cemeiicTBO rpadoB HAMIEHO; OHO JT00ABJISIETCA B JIUCT MOTEHIUATHHBIX
CeMEHCTB.

3: Ilpomecc momcka ceMeicTB NMPOJOJIKAETCA JIO TeX IOp, IOKa He PacCMOTPEHbI, BO-
IEePBBIX, BCe UMEIOIIHEecd mapocodeTanus rpados ¢ guaMeTrpamMu di u dy U, BO-BTOPBHIX,
JIMAMETPHI JIJIsT BCEX BBIYETOB [0 MOJIYJIIO P U 3aT€M — IIOC/Ie0BATE/IHLHO BECh BbIIE/1€H-
HBII TWANa30H 3HAYCHUN mapamMerpa p.

4: IlocJsie aTOro Bce HallleHHBIE ceMeHCTBa IPOBEPSIOTCA Ha TOH YacTH JaTaceTa, KOTopas
He ObLIA BKJIIOYEHA B IPEIBAPHTEILHO NMPOBEIEHHOE TecTHpoBaHue Ha mare 2. Ecian
PE3YJILTAT MOJOXKUTEJIbHBIN, TO CUUTACTCH, YTO HOBOE CEeMeHCTBO HAaUIEeHO.

Beixon: MuoxkecrBo ananmrudeckux onucanuii (popmyn N(d) u s(d)) cemeiicts ontu-
MaJIbHBIX TPaGOB ¢ KBaIPATHUIHBIMEA OODPA3YONNMA, OIPAHUYEHHOE PACCMOTPEHHBIM
JIMAIIa30HOM HU3MEHEHHS ITapamMeTpa p.

3. Ilouck cemeiicTB ONITUMAJIBHBIX TPadOB C JUHEHHBIMU O00pPa3yIOIINMU

[Tpn anasm3e mMoJIydeHHOTrO jaracera ObBLIO 3aMedeHO, 4YTO JIMHEefiHble obpa3yroline
¢ HeYETHBIM KO3pdunmenTom mpu d He JAI0T YCTONYUBBIX ONTUMAJIBHBIX ceMeicTB Ha 00/Tb-
KX JUAla30HaX U3MeHeHus Juamerpa. [losromy jiisd nmoucka ceMeicTB ONMTUMAIBHBIX T'Pa-
¢oB ¢ JuHEeHBIME oOpa3yomuMu OyjaeM paccMaTpuBaTh obpasyonue BuIa s = vd + «,
r7ie Y MOXKET MPUHUMATH TOJBKO YETHBIE, a « — JI00bIe Teble 3Hadenus. J[ng paszpabor-
KU TPOIECCA aBTOMATH3AINE ITOMCKA CEMeHCTB ONTUMAaJIbHBIX TPadOB PACCMOTPHUM IIPUMEDP
IMOCTPpOEHUA ceMencTBa ONTUMAJIbHbBIX FpaCbOB Ha OCHOBaHUM JaHHBIX, B3ATHIX U3 JaTaceTa.
[TokazkeM, KaK 110 JBYM TOYKaM JlaTaceTa MOYKHO IOJYYUTDH aHATUTHYCCKHE (DOPMYJIbI JIIs
HOPAIKOB I'pacoB cemeiicTBa U 00pa3yIOIINX JHHEHHOTO BU/IA.

Bospmém B maracere touky (NVi, sy, dy) = (295,69,12). [lycts p = 3 — pasnocTs aua-
METPOB COCE/HUX YJIEHOB BO3MOXKHOrO cemeiicrsa. Haiiném B maracere touky (Na, So,ds),
JIJIsT KOTOPO#i, KpoMme ycaoBus dy = dqi + p, BBITIOJHSIETCS €Ilé yCJIOBUe

S1 59

i PN E (6)
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Hampuwmep, 910 Touka (Ny, S2,ds) = (459, 87,15). Veaosue (6) BBIIOIHEHO, 3HAYHT, KO-
punment v He 3aBuCHT 0T Auamerpa. Haifaém nesbie 9acTu U OCTATKH OT Je/IeHus 00pas3y-
onux rpadoB Ha UX JUAMETPHI, pHU 3TOM KodddunuerT npu d J0/2KeH ObITh YETHBIM, TO
ecThb:

s=fd+yg,
= |s1/d1|, ecau|sy/d;|aérroe,
| [s1/di] B mporuBHOM Ciydae, (7)
s1 mod dy, ecau | $1/dy | aérHOe,
g =

sy — [s1/d1] dy B mporuBHOM Ciydae.
g mamero npumepa s, = 6d; — 3, s = 6dy — 3. Takum obpazom, f = 6, g = —3 u
s =6d— 3.

BBejém Tpu napamerpa, KOTOpPbI€ OIPEJIEJISIOT MOCIE/I0BATEILHOCTH PUPAIIEHUs KO-
>bOUIMEHTOB TPU OJIMHAKOBBIX CTeleHsdX d B pa3JyoxkeHnn N Ha S U B Pa3JIOyKEHUH OCTATKA
OT JeJIeHnd Ha d ocTaTKa oT AejeHuda N Ha s:

Ay = | Na/sao] — [Ni/s1],
Ay = | (N, mod s3)/ds] — [ (N, mod s1)/d4 ], (8)
Az = (N3 mod s3) mod dy — (N7 mod s;) mod d.

g paccmorpennoro mpuMmepa umeeM Ny = 4s; + 19 = 4s; +dy + 7, Ny = 589 + 24 =
= Bsy + dy + 9. Takum obpazom, Ay = 1, Ay = 0, A3 = 2. Ecu npogo/KaTh 3TH I10-
CJIeI0BATELHOCTH, HAPAIIUBas JUAMeTD TpadoB Ha BEJIHMUYUHY p, TO OOIIMHA BUI MOPIIKOB
BO3MOXKHOTO cemelicTBa OyJIeT paBeH

N = ([N1/s1] + (d = di) A1 /p)s + ([(Ny mod s1)/dy | + (d — di) Ay /p) d+
+ (N1 mod s1) mod dy + (d — dy) As/p.

[ToacraBus dopmyiay (7) aas obpasyrorieil s u cobpap Ko3hDOUIUEHTH TTPH OTHHAKOBBIX
CTeNeHax d, MOJIYIuM

N = ad® + bd + ¢,
a= fA1/p+ Ay/p,
b= f[Ni/s1] + [(N; mod s1)/di| — fdiAr/p+ gA1/p — diDs/p + A3 /p,
c= g|Ni/s1] + (Ny mod s1) mod dy — gd1 Ay /p — di1As/p.

(9)

Takum obpazom, cOpMUPOBAH KBAIPATUYHBII OJUHOM OT JIMaMeTPa, 38/ 1al0Muil HOPsI KN
ONTUMATHHBIX TPADOB ceMeiCTRA.

Jls Hammero mpuMepa MmoJIydaeM CJeAyIoNnnil B BO3MOYKHOTO cemeiicTBa rpadoB:
{C(2d*> + 2d/3 — 1;1,6d — 3) : d = 0 (mod 3)}. [IpoBepka B gaTaceTe moKazajga CyIe-
cTBOBaHHe BceX rpados ceMmeiictsa ¢ d = 3 10 150.

Hwuke npeacrapiena odias cxema aJIropuTMa 2 — 3BPUCTUIECKOTO AJITOPUTMa aBTOMA-
THYECKOT0 TMOUCKA CeMEHCTB ONTUMAIBHBIX JBYXKOHTYPHBIX KOJIBIEBBIX rpadoB ¢ JmHeH-
HBIMU 00Pa3yIOMMMHI, OCHOBAHHOTO HA OMUCAHHBIX MPUHIIATIAX.



AHanuz 6a3bl faHHbIX ONTUMATIbHBIX ABYXKOHTYPHbIX KObLEBbIX CETEN 65

AnropurM 2. AJropurMm aBTOMAaTHYECKOrO MOUCKA CeMeCTB OITuMaibHbIX rpadoB ¢ Jiu-
HefiHbIMI OOpasytomumu (0b1mas cxema)

Bxoa: Touku maracera (N, s, d); P— MakcuMaabHOe 3HAYECHHE HapaMeTpa p.

1: Boibupaem HauyasbHOe 3HadYeHHe mepuoga p € {2,3,4,..., P} u auamerpa d = d;, tae
d; = 0 (mod p). Boibupaem B maracere Bce Touku (INy,S1,d;) U Cpeiu TOYEK BUIA
(N3, 89,ds), tie dy = dy + p, BHIOUpPaeM TOUKH, yAOBJIETBOpsionme yeaosuio (6).

Mg Toukn (Ny, s1,dy) u ogepenoit Touxu (Na, so,ds) cozmaém obmme dbopmyabl s
s u N B Bujie NOJJMHOMOB OT JIMAMeTPa JIJId BO3MOXKHOTO ceMmeiicTBa rpados:

C(N =ad* +bd+c;1,5s= fd+g).

JL1s1 9TOr0 MCIOIB3yeTCsT CBOMCTBO MOBTOPSIEMOCTH B UJEHOB ceMeiicTBa depe3 k =
= (d — dy)/p maros, a umenHo: 1 kKoahdunuenTos f, g ucnoabsyrworces dopmyst (7),
st a, b, c— dbopmynst (8) u (9). Takum obpazom, st Touek (Ny, s1,dp) u (Na, So,ds)
aHAJUTUYIECKUN BT rpacoB BO3MOKHOTO ceMeicTBa ¢chOPMIPOBAH.

2: IIposepsiem nHasimame 4eHOB ChOPMUPOBAHHOTO CEMEHCTBA B JIATACETE MIPU yBEINICHUN
JuamMerpa Ha p. Kciam Ha BoIOpannoMm ¢gpparMenTe JaHHBIX CYIECTBOBAHUE CJIEIYIOIIHX
IJIEHOB CEMEHCTBA MOJATBEPKIEHO, TO CIUTAETCSI, ITO CEMEHCTRO MPOTILJIO TECTHPOBAHNE
U HOBOE CeMeiiCTBO HAWIEeHO, OHO 3AIUCHIBACTCH B CIUCOK HOBBIX CEMEHCTB.

3: Ilpomecc mouncka ceMeiicTB MPOIOIZKAEM JI0 TeX MOP, ITOKa He pACCMOTPEHBI, BO-IIEPBHIX,
BCe UMEIOININecs mapocoderanus rpadon ¢ quamerpavu di u dy U, BO-BTOPBIX, THAMETPHI
JIJTST BCEX BBIYETOB MO MOJLYJIIO P, 3aTeM — MOCJI€I0BATETHHO BECh BBIIEIEHHBIH THATA30H
3HaYCHUI 1TapamMerpa p.

4: [locsie 9TOTO MPOMCXOAUT BAJIHIAANMA MOJYUEHHBIX CeMeHCTB, /I 4ero HCIOJIb3YyeTCs
JacTh MACCHUBa JAHHBIX, HE YUAaCTBOBABIIAg B TeCTUPOBaHUM Ha miare 2. Ilpu momoxmu-
TEJIbHOM Pe3yJIbTaTe CUYUTACTCs, 9TO HOBOE CeMeHCTBO HAilJIeHO M €ro aHAJUTHICCKOEe
ONHUCAHUE TONOJHACT CHACOK HAWICHHBIX CEMENCTB.

Brixon: MuoxkectBo anannrudeckux omucanuii (dopmysn N(d) n s(d)) cemeitcrs onru-
MaJIbHBIX TPadOB ¢ JUHEHHBIMU 00PA3YIONIMMHU, OIPAHIIECHHOE PACCMOTPEHHBIM JTHAIIA-
30HOM H3MEHEHHs IIapaMerpa p.

4. SKCHepI/IMeHTaJILHLIe pPe3yJibTaThl peaju3annum aJropuTMoB

Asropurm 1 peanmzosan B cucreme Wolfram Mathematica 10 gus 15 < d < 150 u
1 < p < 7. O61iee 9UCTI0 MOJYYEHHBIX aHAJUTUIECKH OINHUCHIBAEMBIX CEMEHCTB ONTUMAIb-
HBIX rpadoB paBHO 1944,

Autropurm 2 Takzxke peasm3oBaH B cucreMe Wolfram Mathematica 10. JIas 9éTHbIX u
HEYETHBIX JUaMeTPoB U 3Hadenuit 2 < p < 6 nosydeno 293 aHAJIAUTHIECKH OMUCHIBAEMBIX
ceMeiicTB ONTUMAIbHBIX TPadOB ¢ JIMHEHHbIMEI oOpa3yoimumu. B Tabune npuseién dgppar-
MEHT ONHCAHUN ONTHMAJIBHBIX I'pahoB ceMelicTB BMECTe ¢ UX HEPUOJIOM MOBTOPAEMOCTH H
THIIOM JTHAMETPOB, MOJIYYEHHBIX IIPH PeaTn3allui aJropurmMoB 1 u 2.

Ha puc. 4 nokazanbl dpparMenTbl HailIeHHBIX CEMEHCTB ONTUMAJIbHbBIX JIBYXKOHTYPHBIX
KOJIBIIEBBIX CeTeil ¢ KBaJApaTHYHBIMU U JUHEHHBIME 00pa3yronuMu. daeHbl HAllIeHHBIX ce-
MeHCTB OTMeYeHbl YEPHBIME TOUKaMu. OMUCAHWS BCEX ONTHMAJIBHBIX CEMEHCTB, IOJIyYeH-
HBIX IIPU PeaIn3alidi aJrOPUTMOB, IPUBEJICHBI B pas3jiese jlaTacera.

[Ipep1o:KeHHbIE AJITOPUTMBI ABTOMATHYIECKOTO TIOMCKA CeMEeHCTB OCHOBAHBI HA TeMILIeH-
TaX ONMHUCAHUN U3BECTHHIX ONTHUMAJIBHBIX CeMEHCTB U MPOBEIEHHOM UHTELIEKTYAJIHLHOM aHa-
JIM3€e JaTacera. JTOT MOIX0 TMO3BOJMI MEPEOTKPHITh H3BECTHBIE CeMeicTBa U HAWTH HOJIb-
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IIpumepst onucanuii cemeiicTB onTuMaabHbIX rpadoB

N S p | dmod p N S p | dmod p
d+2d? 3+ 4d 5 2 —5+2d° | —3+2d | 4 2
14+d+2d° 2d 5 2 —5+2d> | 3+2d |4 2
—7+2d+ 2d? —3+2d 5 2 —A4+2d% | —3+2d | 4 2
—7+2d+2d? 5+ 2d 5 2 —4+2d> | 3+2d |4 2
—1+42d+ 2d? —1+2d 5 2 —34+2d° | —-3+2d [ 4 2
—1+42d+2d? 3+2d 5 2 —3+2d% | 3+2d |4 2
1+ 2d + 2d? 1+2d 5 2 3422 —-5+4d | 4 2
—2+2d? —2—d+d* |5 2 —1+2d% | -1+2d | 4 2
—2+2d? —d+d? 5 2 —1+2d%] 1+2d |4 2
2d? —1—-d+d* |5 2 —1+2d> | —3+4d | 4 2

S e —
53555 N
s

S5 e/
53855555

~/_
/

a 6

Puc. 4. CemeiicrBa onTuMaibHBIX I'PadOB, TOJTYIEHHBIE C TIOMOIIBIO aaropuTMoB 1 (a) u 2 (6)

nroe KOJIM4eCTBO HOBBIX, HO OH HE HMCYEPIIBIBA€T BCEC BO3MOXKHBIEC BUAbI aHAJIUTHUICCKUX BbI-
pakeHuil i onucanus cemeficrs. [IpumeneHune JApyrux MOJAXOJOB K AHAIHU3Y JATACETa,
B TOM YHCJIE C MCIOJIb30BAHUEM Mojesell riyGoKoro obyueHus, MO3BOJIUT BBISBATH JIPY-
TUe BO3MOZKHBIE TEMILIEHTHI JIJIsl OMUCAHUN ONTUMATBHBIX CeMEHCTB U aIrOPUTMOB UX MO-
CTpoeHud MU, €CJIHU 9TO BO3MO2KHO, IIOKPBLITH CETHIO aHAJIUTUKU BECb HOCTpOGHHBH';I JaTaceT
B pea/In30BaHHbIX I'PaHUIaX U3MEHEHUA JnaMeTpa cereit. ,HJIH reaepaliu HOBBIX OIITUMaJIb-
HBIX CEMENCTB ¢ MCHOJb30BAHUEM MOJIYYEHHBIX aJTOPUTMOB MBI IIPpEAIoJIaracM B ,ZLaJIbHeIU/I—
IIeM TaKKe YBeJMIuBaTh 00JIACTh M3MeHeHus napamerpa p. s Gyayumx ucciejpoBaHui
OCTAIOTCS OTKPBITBIMH CJIEJIYIONINE BOMPOCHI: KAKUE eIé MPUHIUIILI IIOCTPOEHUs CeMeHcTR
ONTHMAJIBHBIX (CyOONTUMAJBHBIX) JBYXKOHTYPHBIX KOJIBIEBBIX I'Dad OB MOryT OBITH peaJin-
30BaHbl [IPU aHAJIM3E [OJLYYEHHOIO JaTacera; Kak DaclpeesioTcs HadaslbHble 3HAYeHNsA
JIMAMETPOB, IIPU KOTOPBIX TTOPOXKJIAIOTCI HOBBIE CeMeiiCTBa; BO3MOXKHBIN BUJT (pyHKITHiT JITs
napamerpa p. B gacTHocTH, U8 aBTOMATH3AIMA OUCKA ONTUMAIBHBIX CeMEHCTB IIaHUpY-
eTCsl PACCMOTPETh CJlydar, KOTJa TeproJl IIOBTOPSIEMOCTH YJIEHOB ceMeiicTBa MOMKET GBbITh
HE KOHCTAHTOH, a (byHKIMel JTUHEHOTO BUIa OT APYrOro MapaMerpa, Kak 3TO, HAPUMED,
MMeeT MecTo JIIs ceMeiicTBa, HafimenHoro B |5, ciencrsue 3.6).
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3akJ4dyeHue

HpeILJIO)KeH HOBBbII MeTOd OTKPbITUA aHAJIUTUYCCKUX 3aBUCUMOCTEHR HHapaMeTpoB OIlluU-
CaHMUil ceMelcTB OIITHMAaJIbHBIX ABYXKOHTYPHBIX KOJIBIIEBLIX IMUPKYJIAHTHBIX 1—‘paCbOB7 npea-
CTaBJIAIOIMINX HpaKTI/I“IeCKI/Iﬁ nHTepec npu MOAeJIUPOBaHUUN CUCTEM CBA3U JAJIA ceTen Ha Kpu-
CTaJIIe ¥ KJIACTepOB MYJbLTHIPOIECCOPHBIX cucTeM. llpu amanuze 60JbIIOro jgaracera mna-
paMeTpOB ONTHMAJILHBIX MO JIHAMETPY JIBYXKOHTYPHBIX KOJBIEBLIX rpadoB ObLIH 3ame-
YeHBl HEKOTOPBIE 3aKOHOMEPHOCTH B WX TOsBJIeHHU. UTOOBI HAWTH HOBBIE ceMeiicTBa OTI-
TUMAJIbHBIX TpadoB, pazpaboransl u peann3oBanbl B cucreme Wolfram Mathematica as-
TOPUTMbI UX aBTOMATU3UPOBAHHOTO MOUCKa B garacere. Haiigennbie ¢ ©X mOMOIIBIO aHa-
JUTUYECKH OIUCHIBAEMbBIE CEMEHCTBA MOTYT COCTABIATL 0a3y Jjid KOHCTPYUPOBAHUSA Mac-
MITAOUPYEMBIX TI0 YUCIY JEMEHTOB OOJBIIUX MHOIOYPOBHEBBIX BBIYUCIUTEIBHBIX CHCTEM
¢ yuudukammeii mo guaMeTpy aJropuTMOB MapIiipyTu3anuu. Bee Haiigenuble cemeiicTBa
rpacdoB OyiayT nupejcTaBienbl B OTJAEALHOM pasjese jpocrynnoro B Uurepuere marace-
Ta https://github.com/mila0411/Double-loop-networks/tree/main/Dataset. Ilomy-
YeHHBIH /aTaceT MOXKHO TaKyKe MCIOJIH30BaTh TPH aHAJN3e COOTHONIEHNH MeXKIy cemeti-
CTBAMH ONTHMAJIBHBIX T'PahOB H MX XapaKTEPUCTUKAMH, TAKUMHU, KaK CTPYKTYDHBIE 3a-
JIEPKKH, OMpeIe/sieMble CPEIHUM PACCTOSHUEM MEYKIY Y3JaMU, HAJIEKHOCTD TPH OTKA3aX
JIEMEHTOB CETHU, IIPOILYCKHAs CHOCOOHOCTD, aJArOPUTMbI MapPIIPY TU3AIUH.
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N3zy4aercs remepuveckasi CJI0KHOCTH MPOOIEMBI ITPOBEPKY COBMECTHOCTHU CUCTEM YPaB-
HeHW# HaJT HATYPaJIbHBIMHU YUCIAMU cO ciaoxkenneM. JloxkaswpBaerca NP-mommoTa 910
IpOO/IEMBI, [IPEJIAraeTCd MOJUHOMUAJIbHBIN FeHEPUIECKUN ajropuT™M €€ perieHus.
JoxkaszsiBaercst, uro npu P # NP u P = BPP gaa npobiiembl poBepkn COBMECTHO-
CTH CHCTEM YPaBHEHWH HaJ HATYPAJbHLIMU YUCIAMHU C HYJIEM He CYIIeCTBYET CHJIBHO
TEHEPUYIECKOT'O TMOJITMHOMUAJIBHOTO aJIrOpUTMa. Z[.HH CHJIBHO TEHEPHUYEeCKOTO IIOJINHO-
MUAJIBHOTO AJTOPUTMA HET 3(DPEKTHBHOTO METO/IA, CAYIANHON MeHepallud BXOI0B, Ha
KOTOPBIX 9TOT AJTOPUTM HE MOYXKET PeITuTh mpobiemy.
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We study the general complexity of the problem of determining the solvability of
equations systems over natural numbers with the addition. The NP-completeness of
this problem is proved. A polynomial generic algorithm for solving this problem is
proposed. It is proved that if P £ NP and P = BPP, then for the problem of checking
the solvability of systems of equations over natural numbers with zero there is no
strongly generic polynomial algorithm. For a strongly generic polynomial algorithm,
there is no efficient method for random generation of inputs on which the algorithm
cannot solve the problem. To prove this theorem, we use the method of generic
amplification, which allows us to construct generically hard problems from problems
that are hard in the classical sense. The main feature of this method is the cloning
technique, which combines the input data of a problem into sufficiently large sets of
equivalent input data. Equivalence is understood in the sense that the problem is
solved similarly for them.
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O reHepuyecKol CNIOXKHOCTU PELLEHUST YPABHEHUI HAZ HATYPANbHbLIMU YUCAAMU CO cnoxennem 13

BBenenue

Pemenue ypasuenuit u cucreM ypaBHeHUi Ha/l BENIECTBEHHbIMU, KOMILJIEKCHBIMU, Pallu-
OHAJILHBIMU, TEJBIMU YUCJAMU SIBJISETCH KJIACCHYECKON TeMOil NCCaeJOBAHNN B PA3JIMYHBIX
00J1acTAX MaTeMAaTUKHU B TEYEHUE yyKe HEeCKOJbKUX Thicad JjeT. Kiaccudeckas anaredbpan-
JecKas reoMeTpHs U3ydaeT MHOYKECTBA pelleHul aaredpaniecKnx ypaBHEHHUH HAJI MOJISIME
BeIIeCTBEHHBIX W KOMILIEKCHBIX ducesl. B pamkax nuodaHToBO reoMeTpun n JuodaHTOBA
aHAIM3a M3YyYaloTCd PelleHns aaredOpandecKuX ypPaBHEHHI HAJT TEeJbIMH U PAIMOHATbHDI-
mu gucgaamu. B XX Beke 00JIBIIYIO POJIb HAYAIU UIPATH BBIYUCAUTE/IHHBIE ACIEKTHI 3TUX
Teopuii. M3ydenne aJIrOPpUTMUYECKUX ITPOOJIEM, CBA3AHHBIX C OIPeJeeHueM HaJUu9us pe-
IIeHNs Y CHCTeM YDaBHEHUil, a TaKyKe ¢ HAXOKJIeHNEeM M OMMCAHUEM MHOYKECTBA peIleHwuil,
SABJIAETCS TeMOM MHOTOYUCJEHHBIX TeOPeTHYeCKUX W MPAKTUIECKUX UCCIeOBAHU.

Kaxk mpasuio, mpobyiemMa ompeiesieHus COBMECTHOCTH CUCTEM YpaBHEHUIl HaJj pa3nd-
HBIMU aJI'€0PAanYeCKUMU CUCTEMAMHU SBJISETCS JIMOO HEepa3peinmMoii, 1ubo umMeeT DOJIbILYIO
BBIYHCIUTE/IHHYIO CJIOKHOCTD. Jlazke Ha/i HETPUBHAIBHBIMU KOHEYHBIME aJreOpandecKuMu
cucTeMaMu, HalpuMep HaJl KOHEYHBIMH TOJISMU, 3Ta npodiaeMa okasbiBaercs NP-mosHoil.
D10 o3HavaeT, 4To npu ycaosuu P # NP g neé He cymiecTByeT HOJUHOMHAIHHBIX aJIr0O-
puTMOB. I109TOMY aKTyaJlbHBIM SBJISETCS U3yUYeHHe TeHEPUIECKON CIOKHOCTH [1| maHHBIX
npobJieM. B pamMkax reHepu4eckoro moJxo/ia aJropuTMudeckas 1pod/ieMa paccMaTpuBaeT-
cd He Ha BCEM MHOZXKECTBE BXOJIOB, & Ha HEKOTOPOM IMOJMHOZKECTBE <«IOYTH BCEX» BXOJOB.
Takue Bxo/bl 00PA3YIOT TAK HA3BIBAEMOE TeHEPUIECKOoe MHOXKeCTBO. [longarue «mouru Bce»
dopmannzyeTca BBeJleHUEM aCUMIITOTHYECKOH TIIOTHOCTH HA MHOYKECTBE BXOJIHBIX JAHHBIX.
PesyapTaThl 06 acHMIOTOTHYECKON MJIOTHOCTH COBMECTHBIX YpPaBHEHUI B CBOOOTHBIX I'DYTI-
nax [2| u B muibnorentHbix rpynuax |3 moaydenst P. Nmimanom, A.T. MscHukoBbiM 1
B. A. PomanbkoBbiM. [eHepudeckast CJI0KHOCTH MPOOIEMbI COBMECTHOCTH yPABHEHHIT HAJ,
KOJIBIIOM TIesibiX quces nzydanach A. H. PoibanoBbiv [4], a Hag KOHEYHBIME IpyTIAMH, MO~
asvu u noayrpynnamu — A. H. Peibanosbim u A. H. HlesagkosbiM [5]. YpaBHenust HaJ| Mo-
HOWJIOM HATYPAJbHBIX YHCET MO CJIOKEHNIO0 B paMKAaX YHUBEPCAJIbHON aJaredpandeckoil reo-
MeTpHHI uccaeoBatuch B paborax A. H. lesnsikosa [6, 7]. C. JI. Kpusbim [8] paccmoTperst
KPUTEPUU COBMECTHOCTH CHUCTEMbl JUHEHHBIX JUO(AHTOBBIX YpaBHEHUl HAJ[ MHOKECTBOM
HATYPAJbHBIX YUCEJ, & TAKKe JAHbl BEPXHUE OIEHKU JIsi KOMIIOHEHT MUHUMAIbHOIO MHO-
JKecTBa pelleHnil U aJrOPUTMbl TOCTPOEHNS MAHUMAIBHBIX MOPOKIAIOMNIX HAOOPOB pelire-
HUH )T BCeX TAKUX CHCTEM.

B nannoit pabore m3ydaeTcs reHepuyeckas CJIOKHOCTH MPOGJIEeMbI MPOBEPKU COBMECT-
HOCTHU CUCTEM YPaBHEHUH HAJI HATYPAJbHBIMH YUCJIAMHU CO CJIOKEHUEM.

1. IlpenBapureabHbIE CBEJIEHUA

[Iycre N = {1,2,3,...} —MHOXKeCTBO HATYDAJbHBIX YHCEJ, HadWMHaoIeecss ¢ 1, a
w = {0,1,2,...} —MHOXKECTBO HATYPAJBHBIX YUCET ¢ HyIeéM. ByneMm paccMarpuBath jBe
anrebpandeckue cucrembl Ny = (w, +) u My = (N, +). Herpyano nokazars, 410 1106y10
CucremMy ypaBHeHI/Iﬁ HaJd HATYPAJbHBIMHI YHUCJIaMU CO CJOXKEeHUEM MOXKHO IIPUBECTHU K 9KBHU-
BAJIEHTHOU cHcCTeMe, B KOTOPOH KaxKJ0e ypaBHEHUEe SBJASeTCd PABEHCTBOM OJHOTO U3 CJie-
JYIOMIAX THUIOB:

1) i =Tj + Tg;

[Ipm aToM B k-M ypaBHEHHH CHCTEMBI MOTYT BCTPeYaThCS TOJIBKO TEepeMeHHBIE T;, T/
1 < 3k. Tlox cucmemoti ypasrerudi OyieM NMOHUMATH CHCTEMY OIMCAHHOTO BHUAA. Pasmep
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TaKOl CHCTEMBI — 9TO UUCJI0 YpaBHeHUH B Heit. O003HaUNM Uepe3 S MHOXKECTBO BCEX CUCTEM
YpaBHEHUNA.

Jlemma 1. Ywucno cuctem ypaBHeHHUIT pa3zMepa n paBHO

n

S| = T (27K + 3k).

k=1

Jloxazameavcmeo. s t-ro ypasuenus B cucreme S € S, cymecrsyer (3t)% Bapuan-
TOB BbIOPATh ypaBHEeHHE BUJIA T; = T+ U 3t BADUAHTOB BBIOPATh ypaBHeHHE BUJIA X; = 1.
Utoro aig t-ro ypaBHeHus ecTb 27t3 + 3t BapuaHTOB; /i Beeil cUCTeMBbl U3 1 ypaBHeHHH

n
umeeM |S,| = [](27k* + 3k) Bapnanros. ®
k=1

OCHOBHBIE OILPe/IeJIeHIs TeHePHIECKOTo MOIX01a MOKHO Hajitu B [1| win B [4]. Onpene-
JIeHns BBIYUCTUTENbHBIX KaaccoB P, NP u BPP comepxarcs B [9).

2. NP-nmosanora

Teopema 1. Ilpobaemvbl mpoBEepKH COBMECTHOCTH cucTeM ypaBHeHuit Han Ol un Iy
ABJIg0Tcsd NP-IIOJIHBIME.

Jloxazameavcmeo. I[lpunajuiexknoctsh 3tux npobdsem kK kJjaccy NP ciaemxyer u3 To-
ro, 9TO B Ka4ecTBe MOJCKAa3KW (PeIeHns) MOKHO B3sTh 3HAUEHUS MEPEMEeHHBIX, KOTOPbIe
JIeJIAIOT BCe YpaBHEHUsl CUCTeMbl UCTUHHBIMH. 10, 94TO pa3zMep MUHHMAJLHOTO pEHIeHUsd
B JIBOMYHOIl 3aIlMCH OrpaHUYEH IIOJHHOMHAJIBHO OT pasMepa CHCTEMBI, JIOKA3bIBAeTCd, Ha-
npumep, B [10].

JTokakeM, 4TO K IIPOOJIeMe IIPOBEPKH COBMECTHOCTH CHCTEM ypaBHeHuit Haj Oy 1moJim-
HOMHUAJBLHO CBOJIUTCA u3BecTHas NP-nosnas npobjiema o soinmoanumoctu 3-KH®P, koropas
3aK/II0YAETCA B CJICIYIOIIEM.

3-KH® &(xy,...,x,) —3T0 KOHBIOHKINS JU3BIOHKIHNE Buga (a1 V ag V a3), T oy,
1 =1,2,3, ectb 1ub0 OyJIeBa mepeMeHHas Iy, Ju00 eé orpunanue Tr. Hy:KHO ompeneanTs,
siBjisiercst Jin 3ajannast 3-KH® &(xq, ..., x,) BbIIOJHUMOIl, TO €CTh CYIIECTBYIOT JIi 3HAYE-
HUSI 1, ..., a, € {0,1}, Takue, aro ®(ay,...,a,) = 1.

[Tocrponm o 3-KH® &(xq, ..., x,) cucremy ypabHenuii Haj Dy, KOTOpasi HMeeT perie-
HHE TOIJIa U TOJBKO Torja, Korga ®(xq, ..., z,) BeinoganMa. st 3Toro Kaxaoi 6yJieBoi
nepeMeHHoil u3 ¢ comocTaBUM JIBe HATYpaJIbHO3HAYHBIE IEpEMEHHBbIE T U Y, a TaKxKe 3allu-
M CUCTEMY YPABHEHHH C HOBBIMH BCIIOMOTATE/JILHBIMU IEPEMEHHBIMU 1, o, t3:

=1,

lo = t1 + ty,
lg =11 + 1o,
ts =x + .

DTa cucTeMa rapaHTHPYeT, YTO £ U Y MOT'YT IIPUHUMATH 3HaYeHUs TOJAbKO 1 win 2. Yucsro 2
BBIIOJIHAET POJIb JIOTHYCCKON €IMHUIILI (I/ICTI/IHa), a 1 — JJorn4eckoro HyJsd (JIO)KB). Y nepe-
MEHHBIX POJIH TAKOBBI: & MOJIETUPYET COOTBETCTBYIONIYIO JOTHIECKYIO TIEPEMEHHYIO, & Y —
e€ OTpuIlaHue.

Hanee cmomenupyemM Tu3bIOHKINO (v V g V ag). Ijist 9T0r0 BO3bMEM MepeMeHHbIe
21, 22, 23 Hajg N, COOTBETCTBYIONIME JOTHYECKUM MEPEMEHHBIM (MM UX OTPUIAHUSAM) W3
AU bIOHKIOUWKW, U 3allullleM CUCTreMy
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(ulz]-a

U = Uy + U7,
Uz = Uy + Ug,
s =u+ us,

T =21+ 29,

S =T + 23,

e u, Uy, Us, Uz, S, 7 — HOBbIE BCIOMOTATeIbHbIE IepeMeHHbIe. 3aMEeTHM, UTO dTa CUCTEeMa,
coBMmecTHa HaJ N TOrjga M TOJABKO TOT/IA, KOIJAa XOTs Obl OJHA W3 MEePEeMEHHBIX 21, 29, 23
paBHA 2, YTO COOTBETCTBYET MCTUHHOCTH COOTBETCTBYIOIIEH N3 bIOHKITU.

Temepp 110 Kaxkaoit auzbioHkmuu 3-KH® ®(zq,...,z,) cTpouM m0A00HBIE CHCTEMBbI
ypaBHeHHnit. 3aTeM HyMepyeM Bce IepeMeHHbIe TaK, 9TOObI B k-M YPaBHEHUU CUCTEMbBI BCTpe-
JaJIuCch TOJBKO IepeMeHHbIe x;, riae ¢ < 3k. B urore monydaem cucremy Sg, KOTOpasg COB-
mectHa Hag N rora u Tosibko Torya, korjga 3-KH® & (xzq, ..., z,) seinoaauma. [logunomu-
aJbHOCTD JIAHHONH CBOJMMOCTH CJIeJyeT W3 MPOIecca MOCTPOEHHSI.

Ananornano pokaseiBaercss NP-mogHoTa mis 9. m

3. Pemrenmne ypaBHeHmii Hafg

Teopema 2. Ilpobiemva npoBepKu COBMECTHOCTU CHCTEeM ypaBHeHuit Haj 1 reHepu-
YeCKH PaspeninmMa 3a MOJTHHOMHATIHLHOE BPEMSI.

Zloxazameavemeo. CoOTBETCTBYIONIUN TeHEPUIECKUN TTOJIUHOMHUAIBHBIN aIrOPUTM
paboTaer Ha cucTeMe S CAEAYIOMHUM 00Pa30M:

1) wumer B cucreMe S ypaBHeHHUEe BHIA T; = T; + T;;

2) ecsu Takoe ypaBHEHHE HARIETCS, TO CHCTeMa HecoBMecTHa HaT N 1 AJIrOpUTM BbIIAET
otet (;

3) wuHa4e BHIAET OTBET «7».

[TokazkeM, 4TO FTOT AJITOPUTM JAET HEOUPEJIEJEHHbIH OTBET Ha LIPEHEOPEKUMOM MHOZKE-
cTBe cucteM ypapaennit. O6o3naunm depe3 L cemMeiicTBO CHCTeM, B KOTOPBIX OTCYTCTBYIOT
ypaBHeHus BUJa T; = ; + ;. 1ucI0 BapuaHTOB BHIOpaTh k-e ypaBHEHUE B CUCTEMe U3
muozkecTBa £ pasao 27k% + 3k — 9k2. Tlosromy

L, = T (27K + 3k — 9K?).

k=1

IIo memme 1
n

S| = ] (27K + 3k).
k=1

Ompeiesienne aCUMITOTHYECKON TIOTHOCTH p U p, MOKHO Haiitu B [1, 4]. [Tonyuaem

T (278 + 3k — Ok?
B |£n’ o kl;ll( * ) n Ok3 + k — 3k? n

3?2
(L) = Enl G N, R
pn(L) S, R kH1< 9k3+k> <

[T (273 + 3k) g

k=1

n 2 n n
<M= 5) = 10 g0) < 10 )
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YToOBI ONEHUTH CBEPXY MOCJeTHee TPOU3BEICHNEe, BO3BEIEM €r0 B YeTBEPTYIO CTEMEHD:

A= 50)" < {0 )0 ) (- ) 0 ) ) - Hi - ) -

_ﬁ(/{:—l)_?) 4 dn—2 4n—-1 3
SN kS 45 7T 4n—1 4n 4n’
Nroro nonydaem
Lol _
e < _— =
A= B 5) < BV

Teopema 2 nokazaHa. m

4. Pemenue ypaBHeHuii Hag
s nponsBosibHO# cuctembl ypaBHenuit S = {S7,...,S,} PaccCMOTPUM MHOXKECTBO
cucrem eq(S), KOTOpbIe MOTYyYaloTCst J00ABIeHHEM K cHCTeMe S MPOU3BOIBHBIX ypABHEHHI
Sm+1s -« - Sn, T l-e ypaBHEHHUe UMeeT BUI &; = T; + Ty, IpudéM 3m < i, j, k < 3(l +m).
Ouesunno, aro Jobast cucrema u3 eq(S) coBmectna uaja My TOrIa ¥ TOJBKO TOTIA, KOTIA
coBMecTHa HaL My cucrema S.

Jlemma 2. as mro6oit cucrembl S pasMepa m u 0000 n > m WMeeT MECTO OIEHKA

oSl 1
S| 2(30n3)™m

Jloxazameavcmeo. llycrs n > m. g t-ro pobapiaeHHOro K S ypaBHEHHS BHJIA
T; = xj + g, vae 3m < i, j, k < 3(t +m), mmeerca (3t)* = 27t Bapuanros. Ilosromy

leq(S)n| = H1 (272%).
t=
ITo memme 1

ITewy)
k=1

27k? n 1
[T(27k +3k) 4 <27k2 + 3> AL
k=1

pn(eq(S)) = le(‘féif"' =

OHeHI/IM CHHU3Y CHa4daJla IIepBO€ IIPOU3BEICHUE!:

n—m 27k? n—m 1 n—m+1 1 n—m+1 (k- _ 1)(k + 1)
11 (27k2 n 3) 11 ( k2t 1> > 11 ( k2> 11 k2
-3 2-4 (n-m—-1)(n—-m+1) (n-m)n—m+2) n-—m+2 -

1
22 32 (n —m)?  n—=m+12  2n-m+1) " 2

Temeps omeHNM BTOPOE NIPOU3BEJICHUE:

n 1 1

> .
k:nljmﬂ 27K3 + 3k~ (27n® + 3n)™

Nroro nosydaem

leq(S),] 1 !
prled(S)) = =16 > S5ty anym ~ 2(30n7)

JlemMa, 2 noka3aHa.



O reHepuyeckoil CIOXKHOCTY PELLEHUS] YPABHEHUI HaZ HATYPaNbHLIMU YUCAAMU CO ChoxeHunem 1

Teopema 3. Ilycts P % NP u P = BPP. Torga mis mpobsieMbl TpOBEPKH COBMECT-
HOCTHU CHUCTEeM ypaBHenuii Haj )y He CyNecTByeT CUAbHO MeHePUYECKOTO MOJTUHOMHAAILHOTO
aJITOPUTMA.

Zloxazameavcmeo. Jlonyctum, 9TO CyIIeCTBYeT CUJIHBHO T€HEPUYECKUH TMOJTUHOMU-
aJIBHBIH aaIropuTm A, onpeaessionuii COBMeCTHOCTh CHCTeM ypaBHeHuil Ha 1 . [TocTponm
BEPOSTHOCTHBINM MOJTHHOMHUAIBHBIA aJIroput™m B, permaoiiuii 9Ty npobjeMy Ha BCEM MHO-
»KecTBe BXoZoB. Ha cucteme S pasmepa n aaroput™m B paboTaeT CIeayIONIuM 0Opa3oM:

1) remepupyer ciyuaiino pasnosepositno cucremy S’ u3 muoxkecrsa eq(S) pasmepa n?;

2) samyckaer aaroput™ A Ha cucreme S';

3) ecau A(S’") #7, T0 aJropuT™M NPABUIBHO ONpeEeisieT, COBMeCTHa Jin cucteMa S, a

BMecCTe C Heil U cucrtema S

4) ecam A(S") =7, 1o Boimaér orBer «HET».
3aMeTuM, Y4TO MOJUHOMHUAILHBIA BePOATHOCTHBIN aaropuTM B BBLIAET IPABUILHBIA OTBET
Ha mare 3, a Ha 1are 4 MoxeT BblJIaTh HellpaBuibHblil orBer. Hajio jokazars, 40 BeposdT-
HOCTB TOTO, 9TO OTBET BBIIAETCs Ha Tare 4, Menbine 1/3.

OrneHnM BEpOSITHOCTD BBIJAa4Yn OTBeTa Ha mare 4. BeposTHocTh TOro, uro mis S’ umeer
mecro A(S") =7, ne Gosbiie

{S' €S AS) =Thal _ HS €S AS) =Thol ISel
€q(S) 2| |Snz| €q(S) 2|

Tak kak muOKkecTBO {S’ € S : A(S') =7} cubHO NpeHeOpeKIMOe, CYIMECTBYeT KOHCTAHTA
a > 0, Takasi, 94TO

{S' €S A(S) =T}l _ 1
|Sn2| gan?

g Jiroboro n. Ilo demme 2

|Sn2’
’eQ(S)n2|

[TosTomy MckoMas BEpOATHOCTb OTBETa Ha miare 4 me OOJIbIIE

< 2(30n°%)".

2(30n6)n 21+10g 30n+6nlogn 1
. <

W[

2an? 2an? - 2an?—6nlog n—log 30n—1

npu OOJIBIIHUX 7.

Takum obpasom, npobsema IPOBEPKU COBMECTHOCTU CHUCTEM ypaBHeHuit HaJi g 1mpu-
nayrexkut Kinaccy BPP. A tak kak BPP = P, Tto ona npunasgnexur xmaccy P. A 3ro, mo
teopeme 1, mporuBopednt ycaosuio P # NP. m

ABTOp BBIpazkKaeT MCKPEHHION OJIArOZAPHOCTDH PEIeH3eHTY 3a IOJIe3Hble 3aMeYaHus U
NpeJIOYKEeHU 110 VIyUIIeHNI0 TeKCTa CTaThH.
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VIIPOIIITEHHASI ®OPMVYJIA CYMMUPOBAHUS
JANCKPETHBIX 3HAUEHII HEKOTOPHIX ®VHKIINI

B.P. Ocunos

2. Mockea, Poccus

E-mail: osvktr@bk.ru

[Tonyden yupoménuslit BapuanT (hopMy/bl cyMMUpoBaHus Jitiepa — Makjaopena

m

> fla+kh) = % " Fw) dy — SR (5 () — £ (),
k=0 Yo k

rme Yo = a — h/2; yym = a + (m + 1/2)h. @opmyna BKIOUIAET B ceOsl MHTETPATHHYIO
OIEHKY CYMMBI JUCKPETHBIX OTCYETOR (DYHKITMY U TOMPABKY K Hell B BUJE CYMMBI psi-
IIa, BECOBBIX TPAHMYHBIX 3HAUEHU €€ HeIETHBIX IPOU3BOAHBIX. Y IPOIIEHUEM SIBJISIETCSI
MCKJTFOUEHNE U3 PE3yJIbTaTa CYMMUPOBAHUS TTOTYCYMMbBI TPAHUYHBIX 3HAUEHUN DyHK-
MW U JOCTUTACTCA IMyTEM CMeIneHusI hr OTCIETOB BHYTPD OTPE3KOB HHTETPHPOBAHUSI.
JloKazbIBAETCS, YTO ONMTUMAJIBHBIM SIB/II€TCA CMEIIEHNE KAXKI0T0 OTCUETa B CePeUHY
orpe3ka r = 1/2. D10 cMmereHne 3aJaéT TPEIETbl WHTETPATBHON ONEHKY Yo, Ym W
BHAUEHWS BECOBBIX KO3(M@MUIMEHTOB MPOU3BOIHBIX TTOTPABOIHOrO paga. Haiimeno ama-
JINTAYIECKOE BBIPAXKEHNE dTHX KOI(DPUIINEHTOB U UX IPOU3BOISINA DYHKITISI

1— 21—2k‘

= e

t t x ok
Bog, Up(t) =1— = cosech — = Y bpt",
2 2 k=1

e Bop —uncna Beprymmu. Ha mpumepax mosydeHwss TOYHBIX BBIPAXKEHUN CYMM

m m

STE", ST aP®, tie m,n — nesble nooKuTEIBHBIE YMCIA, TTOKA3AHA CHIPABETHBOCTD
k=1 k=ko

noIyaeHHo#t bopMysiel u pousBofsiell dpyukiuu e€ koddduimentos. Popmyna ObI-

JTa, MCIIOJIb30BAHA /s MOJyUYeHUsT NPUOIMKEHHBIX BBIPAXKEHUH Jid n13eTa-PyHKITun
Pumamna, nen-dyakimm, moanraMma (pyHKINHA, a Tak:Ke CyMM OECKOHEUHBIX 00paTHO-
CTeIIEHHBIX PAJOB U TAPMOHNYICCKOT'O PAIa. Ha OCHOBAQHUU aHAJIN3a ITOTPEIMTHOCTH 3TUX
BBIPDaKeHUI TTOKA3aHbI [IPEUMYIIECTBA YIPOIMEHHONH (hopMysabl niepes dopMysioi Dil-
siepa — Makjiopena B TOYHOCTH U KPATKOCTH.

Kimrouessbie ciioBa: cymma, pad, kospduyuenm, npoussodauwan ynrxyus, wucao Bep-
HYAAU, NONPABKAE, NOZPEWHOCTD.
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SIMPLIFIED FORMULA FOR SUMMING DISCRETE VALUES
OF SOME FUNCTIONS

V.R. Osipov
Moscow, Russia

The simplified variant of Euler — Maclaurin summation formula is obtained:

Zf a+ kh) /f hz’“ Lo (£ D (y) — D (yg)),

where yo = a — h/2, y, = o+ (m + 1/2)h. The formula includes an integrated esti-
mation of the sum of function discrete samples and the correction to it in the form of
the series sum of weight boundary values of its odd derivatives. Simplification is the
exception a half-sum of boundary function values from summing result and is reached
by shiftihg hAr samples inside the integrated segments. The optimal value of this shift
for each sample to the middle of the segment » = 1/2 is proven. This shift specifies
integrated estimation limits yg, ym, and values of correction series weighting coeffi-
cients. The analytical expression of these coefficients and their generating function
o
WB%, Uy(t) =1— %cosech% = kgl bpt?* where By

are Bernoulli numbers. Using examples of obtaining exact expressions for the sums

have been found: by =

ST k™, S al®, where m,n € N, the validity of the resulting formula and the genera-
k=1 k=Ko
ting function of its coefficients is shown. The formula was used to obtain approximate

expressions for the Riemann zeta function, psi function, polygamma function, as well
as sums of infinite inverse power series and harmonic series. Based on an analysis
of the error of these expressions, the advantages of the simplified formula over the
Euler — Maclaurin formula in terms of accuracy and brevity are shown.

Keywords: sum, row, coefficient, generating function, Bernoulli’s number, correc-
tion, error.

Bsenenue

Pemenus 3a1a4 HpI/IKﬂa,ILHOIL/i MaTeMaTUKH U aCUMITOTHYECKHE OIIEHKH HEKOTOPDLIX CIIe-
MUaJIbHBIX (byHKI_H/HL/'I HHOTJa CBOAATCA K Pe3yjJabTaTy B BHAE CYMMbI IIapaMeETPHUYIECKOI'O

PYHKIIMOHAJIBHOI'O PsiJia
m

Sua.h) = 3° fla+kh), (1)
k=0
rie f(y) — byHKIMs WieHa psiia, CyMMHpYeMasi B y3JaX PABHOMEDHOU CeTKH.
Cymmy (1) MOXKHO OIEHHUTH OIPEJIEJEHHBIM HHTETPATIOM OT (DYHKIMOHATHHOTO “IeHA
B 1pejesax 3Hadenuil k nupu ycjaosuu ero cymecrsopanus. PyHaaMenTaabHON OCHOBOHN Ta-
Koro crocoba sBisiercsa (popmysia cymmupoBanus Ditnepa — Makaopena. [Ipuseném Bapu-
aHT 3T0i (hOPMYJIBI U3 ABTOPUTETHOTO cipaBounuka |1, (23.1.30)]:

iF(a—l—kh) = %/ F(t)dt—i—l(F( )+F(b))+ nzl (% )IBQk(F(%—D(b) _ F(%—l)(a))—}—
k=0 a . (2)
.+(Zn) BgnZFQ”(a+kh+9h) h:b;l“,

rae Doy, By, —uncaa beprynin.
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Dopmyna (2) cBa3bIBaET pe3ynbTar cyMMupoBanus (m+ 1) suauennii (orcuéToB) dhyHK-
MM C MHTErPAJOM OT 3TOH (PDYHKIMH B 3aJaHHBIX NPEJEJAaX M COACPKUT, KPOME HEro,
MOJIyCYMMY KPaWHWX 3HAYEHUN W MONMPABOYHBIA PAJ, ¢ OCTATOYHBIM N-M YJIEHOM.

[lesiblo pPabOTHl ABJISETCH YTOYHEHHE HHTErpajibHOW ONEHKH M YIPOINeHHe (hOPMYJIbl
CYMMMPOBaHUS 32 CYET U30aBJIEHNs €€ OT HOTEHIUAIBHO CPABHUMOTO ¢ KOHEUHBIM PE3Y/Ih-
TATOM 3HAYCHHS MOIYCYMMBI.

1. BriBoa ynpoménsuoit hopmMyabl CyMMUIPOBAHUS

11 MOHOTOHHBIX Ha HHTepBaJjie (PYHKIUH TOCTABICHHYIO IMEIb MOMKHO JOCTUIHYTD,
HCTIOJIB3YSI TEOpeMY O CpeJIHeM 3HaUeHWU Ha OCHOBE €€ YTBePIKJIEHWS O PABEHCTBE Olpe/ie-
JIEHHOT'O WHTerpaJia Ha 3TOM MHTepBaJie 3HAUeHNI0 (PYHKIIUU B €70 IPOMEKYTOUHO! TOUKe,
YMHOXKEHHOH Ha JITUHY oTpe3Ka. [Ipu 3ToM i pa3HbIX HHTEPBAJIOB CMEIIEHUE [TPOMEeZKY-
TOYHON TOYKH OTHOCUTEJTHLHO TI'paHuIll OyJaeT HEOJMHAKOBBIM, 3aBHCAIUM OT caMoil (pyHK-
nmun. 19 oMMHAKOBOTO 3HAYEHUS ITOrO MOJIOYKEHNS BHYTPH BCEX WHTEPBAJIOB €0 CJIeTyeT
ONTUMUBUPOBATH C TEJHI0 MUHUMUIAINHU TOTPEINTHOCTH WHTEI'PAJbHONW OIEeHKH.

1.1. OntTumMusanugd NOJOXKeHUT GYHKIHUOHAJIbHBX OTCYETOB
BHYTPHU HMHTEPBAaJOB

[TpegcraBuM HenpepbiBHYO GyHKIHIO paga (1) Kak GYHKIUIO TUCKPETHBIX 3HAYCHUIA
(OTCUETOB) MESOYHCIEHHOIO apryMeHTa, HOMEIEHHBIX BHYTPh (m — ko + 1) equHUYHBIX
untepBaoB. [IpeacraBum pe3ysbTaT CyMMUPOBAHUS 3TUX OTCYETOB B BHJIE PA3HOCTH WH-
TerpaJibHOHM OIlEHKH 110 BCEM WHTEPBAJAM W CYMMBbl JJUCKPETHBIX TMOIMPABOK JIJIsT KarK/I0TO
eIMHUIHOTO WHTEPBAJIA:

PR / FkY k= 3 (ol +1=7) = ol = ). (3)

rae ¢(y) — dyHknus monpaBku; 7 < 1 — OAMHAKOBOE IS BCEX WHTEPBAJIOB CMEIEHUE OT
UX HUKHUX I'DAHMIIL.
Haiiiém 3nadenne JTUCKPETHON MONPABKM K MHTErPAJIbHON ONEHKE Ha €JUHUYHOM WH-
TepBaJe:
k+1—r
Bplk.r) =l +1=r) = plb—r) = [ 7k)dk = 1B (1
k—r
[Torpebyem ot noablHTErpaJALHON (DYHKITUH, YTOOLI OHA ObLIa AHAJUTUYECKON B IHpeie/ax
KayKJIOr0 U3 €JIMHUYHBIX WHTEPBAJIOB, U IPEJCTABUM €€ B BHJE PA3JIOKEHUs] B CTEIEHHOI
psaa Maksiopena ¢ pajmycom cxoaumocT r < 1:

1) = £+ 55 (k) gn.

- n!

[ToxcraBum 5T0 pasiokeHue B (4) U TMOJYYUM BbIpazKeHHe JJisl OMPABKY B BUJIE Psijia

k+1—r
st = [ (s + ST ) gy = £ I (.
’ n=1 n! n=1 (n + 1)‘ ’
[IpoananusupyeM 3Ha4eHUE OOIEro MHOKHUTENd STHX monpaBok O,(r) = (1 — r)"*t! —

— (—=r)"" ang wero mecesemyeM IPOM3BOAHYIO KBAJPATa 3TOH 3aBHCHMOCTH:

(0n(r))" = 2(n + 1) (1 =)™ = (=r)" ) (L= 7)" = (=1)")..



82 B. P. Ocunos

Jlerko Bumersh, uTo mpu r = 1/2 3Ta mpomsBoaHAsa s J1I0O0TO N paBHA 0, YTO COOTBET-
CTBYeT MUHUMYMY 3HaueHus 3asucumoctu. [Ipu srom 6,,(1/2) = 0 gyist Bcex HeI8THBIX 7,
0,(1/2) = (1/2)" nyst Becex uérHbIX n, a pu 7 = 0 wian 1 st JEOOBIX 1 TMEeT MAKCHMATb-
Hoe 3uavenue |0,(r)| = 1. Takum oGpasom, 3uaderue r = 1/2 obecreunBaeT MEHUMU3AIIIO
OBIIEro MHOKHUTEIsI, & TAKKe CHOCOOCTBYET COKPAIIEHUIO TUCIa YJIeHOB pasioxkenus (5) 3a
CUET UCKIIOYEHNS U3 HErO WICHOB ¢ HEYETHBIMH HHACKCAMM M O0CCHEYHBACT COKpAIICHUE
paamyca ero cxoguMoctu. C 3TOi TOYKM 3peHHs, Mojaarasd ONTHMAJbLHBIM HOJOKCHIE JIHC-
KPEeTHOTO OTcuéra © = 1/2 B cepejuHe eJMHUIHOIO MHTEPBAJIA, MOJCTABAM 5TO 3HATCHUE
B (D) U MpoOM3Be/IA 3aMeHy N — 21, MOy UM

o0 (2”)
Ak, 1/2) = ok +1/2) — plk — 1/2) = ZQfT(f)D,

(6)

1.2. Oupegenenne aHAAUTUIECKOTO BBIPAKEHUN s
GYHKIUYU MONPABKH

OueBuaHO, 9T0 DYHKIHS TTOMPABKU ©(Yy) TOMKHA OBITH CBA3aHA ¢ CYyMMHUDYEMOil Dy HK-
nueii f(y). [IpegctaBuM 3Ty CBsi3b B BUJie (DYHKIHOHAIBLHOTO PSAJIA

oly) = i b (y), (7)

riie b, — Becobbie Koaddumments mpomssomabx fU(y). Torna GyHKIHORATIBHOE BHIpaZKe-
HUe JIJId JUCKPEeTHON MONPAaBKH MIPUMET BH]L

p(k+1/2) —p(k-1/2) = libz(f(”(k +1/2) = fO(k = 1/2)). (8)

[IpecTaBUM TPAHUYHbBIE 3HAYCHUST TPOU3BOAHBIX B (8) B BUJIE CTENEHHOTO PSJIA, UCTIONB3Ys
dbopmyiibl ipousBoanbix dyukuu f(y):

oo f(l+q)
FO(k+1/2) = ;}fq—!(’“)&uz)q.

[MoacraBum 9Tu pas3soxkenus B (8) u npupaBHsIEM DE3yJbTAT IOJCTAHOBKH K IPABO 4a-
cru (6):

00 oo f(l+4q) 0 (2n)
S u S L8 1y - 2 - £ )

OueBHUIHO, 9TO YCIOBHEM HE3aBUCHMOCTH KO3 PUNueHToB b; OT 3HAUEHWIT MPOM3IBOIHBIX
dyHKINKU SIBJISIETCsT WHAEKCHOe paBeHcTBO [ + ¢ = 2n. Ilockombky n > 1, To [ 4+ q > 2.
[Ipu sTom BBIpazkenue (1/2)4 — (—1/2)7 = 2/29 umeer HeHyJIeBOE 3HAUYECHHE TOJBKO [T
HEYETHBIX ¢, CJEJIOBATEIHHO, WHIEKC | TaKKe JIOJIKEeH OBITh HEeYETHBIM, a (DYHKIHS I10-
npaBku (7) MozkeT ObITH IpeJicTaBieHa, Kak u B opmysie Ditepa — Makiopena, GyHKIu-
OHAJBLHBIM PSAJOM TOJLKO ¢ HEYETHBIMU MPOU3BOIHBIMU:

oly) = i’i b fED(y). (10)

CocTaBuM 1151 Tpe0OPA30BAHHBIX HHJIEKCOB HOBOe ypaBHenue 2q — 1 + 2/ — 1 = 2n. Pemus
ero OTHOCUTEJILHO ¢, TOJIy9uM yCjaoBue ¢ = n — [ + 1, orpaHnvuBaioniee 4ucjio 3HaYCHut
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uHzekca [ aucsiom n. TlogctaBum npeoGpa3oBaHHbIe 3HAUEHNS] HHIEKCOB B (9) U MpupaBHIeM
9JICHbl PAJOB IIPABOIi N JIeBOI 9aCTU C ONMHAKOBBIM HHICKCOM 7

S LR/ e )

= 2n—204+1)  22n(2n 4+ 1)

Coxparmas B npaBoii u jesoit gactu ornomenue " (k)/2%", nogydaeMm He3aBUCHMYIO OT
CYMMHUPYEMOil (PYHKITNU CHCTEMY ypaBHEHU

] 1

M2t )l @ (11)

rae ¢ = 2%b;. TlocaenoBareabHO 3aaBas 3Hauenus | = 1,2,3..., BelUncaseM b, = o
__r 8
5760° 967680"

Jliisg mosrydenus oOIero BbIpaykeHHs i KO3MDMUIMEHTOB b; HalaeéM ITPOU3BOISIITE
dbyukiun kKoahdunueHToB creneHHbIX psigAoB npaBoil u jgesoit yactu (11). nsa kosdbdu-

2n—1
IUEHTOB MPaBOH YacTH UCHOJb3yeM pazjoxenue shit = i ﬁ Borauraem u3 Hero
MEePBBLII 9JIeH, B PEe3yabTaTe UMeeM i .
o p2ntl
shi—t= 3o (12)

[Tpoussoxsmiyo GhyHKINIO JIEBOH 9acTH, BBULY IPHCYTCTBUA B Heil ABYX HHICKCOB, IPEJ-
crasuM B BuJe npoussenenust bynkuuii 7(t)V.(f) ¢ mynessim 3nadennem npn ¢t = 0 u
IIPHPABHSEM Pe3y/IbTAT IPOU3BE/IEHNS NX PA3JIOKEHUil B CTeleHHble psaabl paay (12):

(Q) 0 o0 oo 00
120 g0 (0) ¢ = 35 3o00(0) L
q: l q=11=1 q:

=1

77((1)(0) paH _ oo ¢2ntl

2.

=1(2n+ 1)1 (13)

o0

q=1
CrpynnupyeM wieHbl psja J1eBoit dactu (13) co cTemeHbio ¢ B COOTBETCTBHE ¢ YypaBHEHHEM
q+ 1 = 2n+ 1. Pemus ypaBuenue oTHOCUTENBHO ¢, ojyduM q = 2n — | + 1. Ilpupasusem
qJIeHBI PAOB IpaBoii n Jesoit wactu (13) ¢ omunakosoit crenenpio t. Cokpatus B Hux 271
HOJLY UMM

77(277,—14-1) (O) 1

2n
V(0 = :
1221 C()(Qn—H—l)! (2n + 1)!

OueBUIHO, UTO YCJOBUAMA UAEHTHIHOCTH 5TOTO Bhipazkenust ¢ (11) aBiagiorca 4éTHOE 3HA-
qeHne WHIAEKCa [, He3aBUCHMOCTh OT MHEKCa 1 3HaveHns nponssoanbx 72n~2+D(0) = C
1 PABEHCTBO \119”(0) = ¢;/C, rae C — koncranta. Taknm o6pa3oM, HHIEKC ¢ JOTKEH ObITH
HEYETHBIM YUCJIOM U pasioxenue dyHkiun 1)(t) apiasgercs paaom MakiopeHa U3 HEIETHBIX
CTemeHel ¢ ¢ IOCTOAHHBIM 3HaYeHHeM IpH ¢ = (0 U HYJEBBIX 3HAYCHUAX YETHBIX IIPOU3-
BOJHBIX. DTUM TPeOOBAHUAM COOTBETCTBYET pasioxKenue sht, B koropom C = 1. Orcroma
CJIelyeT PaBEeHCTBO \DEZZ)(O) = ¢, nu3 (12) u (13) mosyuaem ypasuenue sht U, (t) = sht —t,

PeIuB KOTOpoe, TOJIYdnM TTPON3BOAAIIY 0 GyHKIMIO 11 Koaddurmentos ¢ n3 (11):

U.(t) = z; ot? =1 —tcosecht. (14)
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Jlasee, BOCTIOIB30BABIITHCH PA3JIOKEHHEM B crernenHoii psaf [1, (4.5.65)]

7 31 2(22=1 —1)Bs,
+ _23 5 ( ) 2 ZZn—l

1 =z
76 " 360° Th1200 T (2n)!

cosech z = +... (7] <),

rae Ba, — uncna Bepuyanun, noryanm u3 (14)

1t 7. 2(2%1 — 1) By oo
U.(t)=1—t|-—-4——.. . — 2ty | =
®) t 6 360 (20)! * l:Zl (20)!

OueBuaHO, 9To 00N KOADMUIMEHT 3TOTO Psaia ABIsAeTCA KOOMMUIMEHTOM ¢; PA3IOKEHHS
B cTenenHoi psaf (14). [TogcTaBuB ero BeIpazkeHue B COOTHOIIEHUE MeK Ty KoadbdunneHTamu
u3 (11), moayaum

2(22l71 _ 1>BQZ 1 — 2172l

b, — 92, — o2 _ B 15
: “ (20)! ) (15)
wn, 6oIee KpaTKo, Ha OCHOBaHuWE coortHomenus B,(1/2) = —(1 — 2'7")B,, [1, (23.1.21)]
b — By(1/2)
| =

(20)!

st nocraroano 6osbimx [ > 3 dpopmyiy (15) MOKHO yIPOCTHTD, HCIOJIB3YS OTPAHTICHESI

qist aucen Bepuynn [1, (23.1.15)]:
2(2n)l 1
(27T)2n 1 —921-2n

2(2n)!
(2m)2

> (=1)"" By, >

CornacHo cooTHOIIeHHIO MeXK Iy by n By B (15), m3menus obo3nadenue [ HA 1, YMHOKUM
1— 21—2n

(2n)!

> (=1)"*p, >

00e JacT! 3TOro HePaBeHCTBA Ha . B pesyabrare nosydynm

2
(27T)2n

G127,

OTciofa it TOCTATOYHO OOJIBITUX N TTOJYYUM TPHOTHM3UTEIHHOE DABEHCTBO

2(—1)m+1

b, ~ —————
(27’(’)2”

(16)

U3 coornomenns mexay xodddunuenramu ¢; u by HETPYIAHO MOJIYYUTH MPOU3BOJISIILYTO
dyuximio g koadpdunuenton b;. /Ing 3Toro Bocnosb3yemcs: npeobpa3oBanueM

20
Wy (t) = Syt = S22 ) o—w (L)
b(t) 1:231 ! 5:2312% l;lcz 9 5
Orcrona u3 (14) OKOHUATETHHO MOJTYIaeM

tet/?

et —1°

& t t
Uy(t) = Sobt? =1 — = cosech -~ = 1 — (17)
=1 2 2
[Toncrasus B (10) BHIpasKeHHe I BeCOBBIX KOy durentos b, (15), moayunm aHaIATHIE-
CKO€ BblparkeHue Jijisg (DYHKIUKA MOIPABKU:

x1—2177 (21-1)
oly) = ZWBmf (). (18)

=1
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[IpencraBienne (byHKINE MOMPABKY PAIOM U3 HEUETHBIX MPOM3BOMHBIX HE MPOTHBOPE-
9UT IPEJCTABICHUIO JUCKPETHOI monpaBKu (6) psijioM BBICIINX YETHBIX IIPOU3BOHBIX, TaK
KaK IocJjeaHdd ABJIACTCA PAa3HOCTHIO MEKAY 'PAHNYHBIMU 3HAYCHUAMN beHK]_[I/II/I IIOIIpaBKHU
B €JJUHUYIHOM HHTEpBAJE.

[IpocymMupyeM JUCKPETHbIE TIONPABKA B (3), YUUTHIBasi B3aUMHOE YHHUYTOKEHHE UX
KpaifHux 3Hauenuii Ha rpanune cocequux uarepsanos —p((k+1)—1/2) + ¢(k+1/2) =0, u
HOJIyYHM IIONPABKY K UHTErPAJIbHON ONEHKE B BHUJE PA3HOCTH I'PAHUYHBIX 3HAYEHUN (DyHK-
i p(y):

m

> (p(k+1/2) —p(k = 1/2)) = p(m +1/2) — (ko — 1/2).

k=ko
1.3. AHasuTHYeCcKOEe BHIPAaKEHHE
yOpOMmMEHHON GOPMYJaAB CYMMUPOBAHUS

Pesyabrarom onTuMH3anu MOJIOKEHUSA JUCKPETHBIX OTCYETOB CYMMUPYEMOi DYHKITHN
B CepejiiHe eMHUYHBIX HHTEPBAJOB T = 1/2 gBisercs omnpejeienne Kak Kodhdunnen-
ToB (15), TaK W TpAHUI] HHTETPATBHON OleHKH. VICIOIb3ysl 9T0 3HAYEHUE W AHATUTHIECKOE
BeIpazkenue byHKIuU nonpasku (18), mpusesém GpopMysTy CyMMUPOBAHUST TUCKPETHBIX 3HA-
qennil hyHKIHU OT MEeJ0UYncIeHHOro aprymMmenTa (3) K Bujy

m+1/2
1 o 21 2k
S0 = [ fdy— S B m o+ 172) = Ok = 1/2). (19
0 ko—1/2
rae k=1,2,3,...; By, —unciaa bepnymwim.

Oo1tee BoIpazkenue st (GOPMYJIbI CYMMHPOBAHUSI, CXOHOE 110 BHAY C (hopMysioit Dii-
naepa — Maksopera (2), MOJKHO MOJIyYHTh, PACKPHIBAs TAPAMETPHIECKYIO 3aBUCHMOCTD ap-
ryMeHTa Yy = a + kh, riae a = ag + koh:

. a+mh+h/2
> fla+kh) =~ / Fly)dy — ...
= a—h/2 (20)

—nz h?k= WB% (fP*D(a+mh+h/2) —y*D(a—h/2)) + R

JIj1st MOHOTOHHBIX (bYHKIMI, HOCKOIBLKY BCE IPOH3BOHbIC HeudTHOro nopska f(F =1 (y)
He MEHSIOT 3HakK, MOnpaBodHblii psax B dopmyrax (2) m (20) sBisiercss 3HaKONEpPEMeH-
HBIM, TaK KakK YHCJIa DepHY/IH II00YepPENHO MEHSIOT 3HAK B COOTBETCTBUH C PaBEH-
ctBoM Bop = (=1)F71|Bg| |2, (9.611)]. Ecoiu nmpu 3TOM HOCACIHME HWIeH ITHX D-
JIOB TP HEOTPAHUYCHHOM pOCTE €r0 MHIEKCA CTPEMHTCI K HYJII0, TO, COIIACHO MpPHU-
3HAKY CXOAMMOCTH JIefiOHMIA 3HAKONEPEMEHHOIO PfANa ¢ MOHOTOHHO YOLIBAIOIIUMH HJIe-
HaMu, abCOTIOTHOE 3HAYEHHE OCTATKA €r0 CYMMHPOBAHUSA HE TPEBBIIAET abCOJIOTHOTO
3Hadenus nepsoro orépaceiBaemoro B (20) wiena |R,| < |A,| [2, (0.227)], toe A, =
= h* 1, (f*"V(a+mh+h/2) —y®~Y(a— h/2)). B ocranbubix caydasx 6es uccie-
JIOBAHUSI OCTATKA CYMMUPOBAHUS MOMPABOIHOTO psijia R, 3HaK paBeHcTBa B hopmyrtax (19)
u (20) spnserca yeaosnbiM. Omnako ecin npomssonbie a) f"2(y) u 6) fEH(y) ne
MEHSIOT 3HAK Ha BCEM MHTEpBaJe HHTETPUPOBAHMs, TO, COIVIACHO CBOICTBAM HOMPABOTHOIO
psiia dopmysisl Diiiepa — Makiopena, |R,| = 0|A,|, tae 6 < 2 B cayuae (a) u 6 < 1 B cay-
qae (a+6) |1, npumedanue K dhopmyae (25.4.7); 3, bopmymna (21*), c. 542-543|. D10 cBoiicTBO
MOKHO TIPUMEHUTH B YIPOIIEHHBIX (hopmyrtax (19) u (20), ucnosb3yst ¢X0JACTBO MOCTIeIHER
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¢ (2), a Takyke Maxkopupyworiee 3Hadenue koddbunmentos B (2) K Kodbdunnentam by
B (20). Ux ornomenue 1/(1 —2'7%%) Gopme 1 u crpemurcest k 1 npu k — oo. Tlpu srom
nepBbiii Koadduiment nonpapodroro psga B (20) BABOe MeHbINe TEPBOTo KoxbduImenTa
dopmysibt (2), 9T0 MOZKeT OBITH CYIIECTBEHHBIM JIJIs1 MTPUOJINZKEHHBIX OIEHOK.

Takum obpazoM, npu cHOPMYIHUPOBAHHBIX OT'DAHUYEHUSX A (DYHKITUU OCTATOK CYM-
MHUPOBAHUSI TIOMPABOYHOTO psifia B (20) MOYKHO ONEHUTH BBIPAZKEHHEM

Rl = 00,07 (£ (y) = F2 D (w0)) ] (21)
rae b, — koaddunuent moupasodnoro psiga (15); 6 < 2 npu OAHO3BHAYHOCTH HPOU3BO/I-
noit f?"2)(y) na Bcém mmrepsBane (Yo, Y] M 0 < 1 IpH JONOIHUTENBHON OIHOZHATHOCTH
nponssoaHoil f2M ) (y).

Sameuanme 1. B ciayuae pasencts f(kg) = 0 B (19) wim f(a) = 0 B (20), He BIUS-
IONUX HA 3HAYEHUS UTOTOBLIX CYMM, HCIO/Ib30BAHUE IPUBEJIEHHBIX B (POPMYy/IaxX HUKHUX
rpanui; npuBegéT K ommbke. JIjist onpejeseHns TpaHul YIpOIEHHON (HhOPMYJIBI CIeyeT
HCIOJIb30BaTh TOJBKO KpaifHue 3HadYallue 0OTCIEThl CyMMHUPYeMOil (hyHKIHN.

2. IlpumeneHmne ynpoImieéHHOM (hpopMyJIbl OJ1d peHIeHnsd NPUKJIAJTHBIX 3379

[ToaTBepauM cripaBe/IMBOCTD MOJIYYEeHHONH (POPMYJIbI U TOJIyYUM HA €€ OCHOBE HOBLIE
npubINKEHHbIE (POPMYJIBI.

21. Tonydenue TOYHB X AaHAJUTHUICECKHUX BbIpa)XeHui

Haiinennyro ynpomgénnyio hpopMysry MOKHO HPOBEPHUTH, HE MPHOEras K BHITHCICHUAM,
Ha MpUMepax MOJYYeHHs ¢ €€ MOMOIIbI0 TOYHBIX AHAJUTUIECKUX BhIpazkeHuii. OUeBUIHO,
9TO TOYHOE AHATUTHIECKOE BBIDAYKEHNEe MOYKHO MOJTYYHTDH s (DYHKIHH ¢ KOHEIHBIM YHC-
JIOM YJIEHOB TIOIIPABOYHOTO PsIJia, TO €CTh (DYHKIMHA ¢ OrPAHIICHHBIM TUCIOM TPOU3BOTHBIX.
Takoit siBastercst, Hanpumep, crenennas dyukmus f(k) = (a + kh)™ ¢ 1e109uCIeHHBIM 110~
kazaresem cremenn n > (. Cormacno dopmymam (19) u (20), MOXKHO HOIYyYHTH TOYHOE
BbIPazKeHHe I CYMMBI TAKOT'O Psijia ¢ JTIOOBIM MmoKaszaTeseM n. Ilpu 9ToM KOJIu4ecTBoO die-
HOB MONPABOYHOTO PsAJIA, BXOISIINX B BbIpaXKeHue, paBHo n/2 nis aétaoro nu (n+1)/2—1
JJIsT HeYETHOTO.

B kauecrse npumepa ¢ nomonipbio opmysist (19) npu ky = 1 Hali8M CyMMBbI [EJOYHCICH-
HBIX CTEMEeHHBIX PSIOB W CPABHUM Pe3yJIbTaThl CyMMUpOBaHUs ¢ u3BecTHbIMHA |2, (0.121)]:

n nt1/2 1 1\ [/1\° 1
Zk::/ k=2 [(ne 1) - (L) ] = rerl)
k=1 1/2 2 2 2 2
n 1 1\° /1)’ 1 1\ 2] am+1)@2n+1)
k?z_ _ — _ [ 2 — —_ =
53| 0z) -(6) | m () o) e

no.o 1 N /1 1 1\*> 3 n(n+1)7°
3 _ — - N o - i I I S
ge=3|(+2) - (@) [-aplra) -2 -

Jajibueiinye pe3yJibTarbl CYMMUPOBAHUS IIPU HOBBIIIEHUN CTEIIEHU N IO/ITBEP2KIAI0T ClIPa-
BEJIJIMBOCTH KAK I'PAHUI HHTErPAJIbLHON OINEHKH, TaK U 3HAYEHU N BECOBBIX KOI(DDUIUEHTOB b;
NPpU TPOU3BOJIHBIX TTONPABOYHOTO Psijia.

B cupaseiuBoctu npousBojsineil GpyHKIIH KOIDPHUITUEHTOB b; MOXKHO yOeIUThCs Ha
IpUMepe CYMMUPOBAHHSI YJIEHOB TeOMeTpHUecKoil nporpeccun |2, (0.112)]:

m dc(m—i—l) -1
gk =
> P
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[Ipuvennm 1t cyMMbl 3Hadenuii gyukmum d* dbopmyrty (20), npeobpazoBas eé K BHIY
d* = e rne h = clnd. Unrerpupys B (20) mpeobpasosanmyio dbyrxmuio mpu a = 0,
Oy 9aeM

kZmOe"’“ = (1/h)(e"m D — /%) — o(h(m + 1/2)) + ¢(—h/2),

rae p(hy) — dbyukius monpasku. cnonb3osas paBeHcTBo (byHKnu nonpasku paay (10)
U BBIpaxKeHue JJig npousBosiei dyukuun (17) npu t = h, npuBesém eé K BUILY

@(hy) — ehy Zblhﬂfl — ehy _zbthZ — ehy —\Ijb<h)
=1 hl:1 h

Taxum o6pazom, hoOpMYyTy HCKOMOIT CyMMbI MOYKHO OIPE/Ie/ T, IPUMEHIS BblPDayKeHUe JIIs
npousBoJdAlneit pyHKuu Ko3hPuitneHTon b;:

m h(m+1/2) _ o—h/2 h(m+1/2) _ ,—h/2 h(m+1/2) _ ,—h/2
we € e e e e e
= — Wy (h) = 1 —Wy(h)).
kgoe h h b( ) h ( b( ))
h eh/2
C momompio dopmyiint (17) npuseném Beipazkenne B ckobkax k suay 1 — Wy (h) = — T H
e —

[OJICTABAM TOT pPe3yJIbTaT B Hpeblylnee Bbipazkenue. llocse HeCT0KHBIX Mpeodpa3oBa-
HUH, UCIOJIB3YS MOJACTAHOBKY h = cln d, OKOHYATEIbHO HOJIYYaeM

i N eh(m+1/2) _ e—h/2 heh/2 eh(m+1) -1 dc(m—i—l) -1
e = —_= —_=
h el —1 et —1 de—1

DTOT pe3yIbTAT COBHALACT C BHIPAZXKEHHEM I CYMMBI T€OMETPHYECKONR HMPOrPECCHU, 9TO
MOKA3BIBACT CIIPABEIJNBOCTL HANICHHOrO BBIPAYKEHUS IS HPOU3BOAAIICH (DYHKIMH BECo-
BbIX KO3(D(PUIIMEHTOB OTPABOYHOIO Psi/ia.

C moMompI0 Tpou3BoAAIeii (DyHKIUHE MOYKHO TIOJIYyYATH TOYHBIE CYyMMbI JTHHEHHBIX KOM-
OuHAIMil ToKa3aTebHO GyHKIuY, HanpuMep runepbonndeckux dbyukimit sh (hk), ch (hk).

22. Obmee BoipaxeHnue NpubIUXKEHHBX GOopMYyJ] CYMMUPOBaAHUSI
U HX MOTPEmMHOCTH

BbiunciieHne ¢ HOMOIIBIO HOIYYeHHBIX (DOPMY/I IPUOTU3UTENLHBIX YHCJIOBBIX 3HAYE-
HUH CyMM OFpaHMYeHHBIX (PYHKIUOHAJIBHBIX PAJ0B € 3aJaHHBIMU IIapaMeTpaMy He HMeeT
CMbICJIa, ITOCKOJIbBKY MO2KHO IIOJIYYUTH HPAaKTUYCCKH TOYHBIN pe3yJbTaT, UCIOJIb3yd KOM-
nbioTep. [[pnbnkEHHbIE AHATUTHICCKIE BbIPAYKEHUS MOTYT MOTPeOOBATHLCH JIJIsl YCTAHOB-
JIEHUST YOPOIIEHHON (bYHKIMOHAIBHON CBSA3M PE3YJIbTaTa CYMMHUPOBAHUS C €r0 ImapaMeTpa-
MH, & TaKKe JJis II0JyUYeHHs ero YUCI0BOM OIEeHKH ¢ TpeOyeMoil TOYHOCTBIO IIPU Heorpa-
HUYEHHOM YHUCJIE YJIEHOB CYMMHPYEMOTO psija. DTH NPUOIUZKeHUs HeU30eKHbI B CJIydae
DECKOHEYHOrO YHCJIa YJICHOB MOHPABOYHOrO psisa B dopmyiax (19) u (20) u orpannde-
HUE WX YUCJA TPUBEAET K HOTPENTHOCTH UTOrOBOTO pe3ysibTara (POPMYJi, PABHOI OCTATKY
ero cymmupoBanus. I13-3a BO3MOKHOTO GOJIBIIOIO pa3inuus TPAHUYHBIX 3HAYEHUN MPO-
u3BoAHBIX B popmysax (19) u (20) mesecoobpasHo pasaesuTh MOMPABOYHBIN Pl HA JIBA,
C BEPXHUM M HUKHUM 3HAYEHUSMH HPOM3BOIHBIX M PA3HBIM KOJUIECTBOM YUHUTHIBAEMBIX
YJICHOB ¢ COOTBETCTBYIOIIUM OCTATKOM.

Pazgesnsast psin, npeacrasum dopmyny (20) B Buze

m —

S f k) = S (W) — 0s(ym) + ©1(Yq) + As(ym) — Ar(yy)-

k=0
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3/1ech TPUOIMAKEHHAST UHTErPAJIHHAS OIMEHKA

o~

Sy () = éof(yk) + %/f(y) dy; (22)

©7(Ym), ¢r1(y,) — mONpaBKa K OIEHKe, IPeICTABICHHAS OIPAHNIEHHBIME PsIIAMHA MOIIPABOT-
noit dbynkiun (18):

I-1 J—1
er(yq) = ; bif PV (yg),  0s(ym) = ; b fA) (ym); (23)

Ar(Yq); Aj(Ym) — MOTPEIIHOCTH MHTEIPAIBHON OIEHKH, PaBHbIE OCTATKAM CYMMHDPOBAHHUS
Ps210B (23), B3ATBHIM C IPOTHBOLOJIOAKHBIM 3HAKOM, Y, = a + (¢ + 1/2)h, rae ¢ onpegessier
B/ 3uadenns Ar(y,) B MOrPEIIHOCTb HHTErPAJLHON ONEHKH. 3aJaBas IDAHHYHDLIC HH-
nekcwl [,J =1,2,3,... u pacKpbIBas 9NCIOBbIe 3HaYeHNsT KOdbdumenTos by jq u3 (15),
3TH HOTPEIIHOCTH MOZKHO IPEJICTABUTEH BHJIE

. hf'(y,) 7h3fm(yq) 31h5fv(yq) )
—Aily) = { 24 ' 5760 967630 } (24)
_ hf'(ym) 7h3f”/(ym) 31h5fv(ym)
Balym) = { 24 5760 ' 967630 } (25)

Buavennii morpentaocreit (24) u (25) wHTErpaNIbHO ONEHKH HEJIOCTATOTHO JIJIS OTPeIese-
Hug eé Toanoctu. O Hell MOKHO CYJUTD, JIHUIIb BBEIYHCINB OTHOCUTEIHHYIO MOTPEITHOCTD.
[Ipy 9MCJIEHHO HEOUPEJEJIEHHBIX TAPAMETPAX CYMMHPOBAHUS 3TY IMOIDENIHOCTH MOZKHO
OIPEIeTUTH MTPUOJIU3UTETHHO:

St Do) — Al
Sm(f(y))

B caydagx m3BecTHOro pesy/brara CyMMUPOBAaHUS OTHOCUTE/IBHYIO HMOTIPEITHOCTD HPUO/IU-
JKEHHOM MHTerpaJibHON OIeHKH MOYKHO OIpPEIEeIUTh ¢ J000H TOYHOCTHIO:

. (26)

—

g1,y = S W)

Z f(yk)

k=0

—1. (27)

23. CyMmMupOBaHWe NUCKpPEeTHB X 3HadYeHnuit Gyuwknuu f(y)=y?
Od4eBuHO, YTO IPU OECKOHEYHOM UHCIe OTCYETOB (PYHKIHHU Yy P cymMMa CYIIECTBYET
TOJIBKO JJis p > 1. B ocTaJbHBIX Caydasx IpU HPOBEICHUH OIEHKHU CJIeAyeT OIPAHMIUBATD
YUCJI0 OTCUETOB.
Hccenenyem cXOaQuMOCTh MOIPABOTHOTO PSIA, /I 9€ro HaliaéM mpeies OTHONTEHHS 3Ha-

bk:+1f(2k+1)(y)
b f R~ (y)

U3BOJIHBIX 9TOMH (DYHKIUHA MOXKHO NPUBECTH K BHILY

YeHHil COCeIHHUX ero WiIeHOB dy = . Obmee BbIpazkKeHUe I HEUIETHBIX IPO-

f<2'f—1><y>——(1)p M-, (28)

Yy =1
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Orcrona, 3amaBast k = 1,2,3,... U UCHOJIB3ysl BhIpayKeHUs st Koabdunnentos by (15)
u (16), momyaaem

| = 1+p)2+p) B+p+p) 5+p)6+0p) (p+2k —1)(p + 2k)
" 34,2857y ' 37935542 39,0551y2 39,4784 ‘

I3 meipazxkenust k-ro dieHa 3TOi mocaeqoBaTeqbHOCTH cjegyer lim |dgx| = oo, 9To mpo-
k—o00
TUBOPEYNT Opu3Haky cxogammocru lamamGepa lim |dg| < 1 ]2, (0.222)]. D10 o3Hauaer,
k—00

YTO MOMPABOYHBLIN psijl pacxojaurcs Jyisd JIobbiX y < 00. IIocKOIbKY Bce HEY€THBIE MPO-
M3BOZIHBIE (28) OTPHIATENbHBI, TIONPABOYHBINA DSl HA WX OCHOBE SIBJISIETCSI 3HAKOIEPEMEH-
HBIM H3-3a HPOTHBOIIOJIOKHOCTH 3HAKOB b, ero cocelnux 4wieHOB. [Ipm sTOoM Bce 4yéTHBIE
IPOU3BOJIHBIE MMEIOT TOJIOKUTEIbHBIN 3HAK BO BCEM HHTEpBAE [Yo, Y] OTCIOmA, corac-
HO (21), TOrPEITHOCTh MOZKHO OIEHUTh MEPBBIM OTOPACBIBAEMBIM WICHOM (DYHKIUH TOTPAB-
ku pu 0 < 1.

13 Borpazkenust A1 Tpou3BOgHON (28) BHAHO, 4TO HOrpemHocTsh oneHku Af(y,) TeM
MEHBIIIe, YeM DOJIbITIe eJIMHUTIHI HUZKHSSA TPAHUIA UHTETPAJILHOM OIeHKH y. [ToaToMy eciiu
Yo < 1, mesecoobpasHo MpocyMMUPOBATH B COOTBETCTBUE ¢ (22) HAYAIbHBIE YIEHBI C Ui < 1
C IeJIbI0 YCTaHOBJICHHS HUzKHe#l rpanunpl y, > 1. Ecam 4mcio cyMMHPYyeMBIX OTCUETOB
OrpaHryeHo, a napamerpsl a, h B (20) ¢TOIb MaJIbl, YTO HPUBOJAT K 3HAYUTEIHHOMY KOJIU-
9eCTBY YJIEHOB HAYAJIBHON CyMMBI ¢ ¥ < 1, hopmysy (20) MOXKHO CBECTH K OIEHKE CYMMBI
O0TCYETOB (DYHKIIUU OT IEJOUYUCIEHHOTO apryMeHTa ITyTEM YMHOMKEHWs KarK/I0ro OTCUéTa
Ha h? U JejeHud pesyibTaTa cyMMupobanus Ha hPT™™ ! npu a > 0 u na h?™™ npu a = 0.

[Tpu p # 1 yupomgnHas WHTerpajibHas oleHka (23) npuMer BHI

1
-1yt (p-Dyh "

rae Yy, = a+ (¢ + 1/2)h; ym = a+ (m + 1/2)h; onenka mo Gpopmyre Ditnepa — Makiopemna
paBHa

(29)

— q _
Sq(y™?) = 2y +
k=0

q 1 1 1
Set (W) =y ot 5 - = (30)
o W) = T T T

e Y, = a+ (¢ + D) yp, = a + mh.

JIJ1st IUCIIeHHBIX PACYETOB C 33JaHHBIME IIAPAMETPAMHE P, a, b, M 3HAYEHUE ¢ OLPeIels-
eTcs 3aJaHHO IOrPENIHOCTHIO, a4 HAYAJIbHYIO CYyMMY MOYKHO PACCYMTATH HA KOMIIBIOTEPE
U IPAKTUYECKH HEOTPAHMYEHHOM 4Huc/ie eé wieHoB. Torma 6e3 yuéra HOIPaBKU OKHIAe-
Masi HOTPEIHOCTh B coorBercTBun ¢ (21) Gyaer onpegessiThCs IePBbIM YJIEHOM HOIPABOY-
HBIX pAToB (23):

JJIS YIIPOIIEHHOM OIEeHKH
p
Mlam) = 5 (31)

a1 popmyabl Dittepa — Maxaopena
p
A¥M (yq,m) =

pri-
12y4.m

[Tockonbky Aq(Ym) — 0 mpu m — 00, yBeIHYIHBas YUCJIO 4IEHOB HAYAILHON CyMMBI ¢,
MOZKHO 00€CTeYnTh JI00YI0 TOYHOCTh YHUC/JIEHHON UHTErPAJIbHOM OIEHKHU.



90 B. P. Ocunos

m
Cymmuposanue zapmonusecrozo pada ST (k1) = z

DTOT PsAJ ABAAETCH PACXOIANUMCS, OITOMY THUCJIO OTCIETOB M. JOJKHO OBITH OTrpa-
HUUeHHBIM. VI3BeCTHBI emié B Hadaje IPOINLIOTO BEKA DEe3YJbral CyMMHDOBAHUs HMeeT
Bug |2, (0.131)]

n]_ 1 ) A
Zlk—CJrln() 2n_;;2n(n+1)...lzn+k;—1)’ (32)

rae C = v —nocroguuas Diiepa; Ay = Az = 1/12; Ay = 19/80; A5 = 9/20, ...
[TpexcraBum B coorBeTcTBUN ¢ (22) NPUOINKEHHYIO HHTETPATBHYIO OMEHKY 3TOr0 psijia
B BH/IE

_— q 1
Sm (k') = Cy+In(m+1/2), tae C, = ZE —In(¢+1/2).

k=1
3agaBaga 3Hadenud ¢ = 1,2,3,4, ..., nonyunm C, ~ 0,594535, 0,583709, 0,58057,0,579256,
0,577593, ... Ilpn nabHeifmem yBesmdeHHN ¢ mOTy<IuM, cormmacuo |1, (6.1.3)], lim C, =~
q—00

e v = 0,577215664 9015325 ... —nocrogunag ditaepa.

OteBH/HO, ITO I/ TAKOii oneHKH nonpaska ¢r(y,) = 0 u norpemmnocts Af(y,) = 0. Or-
crofa, cormacuo (19), HCmomb3ys IpH p = 1 BLIpazkenne A5 mpouspoaHoit (28) fF—1(y) =
= —y 22k — 1)!, upexcrasuM yupoméHHyio (hbOPMYy/ITy CyMMHPOBAHMS TapMOHHYECKOIO
psijia B BHE

S (k™Y) = 5 + In( +—1/2)+-§j(1 2 B (33)
: - Y 2k(m + 1/2)2F
AHAJOrHYHBIM CIIOCOBOM MOXKHO HOJIyduTh u3 (2) dopmyiy
1 = B
(k™) =y +lnm+ — — = (34)

2m = 2km2k

OrmeTwM, 9T0 WHTerpajgbHbie oneHkn Gopmya (32) u (34) coBmagaior, MpudéM U mepBbie
WIEHBl MOMPABOYHOTO Psifia TPH OOJIBIIUX 1M, N MPAKTUIeCKH paBHbl. [loaydaum u3 (33)
u (34) npubnnKEHHBIE BBIDAYKEHUS, VIEePKUBasi B HUX He GoJiee BYX UJI€HOB, 3aBHCSIIAX
OT BEPXHEro MHJIEKCA 1M

~

St (k71 =~ +In(m + 1/2); (35)
St (k) =7 +In(m +1/2) + —24(mi1/2)2; (36)
m, (k1) =~ + In(m) + % (37)

Bssareiit ¢ o6parabiM 3HaKOM TpeTHil YieH dopmyssl (36), B coorBercruu ¢ (21), onpee-

e o €HHYIO TOIPENIHOC 0 35) A =
JgeT TpubIMKEHHY0 MOrpentHocTb dopmyast (35) Aq(m) 0 1 1/27

Haiiném, cormacuo (26) u (27), oTHOCHTENbHBIE MOIPEITHOCTH NPUOIHKEHHBIX (HOP-
My (35)—(37) u cpaBHEM UX MeXKIy cOOOii:

L) g SE ED

EM
= Skl

1 k=

301(m):A , O1o(m)= M

— 1, 511(m)
S (k:fl) Z L1
k=1

Ms H3>

k

[y

Pesynbrarhl BRIYHCICHN STHX MOTPEITHOCTell MpuBeieHbl B Ta0I. 1.
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Tadbauwma 1

OTHOCUTEbHbIE TOTPENTHOCTY UHTEIPAJIBHBIX OIEHOK
CYMM rapMOHUYECKOTO psga

m 3 10 100 1000

Sem(m) | 5-1073 2,84-10°%F | 1,61-10°° | 1,11-10°°
Si0(m) | —1,86-1073 | =1,20-10~% | —=7,95-10~7 | —5,56 - 109
S1o(m) | —1,83-10°3 | —1,29-10~% | —7,95-10" | —5,56 - 107
S11(m) | 255-10° | 2,04-10~7 | 1,38-10-1 | 8,88-10"1°

CpaBHI/IB TaOJIUIHBIE pe3yJibTaTbl, MO2KHO CAeJ/IaTh CJICAYIOIIUEe BbIBO/bL:

— Bce npubsmkénnbie dhopmyiibl (35)—(37) obecnednBarOT XOPOIIYIO TOYHOCTH CYMMHUPO-
BaHWA JlazKe [T MabiX 3HATeHH m;

— mnpubaukénnas d19(m) u peanbHas di9(m) norpemntaocT GopMysasl (35) mpaKTHIECKH
COBIA/IAIOT;

— mupubmmzkénnas dopmyna (35), npeacTaBIeHHAsS OJHUM 3aBUCAIIAM OT MHJIEKCA 1M dJIe-
HOM, Gostee deM B 2 pasa TodHee dopmyiasl (37), moaydenuoi u3 dopmysbl Ditrepa —
MakJ/iopeHa U IpeJCcTaBICHHON AByMS TAKHUMH YICHAMU;

— npubsimxkénnasa dpopmyia (36), mpeacraBaeHHas IBYMS 3aBUCAIIAMU OT 1M WICHAMY, HA
HECKOJIBKO NOPsiakoB Togree dbopmya (35) u (37).

Huenennoie pacuémo, cymm beckorewnur pados k=P ¢ nokasamenem cmenewu p > 1

DopmyJIbl JJIs1 STHX PACIETOB MOYKHO MOJIYIUTh U3 Bhipazkenuii (29)—(31), 3amaBas na-
pamerpbl a =0, h =0 u m = oc:

1

S0 = S o T (38)

EM(1.—p) — 4 -p 1 .
S = L e T - Dl )
Agg(kP) = — P (40)

24(q + 1/2)rt1

Dopwmya (40) 337281 TPUOIHKEHHYIO TOrPENTHOCTH GOPMYJIB (38), 3aBHUCSIIYI0 OT KOJIH-
4ecTBa WJIEHOB HAYAJBHOIO pgaja ¢. 3aJaBasd ¢, MOXKHO CKOJBKO yTOJHO yMEHBIIATH 3TY
IIOTPEIIHOCTD, OJHAKO €€ HCIOIB30BAHUE B KA4eCTBE PEAJbHOM CIeayeT IMpOBepHTh. Pe-
ATBHYIO HOTPENTHOCTH MOYKHO BBIYHCJINATH, TPUMEHSIS M3BECTHBIC TOYHBIC 3HAYCHHS CYMM
PsIIOB, HALIPUMED PsIJIOB € YETHBIM IEJOYUCJIEHHBIM oKazaTeaeM p |2, (0.233.3)]:

00 ) 22n—1ﬂ.2n
STE™) = > k™" = ——— | Bg,| .

Ucnonb3yst 3HaYeHUsS STHX CYMM, MOYKHO BBIUUCIUTH PEAbHYIO ITOrpemHocts (27) dopmy-
76l (38) U cpaBHHUTD €€ ¢ OTHOCHTEJBHOI MOrPeNTHOCTEIO (26) 1 ¢ peaabHOl MOrPENTHOCTHIO
dbopmysbr (39), nonydennoit u3 dbopmyssl Ditrepa — Makiopena (2):

~

Sy(k7") Ay (k77)

p . D EM
(5q—— —_—

Sek=r)y S (k)

EM(1.—p
_ S ()
o0 —
St (k)
Ha puc. 1 IIpeacTaBJ/ICHDI Fpa(bI/IKI/I JAECATUIHOTO ﬂOFapI/ICbMa HpI/I6JH/I)KéHHOI71 OTHOCH-
TEJIbHON TTOTPENTHOCTH 55 BbIYHUCJIEHUA CYMM OeCKOHEeIHBIX P4aa0B k~P 1o (bOpMYJIe (38)
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npu p € [1,5,14] u KommyuecTBe WieHoB HadadbHON cymmnbl ¢ = 10,100, 1000. Mapkepamn
OTMeYeHbl peasibHble OTHOCUTEIbHbBIE IIOTPEITHOCTH (55 M8 9€THBIX 3HAUYeHuit p = 2, ..., 12.
Mgt Tex e YETHBIX p B TaOJI. 2 IPUBEJICHBI YHCJIOBbIE 3HAYCHUS PEATbHON MOrPeITHOCTH OF

bopmybt (38), oTHOMeEHHA €8 TPUOIIZKERHOM TOTPENTHOCTH K peasibHoit kg = 0q/0F u oT-
HOIIEHNS PeaIbHBIX morpemuoctreit ki = 60N /6P,

Log1o| &(p)|

Puc. 1. OrHOCHTE/IBHBIE TTOTPENTHOCTH (POPMYJT CYyMMUPOBaHUS OECKOHEUHBIX psioB kP

Tabauma 2
OTHOCUTENbHBIE MOTPENTHOCTHA BBIYMCJIEHUS CyMM OECKOHEYHBIX pPAA0B kP

C Y€THBIM IMOKAa3aTeJIeM D

3HaueHme cCyMMbI
) z 5 g ) T2
¢ |@opuyna /6 [ «/90 | 7°/945 | 7Tp /9450 [ 7'°/93555 [6917'7 /638512875
2 4 6 8 10 12
or 4,36-107° [ 1,20-107% [ 1,72-107% [2,09- 10710[2,35 - 10~ 12 2,53-10"1
10 kb 1,00 1,01 1,01 1,02 1,03 1,05
kgM —0,574 —0,629 —0,688 —0,752 —0,821 —0,895
or 4,99-1078 [1,50- 10711 [2,37-10719[3,17-10719[3,94 - 10=23 4,68 10727
100 74 1,00 1,00 1,00 1,00 1,00 1,00
kgM —0,507 —0,513 —0,518 —0,523 —0,528 —0,533
or 5,06-10"1[1,54-10716[2,45.10722[3,30 - 10~ [4,14 - 10~3* 4,97-107%0
1000 kb 1,00 1,00 1,00 1,00 1,00 1,00
kgM —0,501 —0,501 —0,502 —0,502 —0,503 —0,503

Jlanublie rpaduKOB U Pe3yAbTATHI PACUETOB MO3BOISIOT CAEIATH CJIEIVIONIHE BBIBOIBI:

—  eC/IM 3HAYeHHe CyMMBl HEM3BECTHO, TO IOIPENIHOCTL e¢ pacdéra MOKHO 3a/1aBaTh IIPU
JOCTATOYHO GOJBIIOM KOJIUYECTBEe YICHOB HAYAJILHON CyMMBI, Oarogapsa NpakKTHIeCKHd
PaBHBIM IIPH 3TOM IPHUOJIMKEHHONR U peaTbHON HOTPEITHOCTEIH;

—  YBeJMUYUBAs KOJUYIECTBO YICHOB HAYAILHON CYyMMBI, MOXKHO 3a4aBATh HPAKTHICCKH JIIO-
Oy10 TOYHOCTH Pe3yJbTaTa CyMMHUPOBAHUSI

— dopmyna (38), HecmoTpst Ha Gosiee KOPOTKYIO (bOpMy, MOYTH BIBOe TOUYHee (HbopMy-
abt (39), noaydennoit u3 dbopmysbl Ditepa — MakiopeHa.
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Hpubaruscérnvie Gopmysv, CYmMmuposanus beckoneunox pados k=P npup > 1

Bajmadeil TpUOIHKEHHBIX (HOPMYJT SABISIETCS YIPOIIEHHE CBA3M PE3yJIbTaTa CYMMHPO-
BaHWs ¢ MapaMeTpaMu cyMMupyeMoii dyukmun. st cozpanns npuOanzKenusx dbopmyt
CyMM OeCKOHEUYHBIX DA0B kP MOXKHO ucuosb30Barh dopmyss (38) u (39) ¢ Hebosbum
KOJINYECTBOM 4/I€HOB HAYAJIBHOI CyMMBL. YjepKupas He 6oJiee IBYX TaKHX UICHOB, U3 HUX
TIOJTY 4MM:

— (38) mpu ¢ = 1, Ge3 monpaBku, ¢ NPUOIUKEHHONU MOIPENTHOCTHIO Aqg = W:
Sk ) =1 (41)
(p—1)(3/2)7!
— (38) mpu ¢ = 2, Ge3 moNpaBKu, ¢ NPUOIUKEHHON MTOTPENTHOCTHIO Aoy = W:
—~ 1 1

> p—1)E2p

— (38) mpu ¢ = 1, ¢ mepBBIM YIEHOM MONPABKH, ¢ NPUOTHKEHHON MOrPENTHOCTBI0 A =
~ Tpp+1)(p+2).

5760(3/2)7+3
Al ) = 1 e = s (43)
(p—1)(3/2)P71  24(3/2)+V
— (39) upu ¢ = 1, 6e3 nmoupasku, ¢ NPUOJUKEHHON MOIPEITHOCTHIO Agpy, = #:

1 n 1
o+l (p—1)20-1

St (k7P) =1+ (44)
ITo stum opmymnam, cormacuo (26), paccauTanbl TPUOJNKEHHBIE OTHOCUTEIBHbBIE TOTPEIIT-
HOCTH. J1J1s1 MX CpaBHEHHUSI C PEATHHOMN MOrPENTHOCTHIO ¢ oMorbio (38) u (39)) npu ¢ = 1000
PaCCIMTAHbl YTOYHEHHBIE CYMMbI U, B COOTBETCTBUH C (27), YTOYHEHHbBIE OTHOCHTEJIbHBIE
HOrPEIIHOCTH. Pe3ybraTsl pacaéToB NPUBEEHBl HA PHC. 2, IJle IYHKTUPOM OKA3aHbI [IPU-
OJIMZKEHHBIE [OMPENIHOCTH, CIUIONIHON JIMHUel — yTOYHEHHBIE.

[To pe3syabraTaM IPOBEJIEHHBIX PACUETOB MOKHO CJEJIATH CJIEIYIOIIHE BHIBOIBL:

— KpHBbIe IPUOINZAKEHHON HOIPEITHOCTH UMEIOT CXOJHYIO ¢ COOTBETCTBYIONeH yTOUHEHHOI
IOTPENTHOCTBIO TPACKTOPUIO U HAXOMATCH B €€ ImpeJieslax, 4To JOKA3BIBACT CIIPABeIId-
BoCTh (hopMyIIbl (21) /IS ONEHKH OCTATKa CYyMMHPOBAHUSA MOTPABOYHOTO PAJIA;

— Hamay4qiee npubankenne 0q(p) < 0,3% maér dbopmyna (42), mamxymmee 019(p) <
< 1,7% — camas npocras (41);

— dopmya (43), conepKalias MOIPABKY, He HMeeT MPEUMYIIECTB B TOTHOCTH Ipu p > 2,5;

— OpHOJUKEHHBIC TTOTPENIHOCTH U MX OJU30CTh K YTOYHEHHBIM CHILHO 3aBUCAT OT KOJIH-
4eCTBa YIEHOB HAYAJILHON CYMMBI (;

— cpaBHeHHe TOrperHocTeii doo(p) dbopmysibr (42) u dem(p) dopmysas Ditnepa — Makiio-
pera (44), comepzKamux 1o JBa 3aBUCAIINX OT P Y/€HA, BHOBb YKA3bIBAET HA IPEHMY-
HIECTBO YIPOMIEHHON (DOPMYJIBI CyMMHPOBAHH.
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0,000
0

Puc. 2. OTHOCHUTE/IBHBIE TOTPEITHOCTH TPUOJINKEHHBIX (DOPMYJT CYMMHUPOBAHUST
OeCKOHEYHbIX panoB kP

24. Yupoménusie GOPMYAB HEKOTOPH X CONENMUATbHBX GYHKIIHAIA
Ha xoHeYHBIX M GECKOHEUHBIX CyMMAaX O0OPATHOCTEHEHHBIX YHCJIOBBIX PSJIOB OCHOBAHBI
BbIpazK€HHd U OICHKU JJIsd HECKOTOPBLIX ClIICeHaJIbHbIX beHK]_[I/Iﬁ
Ipubaustcénnoe svipascerue dasa dzema-Ppyrurxyuu Pumana

Kiaccnaeckoe npejcrasienue 31oit pyHknuu B Buje psaga Jupuxie umeer puf [4, c. 58|
o0
C(S) = Z n-’,
n=1

rjie S = 0 + it U psij CXOAUTCH K aHAJUTUIeCKOi (pyHKIMU 1ipu o > 1.

B 1n.2.3 npoBenén cpaBHUTENbHBINA aHAIN3 TPUOJTUKEHHBIX (DOPMYJI I TAKOTO psijia
B orcyTcTBue MHUMOro aprymenta (t = 0). ITpoBepum ux copasegiuBoctb mpu ¢t # 0.
st sroro ucnosnb3yem dbopmyity (42), coepzKaniyio JBa 4ieHa Ha4a bHON CyMMBbL:

=14 — 45
u 6oJiee TOIHYIO, COJIEPIKAIILYIO TOMPABKY K HEIi:
~ 1 1 S
<21 (S) =1+ + (46)

25 (s—1)(5/2)>1  24(5/2)st"

Pnc.3 w 4, rne npnBesenpl rpadnKku 3aBUCHMOCTH OTPENTHOCTENH abCOMIOTHBIX 3HAYEHMIT
|C20(8)| m |C21(8)| OT KOMILIEKCHOTO apryMeHTa OTHOCUTEIBHO HCTUHHOTO abCOJIOTHONO 3HA-
wernst azera-pynknun |((s)], yKasbIBaIOT Ha BIIOJIHE YIOBIeTBOPUTENLHYIO (|Co0(s)] < 10 %
st (45) 1 |Cou(s)| < 5% st (46)) TouHOCTH OLEHKH 3HAMCHMI 13eTa~DyHKIUH B IPEeIax
u3MeHenus: apryMenTos |s| € [1,10], s € [—7/2, 7/2]. Ilpubimkenne § K MEHIMOMY 3HAYE-
HUIO (s — £7/2 3HAUUTENbHO YBeINYUBAET IOIPEIIHOCTH (bOPMYJI IPH YBEIHIEHUN |s|.
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Puc. 3. OTHocuTe/ibHAsE  TOrPEINTHOCTL — [pU- Puc. 4. OtHocuTe/ibHAs  IIOIPENIHOCTD — IIPH-
OIMKEHHOTO  abCOMIOTHOTO  3HAYEHUST OMKEHHOTO  abCOMIOTHOTO  3HAYEHUST
m3era-byuxiun (45) Ha KOMILIEKCHOI m3era-dpyukiun (46) HA KOMILIEKCHO
[JIOCKOCTH [LJIOCKOCTH

Ipubarustcérnvie gopmysv, daa ncu-Gyrryun

[yt BBIBOIA IPHOIMKEHHOTO BBIpAasKeHH ICH-PYHKINK (MIn guramMva-QyHKINN) 3
BCEIO MHOT00Opa3us eé HpeCcTaB/IeHHil BOCHOIb3yeMcss (hOPMyIOil I IeJTOTMHCIeHHOTO
aprymenra |1, (6.3.2)]

-, ecin n =1,

b(n) = (47)

n—1
—y+ S k7Y ecimn > 2,
k=1

r7le Y — MOCTOAHHAS Diltepa.

B sr0ii dopmyse npucyrcTByeT CymMMa rapMOHHYECKOrO Dsijid, JJIsi KOTOPOro Haiie-
HBI IPUOJINZKEHHbBIe BbIDazkeHnst — mpocreiiniee (35) u 6osee Tounoe (36). C UxX MOMOIIBIO
OJIY UM CJIeJTYIONIHe TPUOTHKEHHbIe (DOPMYJIBL:

Wo(n) =In(n — 1/2); (48)

~ 1

1(n) = In(n 1/2)+24(n—1/2)2' (49)
[IpoBepum crpaBeIUBOCTL ITUX (DOPMYJT s JIOOBIX AEHCTBUTEIBHBIX N = z > 1/2.
Ha puc. 5 upejcrapienn rpaduky 3TUX 3aBUCUMOCTE B CPABHEHUU ¢ PEAJIbHBIM 3HAYEHUEM
ncu-dyukmun Y (z). Kak BuaHo w3 rpadukoB, 3aBUCHMOCTH 3HAYUTETHHO OTKJIOHSIIIOTCSH
OT pealhbHON Npu 2z — 1/2, MOCKOJABKY TPH ITOM 3HAUYEHWH apryMenTa B dopmyrtax (48)
u (49) Bo3HEKAET HeompeaeéHHOCTh. OT 9TOro HeJOCTATKA MOKHO U30aBUTHCs, TPUOABIIsISA
K cymme B (47) wien 1/n u BeIuuTAst €ro U3 UTOrOBOM orenHku. MoandunupoBanubie TaKUM
obpazom opmyJbl (48), (49) upu n = z upumyT BUJ

Dou(2) = In(z +1/2) — %; (50)
1

24(z + 1/2)2 (51)

1511(2) =In(z+1/2) — % +

Ha puc. 6 npusesenbl rpaduku orHOCHTENbHOM morpemaocTa (opmyrt (50), (51) mpu
3raverngax aprymerTa 0,01 < z < 0,5.
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0,020 ‘
| [ ! emm J‘
| PP s--cT |
0,015 e s ==" |
et ‘
0,010 w="" | ’y
e 011(2)
O' A
0,005 - - |mm e 0901(2)
0,000 e
02 03 04 z 05
~———— | | .
-0,005
Puc. 5. [Ipubnunxxénnnie dopmyJIbI ncu-  Puc. 6. OTHOCKTE/IBHAST TIOTPEITHOCTE TPUOJIN-
dynkuun  (48), (49) B cpasHenun xkéuubix dopmyn (50), (51) npu 3nage-
C peaslbHbIM e€ 3HaUeHueM HUsIX aprymenTa z < 1/2

Bee paccmorpenubie npuOnKEHHBIE 3aBUCUMOCTH € POCTOM 2 ACHUMITOTHYECKH CTPe-
MATCs K 3Ha4YeHnIo ln z, aro coorBercrByeT cBoficTBaMm nceu-gynkuuu 1, (6.3.18)].

LHpubrusrcérmvie Gopmyavt Oas nosu2aMMO-HYHKEUUT

[Monuramma-dyHKIHeR mopsiJiKa n ABASETCs n-g TponusBoHast ncu-pyukun |1, (6.4.1)]

W) = (). (52)

s mestoro aprymenrta stux dbyHknuii cymnecrsyer Boipaxkenue |1, (6.4.2)]

1
+...+

VM (n41) = (=1)™m! |=C(m+1)+1+ ST —

: (53)

rae ¢(m + 1) — azera-byukius Puvana.
Boipaskenne B KBaJIpaTHBIX CKOOKAX MOXKHO NMpeo0pa3oBaTh, UCIOAL3YS ONpPEIeIeHue
Jn3eTa~-(pyHKIuH

1 x 1 noo1 x 1
o+ = —

=Y Y = -
2m+1 nm+l P} km+l =1 km+1 ki1 k:erl

~C(m+1)+1+

Boinocst u3 cymmbl iepebiit wien 1/(n + 1)™! u npeobpasys apryment n+ 1 — n, uz (53)
oJIy9aeM

1 o 1
(m) _ (_1\ym—1
P (n) = (1) "m! |:nm+1 + k;ﬂ km+1:| :

[logcTaBnsgs B 9TO BBIpazKeHHE BMECTO CYMMBI €€ VIPOIIEHHYIO HHTEIDAJBHYIO OIEHKY

e 1 1
/7;1—&—1/2 km+1 - m(n + 1/2)m’ nMeeM

zz(m)(n) = (=1)""'m! lni“ + min +11/2)m] : (54)

[Tpounrerpuposas (54) npu m = 1, n = z no z, moay4aum pesyabrar In(z+1/2) —1/z, mos-
HOCTBIO COBHAJAONINIT ¢ YIPOIEHHONH MHTerpasbHOil oneHkoil mcu-byukmun (50). Boiaoc
wiena cymmer 1/(n + 1)™* nonanobunca, kak B (50), 1yia ycTpaHeHAsT HEONPEETEHHOCTH
B MPUOINKEHHBIX BHIPAKEHUSIX MoJuraMma-byHKIuii mpu z = 1/2.
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[TpoBepuM BO3MOYKHOCTH HCIIOJB30BAHESI IPUOTHKEHHBIX BhipazkeHuil ncu-dyukmnnu (50),
(51) g nonyuennst Buoipazkenuii nosuramMmma-gyHKIHii, B3sB B COOTBETCTBHE ¢ (52) UX 1po-
M3BOJIHbIE

~ n -~

P () = =B (55)
Ha puc.7 u 8 npuseeHsl rpaduKu MOMPEITHOCTH TTPOU3BOAHBIX (55) TPUOTHIKEHHBIX BbI-
paxenuit neu-gyaknun (50), (51) OTHOCHTEIBHO PEATbHBIX 3HAYEHHH COOTBETCTBYIOMINX
nosiuramma-Qy KA. MakcuMaabHast OTHOCHTEIbHAS MOIPEITHOCTh hopMybl (55) 0THO-
CUTEJILHO 3HAYEHUil mouraMMa-(QyHKINH 1711 TPHOINKEHHOTO BBIPayKeHUsT TCH-(DYHKIIHH
12(()711)(27) (50) mo mecsitoro mopsiika He mpesbimaer 2,5 %, st ncu-byHKIUT 1%711)(2) (51) —
0,7 %.

QAn) Q)
601121 -0 (2)

0,025 - 0,007

0,006

0,020
0,005
0,015 0,004

0,010 0,003

0,005

0,000 0,000
0
Puc. 7. OtHocuresnbras norpemuocts (opmy-  Puc. 8. OTHocuTebHast HOrpentHocTs Gopmy-
abl (55) st byHKIMM wgll)(z) (50) ael (55) st byHKIMM wgrf) (z) (51)
3akao4ueHne

[Tosy4denuble npuOIMAKEHHBIC AHATATUICCKHEE BBIPAXKCHUS 114 13eTa~pyHKINT PuMana,
ncu-QpyHKIMY, TOTUraMMa-pyHKIIH, a TakKe CyMM O0OpaTHO CTENEHHBIX PSAJOB U FapMOo-
HUYECKOTO PgJa JAEMOHCTPUPYIOT HEIPAMON TOPsI0K HPUMEHEHUs yHpOIEHHOH (hopmy-
JIbl CYMMUPOBaHHUA. HpI/I X BBIBOJEC 6bI.HI/I UCIIOJIB30BaHbl HaYaJIbHOEC CYMMUPOBaHHE IJIdA
YMEHBIICHUS IIOIPEIIHOCTH OLEHKK M NpUOABICHUE JOIOJHATEILHOIO YIeHA K OINCHHUBAC-
MOl CyMMe ¢ BBIYUTAHUEM €0 U3 UTOTOBOM ONEHKH /IS YCTPAHCHUS B HEH HEOIPeIe EHHO-
cru. [Tonygennsie pOpMy/IBI BHIABIIN HEKOTOPOE IPEUMYIIECTBO IIPUMEHEHUS yIIPOIIEHHOM
dbopmyabl nepes hopmyoii Ditepa — Makaopena (2) B KpaTKOCTH U HOTPEINTHOCTH. DTHM
OHA ONpPaBJBLIBACT CBOE NPUK/IAIHOE 3HAYEHWE W CYNECTBOBAHUE B KAYeCTBE €IIE OJHOTO
BapruaHTa GOpMYyJIbl CyMMUpoBanusa Diiaepa — Makiaopera. OgHAKO, B OTJIHYNE OT IOCTIe]I-
Hell, OHA HeIPHMEHHMa /I OLEHKHM MHTErPAJIOB B IIpeJejax, COBIANAIONIMX C IO3HIUel
IPAHUYHBIX OTCYETOB (PyHKIUIA.
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se. [Tpu dpukcnpoBanHOM UmCIe fAeTajei JoKa3aHa TTCeBI0TOMNHOMNUAIBHAS PA3PEIIIH-
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TMTOCTPOEHUN MPUOINKEHHBIX PEITeHNIT.
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MAKESPAN MINIMIZATION IN REENTRANT FLOW SHOP PROBLEM

WITH IDENTICAL JOBS
A.A. Romanova*, V. V. Servakh®** V.Yu. Tavchenko*

*Dostoevsky Omsk State University, Omsk, Russia
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We consider the reentrant flow shop problem F|reentrant, p;; = p;i|Cmax with iden-
tical jobs and makespan criterion. We prove its NP-hardness in the ordinary sense.
The proof is performed by polynomial reduction of the problem J3|n = 3|Ciax to the
problem F|reentrant, p;; = p;|Cmax With three identical jobs. Using the input data of
the problem J3|n = 3|Chax, we have constructed a special type of job for the problem
Flreentrant, p;; = pi|Cmax. In the proof, we analyze all possible variants of critical
paths in the constructed instance. We also propose a dynamic programming algorithm
to find the optimal solution of the problem F'|reentrant, p;; = p;|Cmax. Analysis of
the time complexity of the algorithm showed that the problem with fixed number of
jobs is pseudopolynomially solvable. Next, we study the use of cyclic schedules to
construct approximate solutions. A cyclic schedule with a minimum cycle time can be
found in polynomial time. We propose a polynomial algorithm for finding an approx-
imate solution. This algorithm is based on the construction of a cyclic schedule with
a minimum cycle time and its subsequent compaction at the beginning and at the
end. We construct an upper bound of the makespan of cyclic schedules. This bound
depends on the number of jobs processed in one cycle. The paper provides numerous
examples characterizing cyclic schedules from both the positive and negative sides to
solve the problem F'|reentrant, Dij = Pi|Crnax-
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Bsenenue

PacemaTpuBaercs 3amada o0paboTKN UACHTUYHBIX /IeTajeil co CI0KHBIM TeXHOJIOTHYe-
CKUM MapIIPyTOM Ha COBPEMEHHON pOOOTU3UPOBAHHON TPOU3BOACTBEHHON JimHuu. B obe-
npuHATON! HOMuHANNH 1] 9Ta 3amada obo3HaTaeTcs Kak F|reentrant, p;; = p;|Ciax, MOAPA-
3yMeBasd, YTO BCe JIeTAIN MPOXOIAT OJMMHAKOBBIA TEXHOJOTHYECKUN MAPHIPYT U JATUTETb-
HOCTH COOTBETCTBYIONIUX omnepanuit paBHBL. TeM caMbIM Bce TeTaau HIeHTUIHBI, a TePMUH
«reentranty o3HaYaET, YTO MPU 0OPADOTKE JIeTATH MOYXKET ITOCTYHATh HA HEKOTOPHIE MAITHHBI
HeOJHOKpATHO. Sagada F|reentrant, p;; = p;|Cinax ABAsICTCS 0600IICHIEM KIACCHICCKOT OJ1-
HOMapIpyTHOii 3ama4du Flow-Shop u Brepsbie Gbiia cdhopmynuposana B [2]. BosbmuacTBo
H3BECTHBIX PE3y/JIbTaToOB MOXKHO Haiitu B [3]|. annas 3amaua geiagercs NP-TpyaHoii gaxke
JUTA caydas ABYyX MarmuH. PakTuaecKu OOJIBITIHCTBO TEOPETHUECKIX BOIMPOCOB, CBA3AHHBIX
c o0IIell MOCTAHOBKOM, TaK WU WHa4Ye 3aKPBITHI. Ecau e nerann WIeHTUYHBI, TO BO3HU-
KaeT MHOYKECTBO MATEeMATHIECKH HWHTEPECHBIX MOCTAHOBOK. KTIOYEBbIM SIBJISIETCS BOIPOC O
BBIYHCINTENBHOI CI0KHOCTH 3a1a4n F'|reentrant, Dij = Pi|Cmax. B mureparype paccmarpu-
BAIOTCSI PA3JIMYHBIE YaCTHBIE, B TOM YHC/I€ MOJUHOMUAIBHO pasperntnmbie ciaydan. OHaKo,
KaK 0TMedYeHo B 0630pe [4], BOIpoc 0 MOJHHOMHAIBHOM PA3PEITUMOCTH 3a/Ia41 ¢ UJICHTH Y-
HBIMU JIeTaJIIMU JazKe /s e TMHUIHBIX JTUTETbHOCTENR PaboT OCTAéTCd OTKPBITHIM.

Bynem npujepzkuBarbes ciieuyoiei mocranoBku. Vimeercs 3aka3 Ha Bbliyck N uJIeH-
THYHBIX jgertaseii. g ux obpaborkm mmeercd m pasziaudanbix marud My, Mo, ... M,y,.
Bce peranm B mporecce 06pabOTKH MPOXOJAT OJMHAKOBBIN TEXHOJOTMYECKHI MapIIpyT,
KOTOPBIM COCTOUT U3 N IOCJEI0BATEIbHO BbINOJIHsAeMbIX onepanuit Oq,0,, ..., 0,. One-
parust O; BbIMoOTHsIeTCs HA Mantuie M, B Tedenne p; € Z*+ equHun BpeMend, i = 1,...,n.
[IpepuiBanus oneparinii 3amnpeniersl. Mamuna He MOXKeT BBIMOTHITD 00J1ee OTHON OTTepaTTiH
OHOBPEMEHHO. B TeXHO/JOIMYIecKOM MapIIpyTe MAallliHbI MOI'YT MOBTOPSTHCs. T pedyercs
MUHUMHU3UPOBATH 00Iee BpeMsi BHITIOJIHEHUS 3aKa3a.

B knaccmyeckoit oqHOMApIIPYTHON 3ajade YUCI0 ONePaIuii 1 COBHAIAeT ¢ IUCTOM Ma-
IIHH M, & TEXHOJIOTHICCKUN MAPIIPYT 33Ja8TCsT TOCae10BaTebHOCTRIO (M, My, ...  My,).
Jl1g MAeHTUYIHBIX JeTajeil ¢ TaKUM MapIIpyToOM MOJIydaeM OOBIUHBIH KOHBeiiep, W 3a-
Jlava perraercs TpuBmaabHO. HeomHOKpaTHOE HCHIOJIB30BAHNE MAIMWH B TEXHOJIOTHYE-
CKOM MapIIpyTe MPUBOAUT K Pa3JTHIHBIM MOCTAHOBKAM 337a4. B jureparype paccMmar-
puBauch caydan V-mapmpyra (My, Mo, ..., My, My, ..., My, My) [5], nukamaeckoro
(Ml, MQ, ceey Mm, M17 Mg, cey Mm, ceey Ml, MQ, e ,Mm) [67 7], 3aMKHYTOI'O (Ml, M27 ceey
M,,, M) [8], ¢ mocTosimabiM BO3BpaToM Ha mepsyto Mammuny (M, My, My, M3, My, ..., M,
M,,, My) 9, 10] u r. x. [11-13]. Ocobenno unTepecen mocaeaHuil Caydail, B KOTOPOM Ma-
muHa M| paccMaTpuBaeTcs KaK TPAHCIOPTHOE CPEJCTBO, MEPEMEITAONIee JeTAIh MEXK LY
oneparusivu |14, 15].

BarkHbIM acieKTOM gBJIeTCd B3aUMOCBS3b PACCMATPHBAEMOI 38,1291 ¢ 33aa4efl oCTpo-
eHUs MUKINYeCKuX pacnucanuii. [lukimdeckue pacnucanus CTPOATCS 33 TMOJUHOMHUATBHOE
BpeMs 1 00€CIednBAT PUTMUIHOCTD ITPOU3BOICTBA, PABHOMEPHBIN BBIXO/ MPOAYKIHU, OO-
Jee yaobuyio soructuky. Hanbosee 3HauuMbIM siBJIsieTcsa pesysbrar u3 [16], rie mokasaHo,
YTO ¢ POCTOM KOJMYECTBA JeTajell MUKIMIeCKOe PACIUCAHNE C MHUHUMAJbLHBIM BPEMEHEM
IUKJIa o0ecrreunBaeT aCHMTOTHIECKH TOUHOe pemeHue 1iid KpuTepus Clax. OIHAKO Takoit
MOJIXOJ, He pelaeT TpobseM 3arpy3Ku 000PYIOBaHUS HA CTAIUU 3aMyCKa W CTAJIUH 3aBep-
meHus 06padboTKu naprTuu Jerajeit B upousBoactso. [loaromy, eciim npou3BojcTBEeHHAS HO-



3anaqa muHnMunzayun obilero spemeHn obpaboTku MAEHTUYHBIX AeTanei 101

MEHKJIATYPa TPEeANpUATUs Pa3Hoodpa3Ha W MapTUW WICHTUYIHBIX JeTajeil OTHOCHTEIHLHO
HEBEJIUKHU, BOIPOC O B3AUMOCBSI3H ITHX 33129 OCTACTCH AKTYaAThHBIM.

CrpykTypa paborsl ciaeayiomas. B m. 1 u3/10:keH OCHOBHO# pe3y/IbTaT: J0Ka3aHO, UTO
3aja4da siBiasercd NP-TpyaHoit B 0ObIdHOM cMbIce. B 1. 2 npuBeJéH ajroputM mocTpoe-
HUST TOYHOTO PEIeHusi, KOTOPDIil ABJIAETCS NCeBIONOIUHOMUAATBHBIM TPU (DHKCHPOBAHHOM
gucye geraneit. B m. 3 obcyxkaaercsa Bompoc 00 UCTOIb30BAHUY ITUKJIHYECKUX DACTTHCAHUI
IIpn MHUHUMH3aUU Cmax; B TOM YuCJI€ IIPpHU HAJUYHUK AOIIOJIHUTECJIbHBIX OFpaHI/IquI/Iﬁ Ha
pacrmcanue.

1. BerunciaureabHas CJI0KHOCTH 3ada4Un

HekoTopbie TOAXOABI K AHATH3Y CIOXKHOCTH 3aJa4d¥ HpejioxkeHnbl B [17]. Bxommbie
mapamMerpbl 3aJa4u — 3T0 4Yucja0 jgeraseit N, 4ucjo omnepamuii n U uX JJIMTEJIHLHOCTH P;,
i=1,2,...,n. Jnua xoga pasaa O(logy N +1108s Pmax)s T/I€ Pmax — MAKCHMAJIbHAS JJTH-
TeJbHOCTDH oneparnuii. /lamsee mokazana NP-TpyTHOCTD 3312491 U C/leIaH aHATU3 €€ CJIO0ZKHO-
CTH B 3aBHUCHMOCTH OT BXOJIHBIX IIapaMeTPOB.

Teopema 1. 3azaua F|reentrant, p;; = p;|Ciax MUIHEME3AINA OOIIETO BpeMeHH 00pa-
GOTKHM OJHOTHIIHBIX JeTaseil apiasgerca NP-TpynHoil.

Hoxazameavcmeo. Paccvorpum NP-1pyanyio pasaomapmpyTayo 3agady J3|n =
= 3|Chax ¢ Tpemsa marmmunamu My, My, M3 n tpems meransvu J1, J2, J3 [18]. Cdopmy.n-
pyeM eé Kak 3aJady paclo3HaBaHUsd. 3amgaHo duciao d. CylmecTByeT JU JOMYyCTUMOE Pac-
HHACAHHe BBHINOJHEHUs pabor jauHbl He Oojee d? IlosmHOMHAIBHO CcBeIéM e€ K 3aiade
Flreentrant, p;j = p;|Ciax ¢ TPeMsI BICHTUIHBIME JIETATAMH.

[Iycts My u My — Maliiibl, Ha KOTOPBIX BBITOJHAIOTCH COOTBETCTBEHHO IE€pBas U I110-
caemHgAs onepanus gAetaan J2. KEcau 3mu omeparuu BBITIOIHSIOTCS HA OJHOM MaIlwHe, TO
obosnauyuMm eé¢ M. /lobasum mamuny My u Tpu pukruBabie Mamuubl M3, My u Ms, Koto-
pBIe B JaJibHeIeM OYAYT 3aMeHeHbl Ha TeXHOJIOTHYecKre MapIpyThl geraneit J1, J2 u J3.
PacemorpuMm metanb co cIeAyIOMIIM TEXHOJOTHIECKHM MAPIIPYTOM U COOTBETCTBYIOITUMHE
JUTATETbHOCTSIMIT:

O1 Oy O3 Oy Os O O7 Og Oy Oy O1p Oz O13 Oy Oxs
My, My M, My, Ms My My My My My M; M, My, M, M
4d d 4d 4d d 4d 4d d 4d 4d d 4d 4d d  4Ad

[IycTh HeobxomuMo oOpaboTaTh Tpu TaKuX AeTaau. ONTUMaJIbHOE PacluCcaHue IPUBEIEeHO
Ha puc.l. Ero mimuna paua 63d. Homepa mamun noguucanbl. Hanbosee 3arpykeHHbIMEI
ABJIAIOTCA MAIITTHBI Ml n MQ, U B paClluCaHUM OHH IIpeaCTaBJIeHbl CUMMETPUYIHO OTHOCHU-
TeJIbHO omepanuu odpamennd Bpemenu. Omnepanun Kazkjoi jgeTagn odpadarbiBaloTcs 6e3
IpPOCTOEB, U onepanusd (J; BTOPOil JeTaIu BBIIOJIHIAETCS TOJBKO I0CJIe 3aBEPIIeHUs ollepa-
mun Oz nepBoit peranu. Ilpu Jd1000i Apyroi mocienoBaTe/IbHOCTH OMepaluii BpeMs odpa-
b6oTku OymeT He MeHee 66d. Takass KOHCTPYKIUs MO3BOJsIET JIoKaan3oBarh onepamun Oy, Og
n O11 B ONTUMAJIbHOM PACITHCAHIH.

100l 1| 2[4 2 [ 0[5 0] 1 ]6] 1 [ 2 [o] 2
1 o] 1] 2 4] 2 sl o[ 16l 1| 2 Jo|] 2
1 jo] 1] 2 [4] 2 sl o[ 16 1| 2 o] 2]

Puc. 1. Onrumanbioe pacuucanue g TPEX jerasiei
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Omnepamun Oz, Og 1 Oy 3aMeHUM COOTBETCTBEHHO Ha TIOCJIEI0BATEJIHLHOCTH OIepPaIlmii
gerasaeit J1,.J2, J3. Toayaum jgeranb co caeayoIeil mocje/10BaTeIbHOCTHIO OTepaInii:

017 027 037 047 le 067 077 ‘]27 097 0107 J37 0127 0137 0147 015'

SaMeTI/IM7 9TO IIpUa 3aMeHe CyMMapHad OJINTEeJIbHOCTD OHepaHI/Iﬁ HE yBeJIN4YNJIaCh, TaK KaK
cyMMapHas JITUTEIHHOCTh onepaluit Kask1o0it u3 geraseit J1, J2, J3 ne npeBocxoaut d. Pac-
CMOTPHUM 33129y COCTABJICHUS PACIIUCAHUS JIJId TPEX TaKuX jerasieit. [1ops ok BeIIOTHEHNST
oneparuilt B paclucaHuy MEHAMAIBHON JIJIMHBI MOKA3aH HA CXeMe PHC. 2.

L1 Jo] 1t [ 210l 202 o 1 53 1] 2 Jo] 2
1 [o] 1 71 32l 0 33 1| 2 Jo] 2
1 Jof 1] 2 2] o o 1 g 1] 2 To] 2]

(o]
(]
[y

Puc. 2. Cxema pacnomoxenus oneparuii geraseit J1,J2 u J3 B onTuMaIbHOM PACTHCAHUN

[Tokazkem, 9T0 Jij1s 3TOH 3a/la4M pacuucaHue JIMHBI He OoJiee 63d cyiecTByeT Toria
1 TOJILKO TOTJIa, KOTJIa /LIS Pa3sHOMaPIIPyTHOH 3aa4n ¢ aeraaavu J1, J2, .J3 cymecTByer
pacuucaHue JIMHBL He OoJiee deMm d.

JlokazaTeTbCTBO JOCTATOYHOCTH O4YeBUAHO. Eemm mig netaneit J1, J2 u J3 cymecTByer
pacmucanue JIIHB He Oosee d, To aas nap J1,J2 u J2, J3 Tem Gosee cynecTByeT paciuca-
Hue aaunbl He Oosee d. CiegoBaTebHO, pACIUCAHUe Ha PHUC. 2 UMeeT JUImHY He OoJiee 63d.

Jlins noka3arebCTBa HEOOXOIMMOCTH POBEJIEM OoJjiee jeTajbHbIl anaans. /lauHy or-
TAMAaJBHOTO PACTTUCAHTA ONpeJeadeT KPUTUIECKHH Iy Th — MOCJIEIOBATEIHHOCTH ONEPAINiA,
3aJIeP2KKa IIPU BBIIIOJTHEHHH KOTOPBIX IIPUBOIUT K YBEJIUUYEHUIO JIJIMHBI pacinucanus. Otepa-
AU, BXOJSIINE B KPUTHIECKUN TyTh, OOBIYHO Ha3bIBAaIOT KpuTHuidecKkumu. Ha puc. 3 TéMHBIM
IBETOM BbLAEJICHbI Ollepalii, KOTOPbLIC B TOU WJIX UHON Curyanuu MOryr BXOAUTb B KpHUTU-
YeCKHil MyTh; IPUMephl KPUTUYECKUX IIyTell MpuBeAeHbl Ha puc. 4 u 5.

Lo Jol 1 J 20 20 o 1o 1 ]2 Jof 2
1 [o] 1 11 12l 0 3 1 | 2 Jo] 2
ol 1 1 20l 2102 of 1 P 1 [ 2 To] 2]

(o]
[S¥ ]
[
g

I

Lo Jol 1t ]2 2012 o] 1 [53 1 [ 2 Jo]f 2
1 |0] 1 2 |J1 2 0 |72 0 1 |73 1 2 |0 2
1 Jo] 1 [ 2 [ 2 32 0 | 1 [ 1 [ 2 Jo] 2|
L1 Jol 1 ] 20l 270 o] v [53 1+ | 2 [o] 2
1 |0] 1 2 |71 2 0 |72 0 1 |73 1 2 |0 2
1 Jo] 1 [ 2 ;o2 {0 2 o[ 1 31| 2 Jof 2]

Puc. 4. Kputnueckue nytu gas sapuantos J1 — J1 u J3 — J3

[Tycrs jura perasieit J1, J2 u J3 giuna onTuMaabHOro pachnucanus mpesocxoaut d. [To-
KaykeM, 9TO TOT/Ia W JUIMHA PACINCAHUA B 3aJ/la4€ C UICHTUIHBIME JleTaJaaMu OyaeT 60/1bIie
yeM 63d. PaccMoTpuM BO3MOXKHBIE BapHaHTbl HadaJja ¥ 3aBEPIICHUT KPUTHIECKOI'O IIyTH
B PasHOMApIIPyTHOH 3amade. HamoMHUM, 9TO mepBasg omepanus JAeTaand J2 BBITOJTHIET-
ca Ha Mamuboe M, a mocaenuss aubo wa My, 1ubo na M. B mepBom ciaydae umeeTcs
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L1 Jol 1 ] 20l 2102 o] 1 b3 1+ [ 2 [o] 2
1 |0] 1 2 |1J1y 2 0 |32 0 1 73 1 2 |0 2
1 o] 1| 2 [ 2 32 0 | 1 P 1 [ 2 Jo|] 2 |
L1 Jol 1 ] 210l 270 o] 1 b3 1+ [ 2 Jo] 2
1 |0] 1 2 |71 2 0 1321 0 1 (73 1 2 |0 2
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Puc. 5. Kpurnueckuit myThb i 1ByX BapuanTon J2 — J2

9 koMOMHAIIMM TTepBOM U TocJIe Helt onepaluit Kpurudeckoro nytu. K auM gobaBdarcsa enié
3 BapuaHTa BO BTOpoM caydae. C yIETOM 3TOT0 00Inee KOJIMIECTBO PA3TUIHBIX BAPUAHTOB
KOHIIOB KPHUTHYECKOTO IyTH paBHo 12. PaccMorpum HeKoTOpbie U3 HUX HOJIpoOHee.

[Tycts kxpuTudeckuii myTh Ajst 3aja49u ¢ geransavu J1, J2, J3 comepKuT nmepByio u 1mo-
caenHio onepamuu jgeranu J1. Hazosém ero J1 — J1. Torna BelgesieHHasI Ha IIepBOil dacTu
puc. 4 1moc/e10BaTeJIbHOCTD onepaluit uMeer JAauny OoJibine dem 63d. Bapuant J3 — J3
aHAJOTHYEH W IIPUBEIEH Ha BTOPOIl YacTH PUCYHKA.

Bapuant J2 — J2. [lepsas omepalius KpUTHYECKOT'O IIYTU BBIIOJIHAETCS Ha Mamunne My,
nocietHsIst — Ha Mmarnuae Mo, Beijgesennast Ha puc. 5 MOCI€/10BaTEIbHOCTh ONepaInii nMeer
JutHy Ooutbitie gem 63d. Kpurudeckuit myTh B ciiydae, ecJiu Moc/Ie/IHs sl orepalus aetain J2
BBINIOJIHAETCA Ha Mamune My, NpuBeIéH Ha BTOPOH YacTU PUCYHKA.

Bce octanbable KOMOMHAIIME TaK:Ke JTAI0T KPUTHYECKHUH MYTh, JIHHA KOTOPOTO OOJIBIIE
geMm 63d. [leiicTBuTesibHO, B JIFOOOM C/Iydae CjleBa KPUTHYECKHH IyTh YIHPAECTCA B HPE/I-
ITECTBYIOILYIO OI€PAINIO, BHIITOJHAEMYO Ha MaliuHe 1 wiam 2, 9TH onepanuu HeBO3MOXKHO
CABUHYTH Ha Oosee panHuii cpok. CrpaBa TakzKe BCE OrpAHMUYNBAIOT ONEPAINM, CABUT KO-
TOPBIX YBEJIUYMBACT JIUHY KPUTHICCKOrO MYyTH. W

OTmeTuM, 9TO JIOKa3aHa TOJIbKO oObIuHAass NP-TpymHOCTH paccMaTpuBaeMoil 3aaadu.
Huke npejjioken ajiropurm HOCTPOEHUS TOYHOI'O PElleHus 3a/a4u, KOTOpbIid npu (Huk-
CHPOBAHHOM 4YHCJIE JIeTajIell dBAgeTcsd ICeBIONONHOMUAIBHBIM. Bojiee Toro, Ha OCHOBE
STOTO AJITOPUTMaA MOXKET OBITH MOCTPOEHA BIOJIHE MOJHHOMUAJJBHAS AITPOKCAMAIIMOHHAS
cxema [19]. Takum 0Opas3oM, MOJTYUIEHHBINH PE3YIBTAT SIBJISETCS HEYJIYUIAeMbIM IS CIIy-
Jas (GUKCHPOBAHHOTO dmcIa paboT. OMHAKO BOOPOC O BHIYUCIUTENBHON CIOKHOCTH 33/ Ia9H
B 3aBUCUMOCTH OT YUCJIa PADOT OCTAETCH OTKPBITHIM.

2. Tounsplii aaropuTM peuieHud 3aJda4n

OnuireM aaropuT™M MOCTPOEHHA TOYHOTO PelleHrd PACCMATPUBACMOIl 3812491, Uaes KO-
TOpOro Tpeaiokena B [20] /st 331849 KaJaeHAapHOTO IJIAHUPOBAHUSI ¢ OPAHUYEHHBIMHE
pecypcamu. Jlajiee 10T aJrOpUTM aaTUPOBAH JUJIS 3a/[a9U C HJIEHTUYIHBIMU JIeTaIsiMu
Flreentrant, p;; = p;|Ciax-

B ocnoge ajiropur™a JIEXKHUT TeOMeTpUYecKas HHTEPHpeTaIus 3a/1aqu, B KOTOPOil Kak-
JIOI JleTajli colocTaB/geTcs och B N-MEpHOM I[IPOCTPAHCTBe M KazkJasd TOYKa HapaJiie-
nemanesa [0, PV cooTBeTcTBYeT HpoMe:KyTOYHOMY COCTOSHHIO 06paGOTKM jeTajeil, rie

n
P =" p; — cymMMapHas JJIMTeJbHOCTD oliepanuii ool aeranu. Tekyiiee cocrosinue upo-

=1
mecca 00paboTKN JeTas n j OyaeM 3a1aBaTh BeJUUNHOI 2 ;. JHAUEHUE T; OIPeIesIaeT, CKOIb-

KO BpeMmenH, 6e3 y4éra IpocToes, JeTalb j yxKe oOpabarbiBaiach, 1 Tpedyercd eme P — x;
eJIMHUIT BpeMeHHU JIJis 3aBeplileHus oopaborku. Kaxkmoe pacuucanne obpaborTKu jerasieit
oTobpazkaercs Jomanoi jaunueir Mexkay toukamu 0 = (0,0,...,0), KOrJa HA OHA JTEeTATDb



104 A. A. Pomarosa, B. B. Cepsax, B. FO. Tas4enko

He Hauajaa obpaborky, u S = (P, P,..., P), korma Bce meranu obpabortambl. Jlioboe 3Be-
HO JIOMAHOW MPOXOJUT MEXKJY TOYKAMU (T1,Tg,...,TN) U (X1 + 71,2 + Toy ..., TN + TN),
e ; = 0 mim 7; = 7. Takoe 3BEHO COOTBETCTBYET OJHOBPEMEHHOI 00paboTKe B TedeHue
BPEMEHH T TeX JeTajleil, Jjisg KOTOPHIX 7; = 7. OcrajbHble JeTall B 3TOT IIepUoJ| He obpa-
HaTeiBatoTCs. IMHA 3TOro ydacTKa JOMaHOH IoJaraeTca paBHOR 7T, a JJIMHA PAaCIHCAHU
paBHA CyMMe JJIMH BCEX 3BEHLEB JIOMAHOIA.

Tak Kax p; — meable, CyIECTBYeT ONTHMAJILHOC PACIMCAHHE, B KOTOPOM BCE OIepa-
U HAYUHAIOTCA U 3aKaHYHUBalOTCA B IIEJIOYHUCJI€eHHbIC MOMEHTHI BpeMeHU M JJId KaxKI0-
ro mesioro ¢t Ha moayuHtepsaie (& — 1,t] MHOKecTBO 06pabaTbiBaeMbIX JeTajell He u3Me-
Hgercs. IlosroMy Q0CcTaTOYHO paccMOTPerb TOABKO TAKHE PACIHCAHUS, s KOTOPBIX JIO-
MaHas MeHseT HalpaBJIeHHe TOJILKO B IEJOYHCJCHHBIX TOUKaX. LlegodunciieHHbIii BeKTOp
x = (x1,%9,...,2N) OyJeM Ha3bIBaTh cocmoanuem 0OPabOTKHU jgeraseil. MHOKeCTBO Beex
cocrosinit obosnadnm 4depes X = {x = (z1,22,...,2n) : z; € {0,1,...,P}}. B Takoii
CUTYAINU JIOMAHYIO MOYKHO pa3OMTh HA YYACTKHM eIUHUYHON JyTHBI. KakIplii U3 HUX CO-
eIMHAET IeJOUYHCIeHHBIe TOUKH ¥ COOTBETCTBYET IIEPEXOY M3 COCTOSHHS X B COCTOSIHHE
x + 0, tne § = (01,02,...,0n), 0; € {0,1}, 7 = 1,2,..., N. Ilpomecc mepexoaa cOOTBET-
CTByET OJHOBPEMCHHOMY BbIIIOJIHEHHUIO B € IMHUYIHOM BpEMEHHOM HMHTEpBaJIe OHepa]_[I/Iﬁ TEX
Jetaseil, 11 KOTOPBIX 0; = 1.

Mﬂeﬂ AJITOPUTMa OCHOBaHa Ha CXeMe JHUHaMWUYEeCKOTro IMporpaMMHPOBaHUA U 3aKJ/IIOYa-
eTcda B mepebope BCEBO3MOKHBIX COCTOAHUI, a I KayKI0r0 COCTOSHUS 110 PEKYPPEHTHOR
bopMyJie BEIYHCILETCS JIyUllee JOMYyCTUMOe YACTHYHOE PACIHCAHHUE.

Nmeercs jBa Tuna orpaHudeHuii, KoTopbie He0OX0JuMo y4decTb. [lepBoe —310 Helpe-
PBIBHOCTBH BBIITOJIHEHU A OHepaHI/Iﬁ. ZLTIH COCTOdHUA X BBIIIOJIHEHHE YCJIOBHA

i—1 i—1
Dok < T < Y prt+ D
k=1 k=1
O3HAYaeT, 4TO Ollepalugd ¢ JeTajqu j Obljla Hadara W elné He 3aBeplimiach. Torma, B CHIy
HEIIPEPLIBHOCTH BBIIOJIHEHU:A olepamnnit, J; 101KHO ObIThL pasHo 1. [losTomy ata Takoro x
mepexos X — X + 0, y Koroporo d; = 0, HeJOIyCTHM.

Bropoe — 310 3amnper Ha 0JTHOBpEMEHHOE BBITIOJIHEHUE JIBYX Oll€paIldii Ha OJIHON MalllnHe.
Cocrosinne X W eUHUYHbIE KOMIOHEHTHI TIePexX0a 0 OJHO3HATHO ONPEIe/Is0T HAbop ore-
paumﬁ, KOTOPbIC HaXOAATCA B COCTOAHUN BBLITIOJTHCHHUA. ECJH/I XO0Td 6BI OJlHa IMapa M3 3TOro
HabOpa BBIMOJIHSIETCS HA OIHOM W TOH K€ MAaIlUHe, TO IepeXo] 0 HeIOIYCTHUM.

MHOKeCTBO JOIYCTUMBIX IIE€PEXOI0B, HPUBOISIINX B COCTOIHME X € X, 0003HAYNM Ue-
pe3 Ay. Kazxiplii nepexo/| COOTBETCTBYET BBIIIOJIHEHHIO HEKOTOPOIO HAbOpa onepaiuii B re-
YeHue eJMHUYHOIO NHTepBaja BpeMenu. HeobxomumMo HafiTh KpaTdaiinyio noc/ie 0BaTe b
HOCTD JIONYCTUMBIX TIEPEXO0B U3 cocTosinus O B cocTrosgHue S.

[Iyctb L(X) — HaMMeHbIIIee YUCI0 TepexoioB u3 cocrostuug 0 B cocTosHue X. Boinumiem
PEKYPPEHTHOE COOTHOIIEHUE /I IIOUCKA KpaTJdalIiero myTH:

L(x) =min{L(x—4§)+ 1}, xe X\ {0}
5€AK
Anropur™m HauMHaeT pabOTy ¢ HAYAIBHOTO COCTOSHUS 0 U B MOPsIKe JeKCUKOTrpapuIecKo-
0 BO3pacTaHusl lepedupaeT BCe OTMEYEHHbIe COCTOsHUSA X € X, BbIUuC/idst 3HaueHus L(X).
[Tpu sTOM 3anomuHaeT BeKTOP §(X) € Ay, HA KOTOPOM AocTuraeTcs MuauMyM L(x). Benn-
anna L(S) ompejiesisger onTuMalbHOe 3HAYEHHE TeJ1eBoil (DYHKIUU 3a,1axH.

1151 BOCCTAHOBJICHUS PEIIeHHs [IePBOHAYAILHO ITOJIaraeM X = S ¥ pacCMaTpPHUBAEM IIepe-

xont 0(S). Bo Bpemennom uurepsase (L(S) —1, L(S)] BBIIOJHSIIOTCS OTEpAIHH TeX JIeTaei,
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11t KoTopbix 6;(S) = 1. BaTeMm mepexoaum B cocrosgume X = S — §(S). Bo BpementoM uu-
repsase (L(S)—2, L(S) — 1] BeIIOIHAIOTCS OLIepAINE TeX AeTajteil, 11 KOTOpbix §;(X) = 1.
1 Tak masee, moka He n0iiaéM 10 coctossaus X = 0. 3Hass MHOYKECTBa ONeparnii, BHITOIHSI-
eMBbIX B KaykJ0M u3 mHTepBatos (t — 1,t], t = 1,2,..., L(S), oupejessieM MOMEHTBI HAYAJIA
UX BBIIOJIHEHHUS.

TpynoéMKOCTh aarOpuTMa, JUHEHHO 3aBUCUT OT KOJMUYECTBAa cocTodHmil. [Ias cocros-
HUsI X HY?KHO BbIOparh MuHuMyM u3 Ay ducei. BepxHss oreHKa TPY0EMKOCTH COCTABUT
O2NPN) = O((2P)"). lnst maenTHaHBIX JeTasieil 9Ty OMEeHKY MOKHO YJIyqInTh. Bes orpa-
HUYEeHUsT OOIHOCTH JIeTaJd 3allyCKAIOTCA B HOPs/IKe BO3pacTaHust HoMepoB. OUeBUIHO, 9TO
B OIITHMAJILHOM PACIIMCAHHU TAKOH Ke MOPSAI0K COXPAHUTCS IIPH BBIIIOJTHEHHH COOTBETCTBY-
IOIUX oIepanuii Becex aeraseit. [ToaTomy B 11000if MOMEHT IMEET MECTO 1 > Tg > ... > TN.
DTO MO3BOJISIET CYIIECTBEHHO COKPATHTD YUC/I0 iepedbupaeMbix cocrosinuit. B ciayqae N < P
BePXHsS OlleHKa MoyKeT ObiTh ymenbmena 10 O((2P)N /N1).

BpemeHnHast CJI0XKHOCTh AJTOPUTMa IKCIHOHEHIMAJIBHO 3aBUCHT OT KOJUYECTBA JIETa-
aeil N. Yucjao mamua M He BIEgeT Ha TPYJOEMKOCTh, TaK KaK B aJlOPHTMe I KaxK 10
Iapbl Oomepanuii Jeaercd IIpocTas HPOBEpKa, 00pabaThIBAIOTCH ITU ONEPAIMU Ha OJHON
Maluie uan Her. Ecjm quciio jgeraseil pukcupoBarTh, TO HPEIJIOKEHHBIH aJIIOPUTM CTAHO-
BUTCsI [ICEB/IONOJIMHOMUAIbHBIM. Takum 00pa30M, CIPABEINBA CJIE/Y HOIIas

Teopema 2. 3amaya MUHEUMH3AIUKE OOIIETO BpeMeHH 00PabOTKHU MapTHU UIEHTUIHBIX
JieTajieil Ipu yCJA0BUHU, YTO KOJHMIECTBO 00pabaThIBaeMbIX JeTajieil OrpaHndeHO KOHCTAHTOIA,
pa3perrnma 3a MCeBIONOTHNHOMIAIBHOE BPEMSI.

OTMeTHM, 9TO ITOT BBIBOJ MOXKeT ObITh TakuKe MoJydeH u3 [21] Ha ocHOBe mHceBOmO-
JIMHOMUAJIHHOT paspenumoctu 3a1aun J|N = const |Cpax. [Ipu N = 2 3a1aua nojuaoMu-
aJbHO pa3perniuma. Yxke npu N = 3 paccMmarpuBaemas 3ajada cranopurcd NP-Tpynnoii B
OOBIYHOM CMBICJIE, YTO TTOKA3aHO BBIIIIE.

B peanprbix 3amadax N P-TpyAHOCTH B 3aBUCUMOCTH OT JIUTEJbHOCTeN He sBJISeTCS
KPUTHYIECKOU, TaK KaK TPYIHO MPEICTABATH CHUTYAIUIO OUeHb JIUHHBIX TEXHOJOTHIECKUX
MapIIpyTOB 1npu 06paboTKe jeTaan. A BOT KOJUIECTBO JAeTaCll MOXKET MEHSIThCS U COCTAB-
JISTh HECKOJIBKO COTEH, a BO3MOXKHO, n Thicsian [17]. TToaTomy BaKHO McCen0BaHe BBIYHC-
JINTEJLHON CJIOXKHOCTH 33/1a9¥ B 3aBUCUMOCTH OT ntapamerpa N. J[jis 3a1a4u ¢ uIeHTUIHbI-
MU JIeTaJIsIMU JIJIHHA BXoJa 1o sroMy napamerpy cocrasisier O(log, N). To ecth moamHO-
MHUAJTBHOCTH MO 9TOMY MapaMeTpy MPeANnoaraeT HaaTuvdue TOJIHHOMUAIBHOTO aJITOPUTMA, OT
sesimuubbl O(logy, N). Kak Bapuant, Tpys06MKOCTb aJIIOPUTMa MOXKET He 3aBuceTh oT N.
B chenyromnem myHKTE HCCIEIyEM BO3MOXKHOCTH UCIOJIB30BAHUS PU MUHUMUBAMAA (o
MUKJIAIECKUX PACITUCAHUN. AJITOPUTM MOCTPOEHUST PACTIUCAHUI ¢ MUHUMAJTBHBIM BPeMeHeM
MUKJIa SIBJIAETCS MOJTUHOMHUAIBHBIM U er0 TPYJI0EMKOCTDh He 3aBUCHUT OT [V.

3. Ucnonp30BaHne MUKANIECKUX PACTUCAHUI
OpU MUHUMEI3AIUN OOIIET0 BpeMeHU

PaCHI/IcaHI/Ie Ha3bIBa€TCA NUKJINYIECKUM, €CJIN BBIIIOJTHECHNE COOTBETCTBYIOIINX onepaunﬁ
JIIOOBIX JIBYX ITOCJIEI0BATEIBHO 00pabaThiBaeMbIX JleTajeill MPOUCXOIUT depe3 HPOMEeKyTOK
Bpemenu C, KOTOPBIN HA3bIBAETCA JJIMHON NMHUKJa. MUHEMAILHO BO3MOXKHAS JJIUHA ITUKJIA
paBHAa CYMMAapHON JJIATEJILHOCTH ONepaluii OMHON AeTaan Ha CAMOM 3arpy2KeHHON MallluHe.
[Muk Ha3LIBAETCH MOJHBIM, €CJAU BHYTPH HErO BBITOJHAIOTCH BCE OIEPAIH {1, 2,... ,n},
BO3MOXKHO, pa3HbIX jeraseil. [{lukanyeckue pacrnucanusg 00€CIeInBAIOT PATMUYHOCTD ITPO-
U3BOJICTBA, PABHOMEPHBIH BBIXOJ, IPOJIYKIIHE, Oojiee yI00HYIO JOTUCTUKY. [Ipn MuHEMAIb-
HOM BpeMeHH IukJIa C' 1 pocTe Yuc/ia HACHTHIHBIX deTajeil 3(hpeKTUBHOCTD TPOU3BOIACTBA
BO3PACTAET U €ro TPOU3BOANTEIHLHOCTH CTPEMUTCS K MAKCUMAIbHO BO3MOXKHO#. BoJtee Toro,
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MUKJINYIECKOEe PACTUCAHNEe ¢ MUHUMAJIHHBIM BPpEMEHEM IUKJIa MOYKeT ObITh HallIeHO 3a T0-
JIMHOMHUAJIbBHOE BpPEM. ECTeCTBeHHbIM 06pa30M BO3HUKaeET naed UCIIOJb30BaHUA MaJIOTPY-
JIOEMKOTO &JITOPUTMA MOCTPOEHUS NMUKJINYECKUX pacnucanuii jyis pemtenus N P-TpyaHoi
3a/1a9M MEHAMHA3AINK OOIIEro BpeMeHH BBHIIIOJIHeHHS 3aKa3a. Ha ocHOBe TakMX pacIucaHuit
B [16] mocTpoeH acuMITOTHYECKH TOUYHBLH aaroputm jjist kpurepus Ch.,. HegocraTkom
9TOTO AJTOPUTMA M IMUKINYECKUX PACIHCAHHUHN SBISETCS TO, 9YTO MAKCHMAaJbHAs 3arpy3Ka
000pyIOBaHUSA JOCTUTAECTCS TOJHKO B IMOJTHOM IukJje. [Ipu 3amycke maprum jerasieit u eé
3aBepiiennu (hOPMUPYIOTCH HEMOJHBIE TUK/IBI U MPOUCXOJUT NPOCTOil obopypoanus. JLnsa
CJIOYKHOTO TEXHOJIOTMIEeCKOr0 MapIIpyTa 0OpabOTKH eTaj i TAaKHe IMPOCTOH MOTYT OBITH
JIOBOJIBHO 3HAYUTENbHBIME. [Ipr GoJbInux pasmepax napTuu (6oJee HECKOJbKHX ThICSIY)
OHM He TaK YyBCTBUTEJbHBI, TAK KaK UX 10Jd npu pocTe N crpeMmuTcsa K Hyao. Ho Korma
Tpedyercss 06padoTaTh HECKOJIBKO JIECSITKOB MJIM COTEH CJIOXKHBIX JieTajeil, TO BpeMeHHbIe
HOTEPU MOTYT COCTAB/IATH CYIIECTBEHHYIO 4acTh 001Iero BpeMenu oopaborku. B atom ciiy-
Jae acMMNTOTHKA emé He gaer dddeKrTa, a ONMUCAHHBIN BHITIE MCEBIONOINHOMUATLHBII
AJITOPUTM yZKe He paboTaeT M3-3a BBICOKOH TpymoéMKOCTH. IIpuBeném HeGOMBIION TpUMeD:

Ol 02 03 O4 05 06 v OQkfl OQk O2k+1
My My My My, My Ms ... My, M, M,
I p 1 pp 1 pg ... 1 Pk 1

k

3meck p = > p; < 1. MunumManbHOe 3HAYEHNE [TTMHBI IIUKJIA ONPeIeIsSeTCsl 3arpy3Koii Ma-
i=1

mmHbl My u pasao C* = k + 1. Ho moJsiHble MUKJIBI, B KOTOPBIX BBIMOJHIETCS BECh HAOOP

onepanuii, HAUMHAIOTCS TOJIBKO ¢ (k+ 1)-it Jeramu. BeIIOJIHAB EPBYIO U BTOPYIO OMEPAITHIO
LEPBO JieTa/iu, Mbl HE MOZKET BbIIOJIHATD TPETHIO onepaiuio Ha mainuue My, XoTs oHa CBO-
boana. 2Kém k euHuI BpeMeHH U TOJIBKO TOI/Ia 3allyCKaeM BTOPYIO jeTajb. ToJIbKO KO/
JUTST TIepBBIX k ertasieii OyayT 3aBepinensl omeparuu (O, HATHET BbIOIHeHE oneparnns (g
nepBoit jgeranu. lanee 3arpy3ska Mamunbl My 6ygeT MakcuMaJabHO BO3MOxKHOI. Ho B uto-
re camas JedHIUTHAI MAaIIMHA B HAYAJIHHON CTAaJUU MPOIECCca, KaK U B 3aKJIIOUUTEIHHOM
CTaJIuH, IPOCTaMBaeT B OOIIeH CI0KHOCTH k? eIMHUIL BpeMeHH. TakuM o6pa3oM, IJIaBHBIM
HEJIOCTATKOM HNUKJIUYECKUX PACIHCAHUN SBJISIOTCH TOTEPHU, CBA3AHHLIE C 3alyCKOM U 3a-
BepIIeHUeM BCeil mapTuu JeraJiei.

EctecTBenno Bo3HuKaeT KeJaHue YILIOTHUTH HEIOJIHbIE IUKJIb. B paccMoTrpennom npu-
Mepe CxKaThe IMUKJIAYeCKOro PACIUCaHMs JeHcTBUTENbHO JaéT 3hdEeKT U NPUBOIUT K OII-
TEMATBHOMY 3HadYeHuio Cp... Jlaree onncan aaroput™ 1 yIJIOTHEHHS IMUKJIXIECKOTO Pac-
UACAHHSI.

Anropurm 1 siBjiseTcsl TOJMHOMUAJIBHBIM. TaK KaK aJroOpuT™M MOCTPOEHUST PACTUCAHUS
¢ MUHUMAJILHOW JITMHOM UK/ TaKzKe IMOJUHOMHAJICH, TO IMOJYYUTb TAKUM 00pa30M OITHU-
MyM ¢ KpuTepueM Clax HEBO3MOXKHO, 3TO IPOTHBOPEYnI0 ObI TeopeMe 1. Bojiee Toro, eciu
pPaccMOTPeTh BCE MHOXKECTBO PACIHCAHUN ¢ MUHHMAJILHBIM BPpEMEHEM IUK/Ia U KaxKI0e u3
HUX YIJIOTHUTD, TO HU OJIHO U3 ITUX PACHUCAHUN MOXKeT He JaTh ontuMyMma. [Ipumep ouenn
MIPOCTO:

O Oy O3 Oy
My My, M; M
1 1 1 1

Munnmanbhas nanaa nukaa C = 2. [lpu N > 4 n06oe nukiangeckoe pacnucanue (¢ y4éTom
BO3MOZKHOTO czKaTusi) umeer iy 2N + 2. A onTuMmym JocTHraeTcst Ha paciucaHuu puc. 6
u umeet juny 2N. [Ipu N = 4 oTrkionenue ot onTuMymMa — B 1,25 pa3a. 9T0 o3HATAET, 9TO
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AgropurMm 1. ViioTHeHue IUKJIUYECKOTO PACITUCAHUS

CrponM MUKJIMYEeCKOe PACHUCAHUE C MAHUMAJIbHBIM BPEMEHEM IUKJIA.

2: Boijesnsgem mepBblil MUK ¢ TTOJHBIM HADOPOM OTepaluii.

Omnepanun, BXOJ4MIe B 3TOT W HPEJIIECTBYIONINE MUKJIBI, YIOPAJI0INBaeM 10 HEBO3-
PACTaHUIO BpEMEHU OKOHYAHWSI.

4: IlpocmaTpuBaeM CIMCOK ¢ KOHIIA: KAaXKJIYIO OMEPAIWIO CABUTaEM KaK MOXKHO IO3JHee,
[IOKA HEe HAPYIIUTCH OTHOIIEHHE MPE/IINeCTBOBAHUS UJIU JIBE OLEPAIMU He MOCTYIAT Ha
onny mamuny. [losiyaum mioTHOoe pacnucanue, KOT/a HU OJIHA U3 ONepalnii He MOYKeT
OBITH CABUHYTA Ha DoJiee MO3HUI CPOK.

5: AHAJIOTMYHO NIPU 3aBEPIICHNN 3aKa3a. BepéM mocsie THuil MUKIT ¢ TOJHBIM HAOOPOM Ole-
parnuit. Omepanuu 3Toro u BeexX MocJIe/IyIONUX MUKJIOB YIIOPSI0UNBAEM 110 BO3PACTAHUIO
MOMEHTOB UX HavaJia.

6: [IpocMaTpuBaeM CIIHCOK C HAYa 1A, KazKYI0 ONEPAITUIO C/IBUTAeM KaK MOZKHO PAHbIIIE, JI0
MEePBOTO HAPYIIEHUS OTHOINIEHUS MPEIINIECTBOBAHNS WU TOCTYILJIEHUS JIBYX Oleparuii
Ha onay Mamwuny. [looydnm mioTHOe pacnucaHue, KOT/Ia HU OJHA OMepalrys He MOXKEeT
OBITH CABUHYTA Ha 0OoJiee paHHUN CPOK.

JIJIsi KpUTEPHUsI MUHUMU3AIKUK O0IIEro BpeMeHn oOpaboTKu JieTasieil B Kjiacce MUKJINIeCKIX
pacnmcaHnil HeJb3d rapaHTHPOBATH PEIeHne C OMEeHKONH TOYHOCTH Jydrre dem 1,25.

[1]2]3 [1]
2

N
w
=

23] 1]

Puc. 6. OnTumanbHoe pacmucanue

Ecnan ucciremoBars Bompoc o npubsmkennd, 1o 3HadeHne Ch,, MOKHO OIEHUTH CBep-
xy Beamanuoit CN + C(n — 1), Tak KaK KOJIUYIECTBO HEMOJIHLIX MUKJIOB HE MPEBOCXOIUT
2C(n — 1), a moaubIx mukaoB 6yaer (N —n + 1). DTa oneHKa MOXKeT OBITH YIyUIIeHa 10
suauenus CN + C'(k — 1), rae k — kosimvuectBo 06pabarbiBaeMbiX jleTajieil B OJHOM IUK/IE.
Jlorm4ano Ob110 6BI TIPEIIIOI0KUTh, YTO Y€M MeHbIe jieTajeil 3a/1efiCTBOBAHO B ITUKJIE, TeM
JIyUIe J0JIZKHO OBIThH pacluCcaHne MOCje YIIOTHEHHS. JTO XOPOIIO CONIACYETCS ¢ TPEeK-
HUMU pe3yJibratamMu u3 [22], rje Joka3aHa MceBI0IOTHHOMHAIBHAS PA3PEITHMOCTh 3a/1a91
MUHHEMHU3AIUA YUCTIA JIeTaJell TPpU YCJIOBUU ONTUMAIBHON JJIMHBI IMUKAa. OIHAKO YIAJIOChH
HOCTPOUTDH IIPUMEP, KOT/Ia ITO HE TaK.

[Tycts B mpegbiayiieM mpuMepe JIITUTeIbHOCTH Oolepaluii paBHbl 2, 3, 3 U 2 eTUHUIIHI
coorBeTcTBeHHO. Ha mepBoit vacTtu puc. 7 mpuBeaeHo IMUKJINYecKoe pacrucanmne aas N = 5
¢ MUHIMAJIBHO BO3MOZKHBIM YHCJIOM JleTajiell B ITUKJIe, paBHBIM TpeéM. LIWKIBI OT/Ie/IeHb Bep-
TUKAQJTbHBIMA JTHHUSAMH. /[Ba MEepBHIX U JIBa MOCJIeTHAX IUKJIa Hemoaable. Ha BTOpoit vacTn
puc. 7 orobpazkeHo paciucanue 1mocJe yiuiornenus. Ero jimna pasna 25. Ha puc. 8 npuse-
JIEHO pacIucaHue, KOTJia B UK/ MUHUMAJbHON JUTMHBI 00pabaThiBAIOTCS YeThIPe JAeTasIu.
[Tocste ero ymiorHenus jganHa pactuucanus paBHa 21. Tem cambiM 9uc/io jgerasei B MUK
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He SIBJISIETCSI OMPEIESIONINM /s MOUCKa JYUIINero NpuOINKeHnsa B KJAACCe MUKITIECKUX
pacnucaHuni.

7

i

\\
N\

Puc. 8. Pacnincanne s 9eThIpEX JgeTasieil B IIUKJIE

[Toka HEOHATHO, KAKOEe ITUKJINIEeCKOe PACIHCaHue IPUBEIET K caMOil IJIOTHON yIaKOB-
ke. Ho, Kak ckazaHo panee, B KJ1acce aJITOPUTMOB, BKJIIOYAIONIUX IOCTPOCHHUE IIMKIXICCKOTO
pacIucanusd ¢ JaJbHEHIINM YVIIOTHEHHEM, JJOCTHKeHHEe OINTHMYMa He FapaHTHPOBAHO. DTO
KOCBEHHO TOBOPHUT O TOM, YTO HEBO3MOYKHO IIOCTPOUTDH aJITOPUTM MUHUMUBAMANA C\pay, TPY-
JIOEMKOCTb KOTOPOT'O HE 3aBUCUT OT YHCJIA JeTajeil.

[Hukanyeckne pacnucaHusi MOTYT CYIIECTBEHHO TTOMOYb, KOTJIa KOJUYECTBO JeTaJeil,
OJIHOBPEMEHHO HAXOJSAIINXCST B 00paboTKe, OrpaHuvIeHO HEKOTOpoil Beamannoit [23]. [Ipuse-
JMEHHBINR B Hadaje mMyHKTa npumep ¢ (2k + 1) metasiMmu 0coOEHHO BazKeH B CJIydae, KOrja
YUCJI0 JeTajiedl, OJITHOBPEMEHHO HAXOIUIIUXCH B 00pabOTKe, OrpaHUYe€HO HEKOTOPOU BeJIn4u-
noit H. JInsa obectieuenust HanboIbIeii mpon3BouTe TbHOCTH JIMHIN HEOOXOAMMO 3aIyCKATD
B IIPOU3BOJICTBO cpa3y k-1 gerasieii, u 3Ta BeJIMUUHA MOXKET CYIIECTBEHHO MPEBOCXOAUTH H .
[IpuMmep MUKIMYECKOTO paCIUCAHUs I JeTaIu ¢ MIeCTbio onepamusamMu npu H = 2 npuse-
nén Ha puc. 9. Onepanun Oq, Oz, O5 BBIIOIHAIOTCA Ha HepBoit Mmamune, a Oy, Oy, Og — Ha
BTOpOit. MUHUMAIBHO BO3MOXKHAS JJIMHA MUK PaBHA CYMMapHO#l JJUTEILHOCTH OTepa-
Uil OMHON JeTaJu HA CAMON 3arpyzKEeHHONH MAallluHeE.
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2] 1 |

2 |

'-:;:;

IMHUKJI

Puc. 9. @parMeHT MUKINIECKOTO PACTIUCAHNSA

Teopema 3. Ilpu H = 2 nuk/jindeckoe pacnucanue ¢ MUHUMAJILHBIM BPEMEHEeM IHUKJIa
nocje YILIOTHEHUS JTaéT ONTHUMaJIbHOe pemeHue jiyisd KpuTepud Coax.

Jloka3aTesbCTBO OCHOBAaHO Ha TOM, 4TO npu H = 2 omeparuu, He BOIIEIINNE B OCHOB-
HOM MUKJI, y,ILaéTCH YIJIOTHUTHL, U IIPU 3TOM JOCTUTACTCA HHUZKHAA OI€HKa OINTUMaJILHOT'O
BpeMeHHn 00paboTKu napruu gerajeit. [lpy H = 2 3a1a9a MOJIMHOMHUATIBHO pa3pelnMa.

Cnencrue 1. 3agaua Flreentrant, p;j=p;, H=2|C\ax TOJHHOMIAIBHO PA3PEIINMA.

[Ipu H = 3 onepanuu, He BOIIEINNE B MOTHBINA UK/, HE BCerJa yAaéTcsd VIIOTHATD 10
COCTOAHUA, KO/ 6y,ZL€T AOCTUTHYTa HUZKHAA OEHKA. KpOMe TOro, BOIIPOC O BbIYUCJIUTEC/Ib-
HO#l CJ0XKHOCTH 3a a9 IMMOCTPOEHUA OIITUMAJIbHOTO HNUKJIUYICCKOT'O PAaCIIUCaHUA OJId H = 3
JI0 CHX TIOP OCTa€TCSI OTKPBITHIM.

3akJiroueHue

Uccnenyerca BoraucanTe ibuas CJAOXKHOCTD 33/[a9 MUHUMU3AIMU O0IIEro BpeMeHu 00-
pabOTKH WJIECHTUYHBIX JleTajJell CO CJIOKHBIM TEeXHOJOTMYECKHM MAapIIpyTOM, KOT/Ia BO3-
MOXKHO HEOJHOKPATHOE MOCTYILJIEHWE JeTajeil Ha HeKOTOpbhle MaluHbl. /lokaszano, 4To 3a-
nada Flreentrant, p;; = p;|Crax fBasiercs NP-TpynHoit B oObraHOM cmbIcie. llpenmioxen
AJITOPUTM IIOCTPOEHUsI TOYHOTO perieHus 3axadu. [Ipu dbukcuposannom uucie gerasueit N
AJITOPUTM SBJISETCH ICEBJIONOJNHOMUAJIBHBIM M HA €r0 OCHOBE MOXKET ObITh IOCTPOEHA
BIIOJIHE ITOJIMHOMHAJIbHAS AlIPOKCUMAIMOHHAs cxeMa. [Lein 3adUKCHPOBATH TEXHOJIOTHU-
YeCKUil MapiipyT W JJINTEeJIbHOCTH Ollepallnii, TO B 3ajiavde OCTAETCS €JIMHCTBEeHHBIN mapa-
MeTp — guciio geraneit N, u mauna sxoga coctasut O(log, N). Takag curyanus Gosee xa-
pakTepHa /I8 PeaJbHOrO TPOU3BOJACTBA. B 93TOM ciIydae BOMPOC O BHIYUCIUTETBHON CI0XK-
HOCTHU OCTaéTcs OTKPbIThIM. Vcejie/lyercd B3auMOCBs3b JIAHHON 3a/1a4u ¢ 3a/1a4eil 11ocTpoe-
HUS MUKJINYECKUX PACITUCAHUN ¢ MUHHMAJbHBIM BpeMeHeM K&, KOTOpas MOJTHHOMHUAJIBLHO
paspernma. [locTpoeHbl OIEHKN BO3MOXKHOTO OTKJIOHEHHS PENIeHUs, MOy YeHHOTO B KJIacce
MUKIAIECKIX PACIHCAHMI, OT ONTHMAJIbHOIO 3HAUEHHUs 111 KPATEPUS Clpax.
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PaccmarpuBaerca NP-tpynnaa onTtunMmmzanmonnas 3ajava KOPPENSINOHHOM KJacTe-
pu3anyn JJId HECOPUECHTUPOBAHHBIX M HEB3BCIICHHBLIX 3HAKOBBIX I‘paCbOB 663 KPaTHBIX
pébep u meresib, e (DYHKIMOHAJ OMMMOKHU MpeJcTaBisger coboil JuHeiiHyo KoMOuHa-
W0 MEXKKJJIACTEPHON M BHYTPUKIACTepHOH ommbok. IIpenioxken cucTeMHubIit TOAXO
ITOCTPOEHUsT W AHAIN3A AJTOPUTMOB, OCHOBAHHBIX Ha CTPYKTYype rpada, s pereHns
sroit 3agaun. [loaxo npeacrasien B Bue 00IIeit CXeMbl, COCTOLAIIEH U3 TIECTH B3aUMO-
CBSI3aHHBIX OJIOKOB, OTPA2KAIOIINX OCHOBHBIE STAIIBI PEIIEHUS 3a/1a91 KOPPEJAIHOHHON
kacrepusaiuu. C UCIOIb30BAHUEM JAHHOM CXEMbl IPOAHAIU3UPOBAHBI IECTH CYIIIEe-
crByfomux ajropurmoB. CorsiacHo obineit cxeme 1mocTpoeH HOBBIM ajiroputMm CarVeR,
KOTOPBIN gABIseTcss Momudukarmeir agropurma SGClust, ¢ MOMOIIBIO MOTEHITHAIE-
vbix (yukmnnit. Tomosorust 061Ielt cxeMbl OTKPBIBAET BO3MOXKHOCTH JI/Td aHAIN3A U
JIOKA3aTe/IbCTBA BBIYUCIUTEIBHON CIOKHOCTU aJITOPATMOB, YTO TPOJEMOHCTPUPOBAHO
B TEOpEeMEe O BBIUYKUCJUTEILHOMN ciiokuoCTH ajgroputma CarVeR. Ilpencrasiens: Bbranc-
JINTEJIBHBIE SKCIIEPAMEHTBI HA CHHTETHYCCKUX JAHHBIX /I CPABHCHUA NATH AJTOPUT-
MOB. Pe3ybTaThl 9KCIePUMEHTOB TMOKA3AM KOHKYPEHTHYIO CIOCOOHOCTH aJrOPUTMA
CarVeR Kak 110 BpeMEHU BBITOJTHEHWS, TAK U 110 MUHUMUBAIWY 3HAYEHUsT (DYHKITUOHA-
J1a, OIOKM.

KimroueBbie cji0Ba: 3haxo6uil 2pad, KOPPEAAUUOHHAA KAACTEPUSAUUA, CUCTEMATIU-
3AUUA QALOPUMMOS, NOMEHUUCADHBIE HYHKUUL.

APPROACH TO ANALYSIS AND CONSTRUCTION OF ALGORITHMS
FOR SOLVING ONE CLUSTERING PROBLEM ON SIGNED GRAPHS

A. A. Soldatenko, D.V. Semenova, E.I. Tbragimova

Siberian Federal University, Krasnoyarsk, Russia

We consider the NP-hard correlation clustering problem for undirected and unweighted
signed graphs without multiple edges and loops, where the error functional is a linear
combination of intercluster and intracluster errors. In this paper, we propose a sys-
tematic approach for constructing and analyzing graph structure based algorithms to
solve this problem. The approach is presented in the form of a general scheme con-
sisting of six interrelated blocks reflecting the main stages of solving the correlation
clustering problem. Six existing algorithms have been analyzed using this scheme. Ac-
cording to the general scheme, a new algorithm CarVeR has been constructed, which
is a modification of the SGClust, algorithm using potential functions. The topology

! Pabora momep:kana KpacHOAPCKEM MaTeMaTHIeCKIM IMEeHTpoM, bHHAHCHpYyeMbIM MunobpHaykn PO
(Cornamenue Ne(075-02-2024-1429).
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of the general scheme opens up the possibility of analyzing and proving the compu-
tational complexity of the algorithms, which is demonstrated in the computational
complexity theorem of the CarVeR algorithm. This paper presents computational ex-
periments on synthetic data to compare five algorithms. The experimental results
show the competitive ability of the CarVeR algorithm both in terms of execution time
and minimization of the value of the error functional.

Keywords: signed graph, correlation clustering, algorithm systematization, potential
functions.

Brenenue

Ha mporszkennu jecaTuieTnii UCCae0BaTEIN aKTUBHO U3YJalOT 33/1a9y KOPPEe/IAIHOH-
HOM KJACTepU3AIMU U MpeJIaraloT pasJudHble MeTO/Ibl ee perienus. B 3amaanoit aurepa-
Type JanHas 3ajaa4a nocuT Hazpanue Correlation Clustering problem. Mcropuueckuii 0630p
110 JaHHol mpobieMe npuBeIEH B [1], a mocTaTouno mogpoGHbIl 0630p CYIIECTBYIOMIUX Me-
TOJIOB PEIICHUS PEACTABICH B [2].

AnropuTMbl perteHns 3aa9n KOPPETSIUOHHON KIACTePU3AINN MOKHO YCJIOBHO pa3jie-
JauTh Ha Tpu rpynmbl [2]. [lepBas rpymma ajiropuTMOB yYUTBIBaeT CTpyKTYpy rpada |2, 3].
151 BTOpO# IpyHIIbl XapaKTepHO HpeICTaBJIeHHe 33/ Ia9i KOPPEIAIUIOHHOM KIacTepu3alun
KaK 33/[a4ld MATEeMATHUYECKOTO TPOrPAMMHUPOBaHUs (HATIPHUMED, JTUHEHHOTO, MeJ0UUCTeHHO-
1o JIMHEHHOTO, MOJIYOIPEIEJEHHOIO U JP.) W UCIOJb30BAHAE COOTBETCTBYIONUX METOI0B U
aJIrOPUTMOB JUIst perernst 3aaa4n |2, 4-8|. Tperbsa rpynna ocHOBaHA Ha DA3JHYHBIX MaT-
PUYHBIX MPEJICTABICHUAX Tpada, YTO MO3BOISET MPUMEHITH B aJTOPUTMAX annapar MaT-
pugHoit anre6psl |2, 9. Jaee BHEMaHWEe aKIEHTHPOBAHO HA IMEPBOii TPYIIIE AJTOPUTMOB.

CrpykTypa paboThl caeayiomasi. B m. 1 npuBegeHbl HeoOXOIUMBIE I JAJIbHEHIITero
U3JI0ZKEHUs Oupejie/ieHns U (POPMYJIMPOBKA 3a/1a4i KOPPEJIAIMOHHON K/lacTepu3aluu 3Ha-
KOBBIX rpados. B 1. 2 uccaenoBanbl mony/isgpHbie aIrOPUTMbI €€ peleHns, OCHOBAHHbIC Ha
CcTpyKType rpacda, u npeaaozkeHa odIas cxemMa MOCTPOCHUS U aHAJIN3a TAKUX aJITOPUTMOB.
B 1. 3 nccaenyercsa HoBbIlt aropuTMm CaRVeR. Pe3ysbTaThl BHIYUCINTENBHBIX KCIIEPUMEH-
TOB 110 CpaBHEHUIO aaropurtMa CaRVeR ¢ HEKOTOPBIMA W3BECTHBIMHA AJITOPUTMAaMM IIPEACTAB-
JICHBI B TI. 4.

1. Ilocranoska 3ama4unm
1.1. 3uakoBb it Tpad

B pabote uccieayrorces 3uakosbie rpadsl Buga X = (G, o), tae G = (V, E) apusercs
HEOPHUEHTUPOBAHHBIM HEB3BeNIeHHBIM I'padoM 6e3 KpaTHBIX pébep U meTelb ¢ MHOXKECTBOM
sepuiud V., |V| =n > 2, u muoxecrsom pébep E, |E| = m > 1. B rpade G kaxioe pebpo
OJIHOBHAYHO IPeJICTAB/ISETCS HEYIOpsiAodeHHoi mapoit e = (u,v), tae e € E, u,v € V.
B 3ToM ciryvae ropopaT, uTo pebpo € MHIUJACHTHO BEPITMHAM U W U, & BEPIIMHBI U W U
cMekabpl. OBGO3HAYNM MHOXKECTBO BEPIIHH, CMEXKHBIX ¢ v, Kak ['(v) = {u: (v,u) € E}.
[Toj cTeneHblo BEPIIMHBI U MOHHMAETCS YUCJI0 PEGep, WHIUIAEHTHBIX efi. O4eBUIHO, 9TO
d(v) = |I'(v)|; cremennio rpada Oyaem cuntarh A = I})lg;((;(i}). Ha pé6pax (u,v) € FE

rpacda G 3amana dyukius 3uaka o : £ — {4, —}, Koropasg mopoxaaer pasbueHne MHOKe-
cTBa pébep rpada F = ETUE ™, tne ET — MHOXKECTBO HOJIOKATEIBHBIX, /™ — MHOKECTBO
OTpHUNATETHHBIX pébep. List pebpa e = (u, v) DyHKIUs 3HAKA MPEICTABIMA B BUIE

o(u,v) = sign([(u,v) € EY] — [(u,v) € E‘]),

rie [-] — ckobku Aiisepcona [10].
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3uakoBblit rpad Ha3BIBaeTCs k-COATAHCUPOBAHHBIM, €CJIM MHOYKECTBO €r0 BEPITHH MOXK-
HO Pa3duTh HA k TTONAPHO HEMEDPECEKAIOIINXCA HEIYCTHIX MOAMHOYKECTB TaK, YTO BCE MOJIO-
JKUTeJbHBIE PEOpa HAXOMSITCS BHYTPH, & OTPUIIATEIbHbIE — MeXKIy HoaMHOKecTBaMu [11].

1.2. Bagada KOppPeJNSIIMUOHHON KJaacTepu3anuu

Ob6o3HaYNM CHCTEMY MHOYKECTB, 00pasymoInux pasbneHne MHOXKecTBa BeprmuH V Ha k
IIOJIMHOZKECTB, KaK

k
i=
M3BecTHO, 9TO I HPOU3BOILHOIO 3HAKOBOI'O Irpada cBONCTBO k-cOATaHCHPOBAHHOCTHU MO-
JKeT He BBITIOJIHITHCS. B 3TOM cJiydae MHTEPEeCeH MOUCK TAKOTO Pa30neHunst MHOYKECTBA Bep-
e Tpada, g KOTOPOTO YHC/I0 OTPHIATEBHBIX PEOGED BHYTPH MOJIMHOYKECTB U THCJIO
MOJIOKUTETHLHBIX PEOep MeZK 1y TOIMHOKeCTBaMU OyIyT MUHUMAJIBHEL. J[anHas 3a/1a9a pac-
CMaTpHUBAETCS KaK 33ja4a KJacTepH3aluu rpada co clnenuaJbHbBIM BHJIOM (PYHKIIHOHAIA
omubdKH. DaeMeHTH pazduenus C; € C OyaeM Ha3bIBATH KJIACTEPAMU.

[Tox monozkurensuoit omubkoit P(C) pazbuenus (1) OygeM HOHHMATH YHC/IO MOJIOKU-
TeNIbHBIX pEOep Mexkay noamuokecrBamu Cf, ..., Cy. Samerum, uro P(C) —3T0 MeKK/Ia-
CTepHAas OMMUOKA, BRIUUC/IsieMast M0 (hOpMy.JIe

PO=Y Y % [uww)eE. @

i=1ueC; veV\(C;

[lox orpunarensroi omubkoit N(C) OyaeM HOHEMATH YHCIO OTPHIATETHHBIX PEGEp
BHYTPH TOJMHOXKeCTB Jist pasouenus (1). OrpunarenbHas onubKa — 3T0 BHYTPUKIACTED-
Hasl omubKa, BhIYuc/IgemMast mo opmyJie

NCO =3 Y [(wv) e B 3)

=1 {u,w}CC;

B [12] aBrops! mpemaraoT mpeacraBagTh CYMMapPHYIO OMIMOKY B BH/IE BHIMYKJIOH KOMOU-
HAIUW TTOJOKUTEIBHON U OTPUIATETHHON ommboK, 3aBucsineil or mapamerpa « € [0, 1]:

Qa(C) =aN(C) + (1 —a)P(C). (4)
Bamernm, uTo bYHKIMOHAT OmMUOKH (4) Beerma yaoBIeTBOPSET HEPABEHCTBY
0 < Qa(C) < alE7[+ (1 —a)|ET].
Bajady KjIacTepu3alnd 3HAKOBOTO rpada OyaeM paccMaTpUBaTh B CJIEAVIONEH ImocTa-

Hoske |13, 14].

CORRELATION CLUSTERING PROBLEM (3AZ1A4A CC)

Ycnosue:  3azman 3nakoBbiii rpad X = (G,0), tae G = (V, E) — HeopueHTHPOBaH-
ustit rpad; n = V| > 2; m = |E| > 1.

Bonpoc:  mis 3agannoro « € [0, 1] TpeGyerca naiitn pastuenue C MHOKECTBA Bep-
s V' 3HaKOBOTO Tpada Y. ¢ MEHUMATBHON cyMMapHOit omuOKoii Q. (C).

B pabore [13] mokazano, 4To 3a/a4a KOPPEJSIUOHHON KIACTePU3AUN 3HAKOBBIX I'Pa-
dbos ¢ dyrkumonastom omubku B Buje (4) mpu a = 0,5 B pacnosHaBaresbHOil hopMe siBIIsi-
ercsa NP-moHoi.
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Pemennem 3a1a49u aBISI€TCS MHOXKECTBO KJAACTEPOB C*, TOCTABISIONIX MUHUMYM (hYHK-
nuoHaIy omubkn (4):
C* = arg min [aN(C) + (1 — a)P(C)], (5)
€

n
rae ¢ = (J Py — MHOKECTBO BCeX BO3MOXKHBIX paszbmenuii V; ®) — MHOXKecTBO pasbuenmuii
k=1

Ha k nmoaMuoxkecTB. MoniHocThb mpoctpancTsa penrenunit ¢ pasna uuciay bemna B,. Cienyer
OTMETUTH, 9TO perierne (5) MOXKeT OBITH HE e THHCTBEHHBIM.

ITpu = 0 u 1 jgaHHas 3a7a49a BBIPOKIAETCA B IOJUHOMUAJBHO Pa3periuMble CIydan
MUHUMHU3AIIHA MeKKJIACTepHOH (2) n BHYTpHKIACTEPHOI (3) omubOK COOTBETCTBEHHO.

OpHa u3 cTpaTeruii HOMCKa HETPUBUAIBHOTO PEIIeHUs 3a/a91 KOPPEJIANMUOHHON KIacTe-
pH3aluu 3HAKOBBIX rpadoB 11t o = 0 hopMyaupyercst ciaeayronmm odpa3oM. MHOKeCTBO
knactepoB C = {C1,Cs, ..., Cr} dopmupyercst u3 UCXOIHOTO 3HAKOBOTO Tpada X myTéMm
naxoxkaenns komnonent ceasuoctu Cp, Oy, . .., Cy nmopoxaénnoro rpada X+ = (V, ET).
[Tonyuennoe pasbuenne umeer omubry (Qo(C) = 0. Takag crparerns MoxkeT OBITH pea-
JIN30BaHa AJTOPUTMaME TOWCKA B TJYOWHY WU MUPUHY, BPEMEHHAS CJI0KHOCTH KOTOPHIX
coctasager O(n + |ET|) [15]. dag noucka HeTPUBHAILHOTO PEIIEHHs ¢ TAPAMETPOM o = 1
MOKHO MPHUMEHHUTH CJEAYIONIYIO CTparTeruio. 3HadaJbHO HOJAraercs, 9To BCe BEPIITHBI
HAXOJATCS B OJHOM KJjacrepe. Jlajiee Ha KarKJIOM IIare BepIIMHA, WHIMJIECHTHAS HAOO/Ib-
IIeMY YUCJIY OTPUIATEIbHBIX PEOED, BHIIEASIETCS B OTAeIbHbI KiaacTep. B pe3yabrare jist
moboro pebpa e = (u,v) € E~ Bomoangercs, ato u € C; u v € Cj, rae ¢ # j. Jaunas
nporeaypa npuBoauT K pasbuenuto C ¢ omubkoit (Q1(C) = 0. Takag crparerus BeIIOTHEMA
3a Bpemd, He npesbimaomee O(n? + nm).

2. Ob6mmaga cxema ajJropmTMOB, OCHOBAHHBIX HA CTPYKType rpada

UccnenoBanue ajJropuTMoB, OCHOBAHHBIX HA CTPYKType Tpada, BBIABUIO ODIILYIO CXe-
MY B OPTaHU3AIAM BBIYUCJACHUN JJId PelleHus 33/1a9i KOPPEeIdIMOHHONW KJacTepu3alluu,
KOTOpas IMpejicTaBeHa Ha puc. 1.

H P S
avaTbHOe ClIatoad Ornenka Q
paszbuenue dbynxIHIS Iepemerenue g
— CEEE— - ~ =
g . 2
o : G 2
| © g
—~ w ‘ I Y
by Eq_/ CO C f ‘/mov —~ 8
= > ! > z CpasHenne g
= S = ] 2
— ) =
= = Y —
QE.) S~— b [ry
g = L ) Kpurepwuit
OCTaHOBA

Puc. 1. Obmmas cxema aaropuTMOB, OCHOBAHHBIX Ha CTPYKTYpe Tpada

Biok «HauanbHoe pasbuenues cogep:kut dbyHkiuo Init(X), ocynecTBisiioniyo nepso-
HavaJIbHOE pa3dMeHne MHOXKECTBa BepIIUH V' 3HAKOBOro rpada X 1Mo HeKOTOPOMY IpaBu-
Jjiy. TpuBua/ibHBIM CJlydaeM TAKOro paszdouenus OyjeMm cuuTaTh ciaydaiinoe paszbuenue V Ha
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pukcupoBannoe MM HePUKCUPOBAHHOE KOJIUYIECTBO KJjacTepoB. Jlanublit 610K 3a4acTyio
BBITIOJTHSIETCS €JIMHOK/Ibl TIPU 3aIlyCKe ajaropurma u (popMupyer nepBoHadaibHOe pa3bue-
aue Cy € ¢ Buga (1).

Bioiok «Pemaromas dbyukiusy saBjasgeTcs MOArOTOBUTEIbLHBIM i O6sioka «llepemerre-
HUe». Permmatonas GyHKIUS OCYIIECTBIIET pas3jiejieHne MHOXKecTBa BepmwmH V' ¢ yduéTom
TeKyiero pa3ouenus C Ha JIBa MOIMHOXKECTBA

d(V|C) = Vax U Vinoy, (6)

ryie Vix — MHOXKECTBO 3a0/IOKMPOBAHHBIX JIJIsI TTEPEMEIeHN MeYKIy KJIACTepaMu BEpPIINH,;
Vinoy — MHOZKECTBO JIONMYCTUMBIX JIJId IepeMelleHrs BepiiuH. T puBuaJIbHONl OyIeM CIUTATh
perraoIny o (PyHKINO, BO3Bpamanyio V., = V.

Buiok «Ilepemerienues copepxur dbyukuuio 1¥(C | Viney ), KOTOpast orBedaer 3a nepemMe-
IMeHNe BEPIUH W3 MHOXKECTBA Vi, MeXKJy Kjaacrepamu Tekymero pasbuenuss C u tem
cambiM popmupyer HOBOE pazbuenne Cyey € . Bepmmubl MoryT nmepeMernarsbes He TOJBKO
MeYKIy CYIIeCTBYIONIMME KJIacTePaMy, HO H 00Pa30BBIBATH HOBBIE KJIACTEDHI.

Biaok «Oterka» cocTouT u3 AByX 3TanoB. Ha nmeppoM stane Berancisercd GyHKIIHOHAT
omubOKH () (Chew). Ha BTOpOM dTame mpoBOAUTCS CpaBHEHHE TEKYIIEro pasOMeHHs ¢ paHee
HaJEHHBIMU 110 3HAYEHUIO PYHKIMOHAIA OmMuOKHU. J[anubiit 6JI0K IPpUCYTCTBYET U B aJro-
pUTMe, KOTOPBIIl HAXOAUT TTOCIeI0BATE/THHO HIH Mapa/LIeIbHO HECKOJIBKO pa3bueHnit.

Biok «Kpwurepuii ocranoBa» MO3BOJIAET UCKJIIOYUTH Iepebop 1o BceMy MHOKecTBY P.
B kadecTBe KpuTepus OCTAHOBA MOTYT BBICTYNATBH: BPeMs, UHCJIO HTepanuil, 3HaUeHUe
¢dpyHKIIMOHAIA OMIUOKY, HeBsA3Ka (HYHKIIMOHAIA OIIUOKH U T. 1.

Biiok «Bo3myinenune perrenusiy HamemeH Ha BBIXOJ W3 JIOKAJHLHOTO MHHUMYyMa (DYHK-
[IOHAJIa ONMMOKY IyTEM TIePEMEITUBAHUS BEPIINH TEKYIIEro pa30meHus, Mpu 3TOM CIIOCO0
epeMenuBaHusT MOYKET OTPEee/IsITh OCHOBHYIO Hjel0 ajroputMma. JlaHHBIT OJOK MOKeT
CJeJ0BATDH IOCJe JII000ro apyroro 6Ji0ka obIeit cxeMbl ¥ IIOBTOPATHCA MHOTOKPATHO.

B Tabn.1 w3BecTHBIE AJTOPUTMBI DeINleHUs 33a1a9d KOPPEJAIINOHHON KJIacTepu3a-
[UU TIPEJICTABACHBI B BHJE HOC/IEI0BATEILHOCTEH OJIOKOB U3 cxeMmbl puc. l. CumBoaamu
«+»/«—» 0b603HAYAETCSI COOTBETCTBEHHO TPHCYTCTBHE WM OTCYTCTBHE OJsioka. cmosb-
3yIOTCd TaK:Ke cJejylonue obo3HadeHus: alg — pesyabrar paboThl JIPYroro ajaropurMa,;
special — crienmaibHBIM 0O6pa3oM; trivial — rpuBHaIBHBIN cIydaii; time — BpeMms; iter — 4uc-
70 urepanuii; |V'| — mpocMmoTpenst Bee Bepmubl. B ctobne «Ilepemeniennes: i — anropurv
OJIHOMOMEHTHO HEPEMEIIAET § BEPIIHH U IPH YTOM MOZKET CO3/aBaTh HOBbIe Kiaacrepsr; (1) —
AJITOPUTMY 3aIPEIEeHO CO3/1aBaTh HOBBIE KJIACTEPHI B IIPOIECCE TTePEeMEIeHusl OHON Bep-
muHbl. YUCI0 BEpIIUH § MOXKET OBITh (DUKCUPOBAHHBIM B AJATOPUTME JINOO SBJIATHCI €r0
BXOJHBIM TIapaMeTpOM, UYTO 0OO3HAYaeTCsd Kak 7.

PaceMoTpuM cTpyKTYypy aaropuTMoB u3 Taba. 1 B COOTBETCTBUU €O CXeMOU puc. 1.

Anropurm Relocation heuristic (RH) npemioxken B [14] n orHOCHTCS K KITaCCy 9BPUCTH-
YeCKUX aaropuTMoB. KOM4ecTBO K/IacTepoB PA30HEHUsT SIBJISIETCS BXOHBIM TapaMETPOM
agropurMma. [lepBonagdanbuoe pazbuenne Cy CTPOUTCH CJIydaiiHBIM 00pPa3oM, 9TO COOTBET-
CTBYyeT TPUBHAJIBbHOMY ciaydaro Omoka «HadanpHoe pasdomenmes. MHOXKeCTBO JOMYyCTUMBIX
TS TIepeMelieHus BEPIHH Vi, MEKIY KJIacTepaMU COBMAAeT O BCeM MHOYKECTBOM Bep-
muH V', 9TO COOTBETCTBYET TPHBUAIBLHOMY ciaydato Jist (hyukiun (6) B 610Ke «Pematonas
byuxuus». Bioky «Ilepemerennes B tabu. 1 coorsercrayer cumboi (1), 4T0 03HAUAET Tie-
peMelrenne MeXxIy KJaacTepaMu POBHO O/IHOI BepiuHbI 6€3 06pa30BaHUs HOBBIX KJIACTEPOB.
J1s KaxK1oil BepIIUHBI ONEHUBAIOTCS BCe €€ BO3MOZKHBIE TIepeMeleHns MezK Ty KJIacTepaMu.
Peanusyercs nmepemernenne, npu KOTOpoM omubka OyaeT HamMenbIreii. [Iponece moBTops-
eTcs JI0 TeX TOp, MOKa He HUCTedET 33JaHHOe BpeMs.
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Tadbawma 1
IIpeacraBiienne ajaropuTMoB PeIleHns 33/1a4u KOPPEJISIUOHHON KJiacTepu3anuu
mo ¢dazamM cxeMbl puc. 1

@ % = g
S g 3 & = =l =
= g = g 2 g 5
Auiropurm Apropsbl C% é') % E Gg g % a g
=2 | E&| B | &8 |2
oA | oA 5 3
Relocation heuristic (RH) | P. Doreian, trivial | trivial © time -
A. Mrvar (1996)
Tabu search M. J. Brusco, alg special @ time —
P. Doreian (2019)
Variable neighborhood M. J. Brusco, alg trivial © time +
search P. Doreian (2019)
KwikCluster N. Ailon, special — - V| -
M. Charikar,
A. Newman (2008)
Iterated local search (ILS) | M. Levorato, special | trivial | 1...r | iter, time +
L. Drummond,
Y. Frota,
R. Figueiredo (2015)
SGClust,, 9. . Nbparumosa, special | special 1 V| —
1. B. Cemenosa,
A.A. Conparernko (2023)

Merasspucrudecknii anroputm Tabu search npeioxen B [16]. Kosmmaecrso kiaacrepos
pasbueHus sBJsgeTcs BXOIHBIM MapamMeTpoM ajropurMa. Hadasbnoe pazbuenue Cp sBJId-
eTcs pe3yabraroM padborel ajgroputma RH. Bo usbexkanwum mosHoro mepebopa aBTOpaMH
BBOJIUTCsE pematomas QyHkius Buga (6), rae MHOKECTBO (PUKCHPOBAHHBIX BEPINUH Vi
onpenensiercst cnuckoM tabu. Crucok tabu dopmupyercs us map (v, it,), Tae v — nepeme-
IMEHHAs Ha TeKyIleil urepaliuu BePIUHA, a it, — YUCJ0 WTepalluii, Ha KOTOpOe BEPIINHA U
IoMeIaeTcd B Clucok tabu. Bee mocenyromue 06,i0ku aHagoru4aubl ajgropurmy RH.

Merasspucrudeckuii airoputm Variable neighborhood search mperoxen B [16]. Asro-
putM mpeactasiasger coboit mommduraiuio RH. CyTrh Moandukaun cocTOUT B 100aBIEHUN
010ka «Bo3mytienue perntenusy Uit pa3bueHus, MOAAI0NErocs Ha BXo1 010Ky «Perratorias
dyuxnusy, n B uamenennn 6,joka «Ornenkay. Perrenne BO3MyIIaeTcs CJie Iy oM 00pa3om.
s KaxK10i BepIINHBI Ipada pa3bII'PhIBACTC CaydaiiHasg OepHy/IHeBCKasd BEJTUINHA C 3a-
JIAHHBIM ITApaMeTPOM BEpPOSITHOCTH ycrexa ypert. B ciaydae HacTyIIeHHs yclexa JaHHasd
BEPIINHA MepeMelaeTcs U3 TeKYIero KjiacTepa B Apyroi caydaiHeiii kiactep. /langee 3a-
nyckaercda ajaroputv RH ¢ nadajbHbiM paszbuenHuneM, COOTBETCTBYIONIUM BO3MYIIEHHOMY
perreanto. B 60ke «Otuenkay pesyabrar paborst RH cpaBHuBaercs ¢ npeapaynimmM pa3om-
enueM. Ecyin omubka He yMEHBIINIAChH, TO BEPOATHOCTD IIepeMeIeHusd ypert yBeJTnInBaeTCs
Ha mar ystep, 3aJIaHHBII TapaMeTPOM aJrOPUTMa, a IOJYUYEeHHOe pa3OHeHHe 3a0bIBaeTCs.
B nporuBHOM ciydae pelreHne CTAHOBHTCS HOBBIM TEKVIIUM pa3OUeHHeM.

Dppuctuuecknii anropurm KwikCluster npemioxen B |3]. Coracho cxeme puc. 1, airo-
PHUTM COAEPXKUT TOJBbKO 010K «HavasmnHoe pazduenues. [locrpoenne pazbueHust ocynecTs-
JISTETCSI CJIeIYIONUM 00pa3oM: CJIyJaitHO BHIOMPAETCS BEPIHHA W3 MHOYKECTBA HEMPOCMOT-
PEHHBIX BEPIINH; BEPIIMHBI, COCJIMHEHHBIE ¢ Hell IOJOKUTEJTbHBIM PebpoM, MOMENIAI0TCs
B TOT XK€ KJIacTep M OTMedaloTcs KakK ImpocMoTperubie. [Iporece moBropsiercs, moka He Oy-
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JIyT TMPOCMOTPEHBI BCEe BEPIIUHBI. AJITOPUTM B X0je pabOThl He BBLITOJIHSET TaJbHEHTIero
epeMeIeHnsi BePIIH.

Merasspucrudecknii amroputm Iterated local search (ILS) mpenmoxen B [17]. Buok
«HauanpHoe pazbuenue» cTpoUTCs CJeAYIOMHUM obpa3oM. BBoautcsa dyHKIus gucbaan-
ca CIenuaJbHOTO BHJIA JIJIS PAHKUPOBAHUS BepIIUH rpada, 9To mo3BoJsdeT chopMHPOBATH
VIOPSIOUYEHHBI COUCOK BepImuH. Jlamee cTpOUTCS -Cpe3 CHUCKA BEPIINH, U3 KOTOPOTO
caydaiiHbiM 00pa30M BBIOMPAETCS BEPIUHA U PA3MENIAETCs B KJIACTEPe COrIacHO (DYHKITHH
nucbananca. [Iporeaypa moBTopsieTcst 10 TeX mop, MOKa BCe BEPIHHBI He OY/IyT pa3MeIeHbl
0 33/IAHHOMY YHCIy KaacTepoB. [yOmHaA cpe3a o gBageTcd BXOMHBIM MapaMeTpPOM aJjro-
putMma. Biok «Bo3Mmyrenne pemenus» npuMeHseTcsa K pa3OneHuto, mepegaBaeMoMy B OJIOK
«Pematomas dyHKIUA», U 3aKII09aeTCd B caeayoomeM. Beionpaercsa ciayuaiinas BeprimHa
U3 CJIyJaiHOrO KJIacTepa U lepeMelaercs B JApyroit ciydaiinbiit kiacrep. Jlannas mnpore-
JIypa BBITIOIHSIETCS t pa3. MHOKECTBO AOMYyCTUMBIX /IS TEPEMEIEHI BEPITHH Vi, MEZKTLY
KJIACTePaMHU COBMAAET ¢ MHOYKECTBOM BEPIIWH V|, 9TO COOTBETCTBYET TPUBHAJIBHOMY CJIy-
qato it byakuun (6) B 6aoke «Permratomast dyukiuus». B taba. 1 610k «Ilepemernenunes
COTEPZKUT OOO3HAUeHHe 1...7r, YTO COOTBETCTBYET MEPEMEIeHNI0 MeXKJIy KJIacTepaMu OT
OJIHOIT /IO 7" BEPIINH C BO3MOXKHOCTHIO 00pa30BaHus HOBbIX KjacTepos. llepemernenust Bep-
IITUH ePeOUPAIOTCs 10 TeX TOp, TOKa He Oyj1eT HaiifeHo meppoe yaydieHne hyHKIIMOHATIA
omubku. Jlanuoe mepementenue Oyger pesysabraroM 0j0ka. biok «Orerkay cpaBHHBAET
HoJiydeHHOe pasdmenne ¢ mpeaplaymuM. Ecin omubKa He yMEHBITNIACH, TO YHACIO0 BO3MY-
IMeHnil ¢ yBeJImInBaeTCss Ha eMHUIY. BO3MyIeHns OCYIIecTBASIOTCA 0 TeX Mop, MoKa t
HE JIOCTUI'HET 3HAYEHUs] COOTBETCTBYIOIIErO HapaMeTpa aJropuTMa. ABTOPBI HPEIAraior
3aMyCKaTh JAHHBI aJIrOPUTM MHOTOKPATHO, COIVIACHO 3HAYEHUIO mapamerpa iter, ubo 10
UCTEeYeHUS 33JaHHOr0 BpeMenu paboTsl time. B kadecTBe nToroBoro pazouenusi BbIOnpaeTcs
HamJIydlnee B cMbicye (DYHKIIMOHAJIA ONMMOKU CPEJIN BCeX peleHuil.

Dppuctuyeckuit anropurm SGClust, npemioxken B paborax (18, 19]. B kauecTse nepso-
HAYAJILHOTO pa3sOMeHNs BHIOMPAIOTCA KOMIIOHEHTBI CBA3HOCTH B rpade YT, KoTopblii mory-
qaercst U3 rpada X myTém yIaseHns BeeX oTpuraTeabHbix pédep. Pematomnias Gynknus (6)
3aBUCHT OT BHYTPHUKJIACTEPHOIl OMUOKHM KaKIOW BEPIMHHBI W OOHOB/ISIEMOTO Ha KaXKJIOM
UTepaIy 3aKPBITOTO ciucKa closelist. Ecam BHyTpHUKIacTepHas OMMOKA BEPIIUHBI OT-
JINYHA OT HYJIS W BEePITUHA He CONEePKUTCs B crucke closeList, ToO oHA MOMeIaeTcss B MHO-
KeCcTBO Vinoy. BitoKy «Ilepemerienue» B Tabj1. 1 cOOTBETCTBYET CHUMBOJ 1, UTO O3HAYAET
nepeMernenne MexK/1y KJacTepPaMu POBHO OJIHOII BEPIIMUHBI ¢ BO3MOYKHOCTBHIO 0OPa30BaHUS
HOBBIX KJtacTepoB. Bepruna ¢ manbosibineil BHyTpUKIACTEPHOIT OmubKOil BboiOUpaeTcs u3
MHOXKECTBA, V0. JlaHHAST BEPITHHA TTOOYEPETHO TPUCOETUHSIETCS K KayKIOMY U3 KJIACTEPOB
TeKYIIero pa3duenns, BKAOYas mycToil. Peasnmsyerca nmepemerienne, obecnednBaroniee Han-
MeHbIIee 3HaueHne (DYHKIMOHAIa oMmiOKu. [lepemerénnas Bepimuna 100aBasgeTcs B 3aKPbl-
oIl criucok closeList. [lponecc moBropsiercsi, moka He Oy/yT HPOCMOTPEHBI BCE BEPIIUHDI
3 MHOXKecTBa V b0 HA TEKyIelt UTepaAIui MHOXKECTBO JOMYCTUMBIX sl TIePEMEIIeHUST
BEPINUH HEe cTaHeT MyCcThiM (Vioy = ).

3. Agroputm CaRVeR ¢ moTeHnmuaabHBIMU (DYHKIIUIAMUA

Pacemorpum mogudukarmio anropurva SGClust,, nvenyemyio CaRVeR ( Careful Vertex
Relocator), Buepsbie nznoxenuyio B [20]. CyTb Momudukanmm 3aK/I09a€TCS B IPUMEHEHHH
noreHnuaabHbIX (pynkmuit B 6s10ke «Permmatomas gpyukiusy. Mceaeayem qanubiit aaroputm
coryiacHO GJIOKAM CXeMBI puc. 1.



lMogxon k aHanu3y u NOCTPOEHMNIO aNrOPUTMOB PELLIEHUS 3a4a4M KAacTepu3aumnm 119

3.1. HavaanbrHnoe pasbuenue

Asiropurm Moxker paborarb ¢ JIOObIM Hada/ibHbIM Pa30MEHMEM, OJHAKO LeJ1ecoobpas-
HO CTPOUTH HEKOTOpOe paszbuenue, OTJIMYHOE OT TPUBHAJILHOTO cjaydasd. B ajnropurme wmc-
OJIB3YETCS CJIeIY FOIIHT MPOCTOM BYXIIATOBBII METO/I TIOCTPOSHNS HAYATHLHOTO pa30neHus .
Ha nepsowm mrare crpourcd rpad X1 myTém yiaieHus BCeX OTPHIATEIbHBIX PEOEp B UCXO/I-
HoMm Tpade Y. Dtor mar tpebyer Bpemenu O(m). Ha BTOpoM Imare ajropurMoM MOHCKA
B mupuHy B Tpade L1 BBIIENII0TCa KOMIIOHEHTH CBA3HOCTH. MHOKECTBO BEpPIIMH B KOM-
nonenTe cpasnocru rpada L1 apagerca kiaacrepom B rpade Y. Muoxkectso C Beex Takux
KJacTepoB obpa3yer mepBoHada bHOE pasdumenue Cy. DTOT 1mar Tpebyer BpeMeHu He OoJiee
qem O(n + m) [15]. KoaudecTBo KIacTepoB OHpPeNesseTcs TUCIOM KOMIOHEHT CBI3HOCTH
Col = K(2*).

M3 3mux paccyKaeHuil BHITEKAET CAEIYIONAsT JJeMMa:

Jlemma 1. CroxHOCTH BhIOIHeHud 0J10Ka «HadanibHoe pa3buenues i aJrOpuTMa
CaRVeR cocraiser O(n + m).

OTIHYuTeTHFHOE CBOWCTBO TAKOTO HAYAJIBHOTO PAa30MEeHUs 3aKII0YaeTCsd B TOM, YTO OHO
obiagaer mexkkaacreproit ommbkoit P(C) = 0. Jannas crparerusi 000CHOBAHA TE€M, 4TO
asroputrm CaRVeR B xo/ie paboThl yMEHbIIAET BHYTPUKJIACTEPHYIO ONMUOKY 0€3 yBeJUIeHUs
CyMMapHOil onubKu.

32. Pemawowmasg GYHKIU I

Pematonas dbyukiyst (6) 3aBUCHT OT 3HAYEHWsT TOTEHIIMATHHON QYHKINH I KAz 10i
BEpIIHHBI IPU TeKylneM pa3duenun C. 3HaUYeHHE ITOTEHIUAJIBLHON (DYHKIUU BEPIIMHBI v,
npuHajexkaiei kiaactepy C' € C, 6y1eM BBIYUCIATD CJAEIYIONUAM 00pa30M:

m(v) =« oo lvu)e BT = > [(v,u) e ET] |+
uel(v)NC uel(v)\C

(7)

tl-a)( X [wuweE]— 3 [(vu)eE
uel(v)\C uel (v)NC

B (7) mepBoe ciaraemoe ompeieisieTcsi KAK PA3HOCTh TEKYIIEro BKJIaIa BEPIIUHBL U B OTPHU-
HaTeJIbHYIO OMMUOKY M YHCJIa KOPPEKTHBIX OTpUIATEIbHBIX pédep. Bropoe ciaraemoe ecth
Pa3HOCTDH TEKYINEero BKJIAIa BEPIIHHBI ¥ B MEKKJIACTEPHYIO OMIMOKY W YHCJIA KOPPEKTHBIX
HOIOKHTENbHBIX PEGep. Cuie1oBaTeIbHO, HOTeHIMATbHAST QYHKIHUA (7) COCTOUT U3 MeZKKJ/Ia-
CTEePHOU U BHYTPHUKJIACTEPHOM OIMMUOKN BEPIIUHBI ¥ U HOCUT CJIEIYIONHA CMBICT: «MOZKET JIU
IPH HJIEAJIHHBIX YCJIOBUSX BEPIINHA ¥ HMETh MEHDIIHI BKJIaL B OIIKOKY, YeM ceffuac B KJia-
crepe C'7» BpiOOp BepIIuHBL v U €€ IepeMellleHre B JPYroi KJIacTep OJHO3HAYHO YBEJTHIAT
OmmOKY HPOIMOPIHOHAIBHO YHCIY KOPPEKTHBIX HOJIOKUTEJIbHBIX PEOEp, MHIUMICHTHBIX v,
B TEKYyIIEell KJIaCTepU3alii, MPH 3TOM HEKOTOPOE THCJI0 KOPPEKTHBIX OTPUIATEJIHHBIX pE-
Oep MOYXKET COXPAHUTHCH.

Takum obpasom, GyjieM TOBOPHTL, YTO BepIIMHA ¥ HE MOJJICKUT IIepPeMeIIeHHuIo, T.e€.
v € Viy, ecim w(v) < 0 smbo ona OblIa mepeMerineHa panee, v € Vioy, ecia w(v) = 0.
Ananornano anropurmy SGClust,, B MHOKECTBE Vo, HE MOI'YT CONEPXKATHCSA BEPIINHBI U3
3aKpBLITOrO cnucka closelList.

st BeIaucIeHus: TOTeHIHANbHBIX byHKIM 7(v) st Bcex BepuiuH v € V' Tpebyercs
POBEPUTH KJIACTEp JJis KayKI0i BepuiuHbl U3 okpecrHocTu ['(v). VI3BecTHO, 94TO CymMMa
cTelleHel BcexX BepimuH B rpade pasHa 2m. Torna crupaBeiuBa cJieLyionas

Jlemma 2. CiioKHOCTD BBIIOJIHEeHHA O/10Ka «Pemmatonias dbyHKIuSy I aaropurMa
CaRVeR cocrasiser O(m).
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Ormernm, 9To Bus HOPMYJIBL (7) MO3BOJISET BHIMOIHATDH MEPECUET 3HAYECHUS JJIST BEp-
IIUHBI ¥ TOJBKO IIPU U3MEHEHUU KJIacTepa CaMOIi BEPIITUHBI U WJIM CMEYKHOM ¢ Hell BEPIIUHDI.

33. [lepememniennue

Janubiii 610k onuckiBaercs: dyuximeii 10(C | Vioy), KOTOpast BRIOHPALT €MHCTBEHHY O
BepIUHY U € Vipoy € HAMOOIBINNM 3HAUEHNEM TMoTeHInanbHoi dyukiun 7(v). Ecan Taknx
BEpIIHH HECKOJIbKO, TO U3 HUX BhIOMpaeTcd ciaydaiinas. lajee onpepeigercd KiacTep, B KO-
TOPOM BEPIINHA ¥ JIACT HAUMEHBIIHH BKJIAJ B OMUOKY. OIMHMOKY BEPIIUHBI ¥ OTHOCUTEILHO
kiaactepa C; B pazouenun C 6yaeM onpeneasarh mo dhopmysie

T(Cihv)=a > [(v,u)eE|+(1—-a) > [(v,u)e€ ET]. (8)
uel(v)NC; wel'(v)\C;

Bepraa v nepemernaercss B kaacrep C;, pocrapistoruiit MuauMysm dbyuaxmun 7(Ch, v).

Boruncienue dhopmy.ast (8) Tpebyer He Gosiee uem A BpeMeHU Jist Kazk10ro kiaacrepa Cj,
rae A — crenenb rpada. O4eBUIHO, YTO YUCI0 KAACTEPOB HE MOXKET IPEBOCXOINTH YHCJIA
BepiuH n. M3 5TuX paccyzKAeHuil BBITEKAET CAeIyIONnast JeMMa.

Jlemma 3. CioxHocTh BhIOHeHHA O10Ka «Ilepemenienunes s aaropurma CaRVeR
cocrapsger O(nm).

34. Omenka u KpUTepuit OCTaAaHOBA

Biiok «Omnenkas opraHm3oBaH CTAHIAPTHBIM 00Pa30M M COEPKUT BBITHC/IeHNE (DYHK-
roHasa omuoKy (4) Ha ToCseHEM Trare aJropuTMa.

B anropurme CaRVeR 610k «Kpurepuii octaHoBay OpraHu3oBaH CJeAYIONUIM 0Opa30M.
B koHme kaxkao#t urepanuu aJropuTMa OOHOBJsSETCS 3aKPBITHIH cnucok closelList, B Ko-
TOpbIN 1OMemnaeTcs BepiiuHa, BbiOpanHas B Ojioke «llepemenienuey na rTekyieit nrepa-
un. OCTAaHOB AJITOPUTMA, TPOUCXOIUT B TOM CJIydae, ecyn B Osioke «Pemmaromast GpyHkms»
Vmov =J.

Qukcarys BepIIUHBI OT JAJbHEUINUX MepeMelleHnii BHIITOTHIMa 33 KOHCTAaHTHOE Bpe-
Mg O(1), a kpurepuii ocTanoBa HGOPMUEPYET OCHOBHOM MUK AITOPUTMA ¢ THCIOM UTEPAIHil,
HE LPEBOCXOJIAIIUM 1.

N3 siemm 1-3 u KpuTepus OCTAHOBA BHIBOJIUTCS UTOTOBas ONEHKA CJOKHOCTU AJITOPUTMa
CaRVeR.

Teopema 1. Bpemennas coxKHOCTH aaropur™a CaRVeR coctasnger O(n?m).

4. BpraucjanrejabHbIE IKCIIE€PUMEHTHBI

OHI/IH_[eM ABe Cepun 3KCHEPUMEHTOB Ha CUHTETUYICCKUX JaHHBIX.

[lepBasi cepusi SKCIEPUMEHTOB IIpeHa3Ha4YeHA JIJId U3YYeHUs I[OBEJICHHS aJTOpUTMa
CaRVeR B 3aBHCHMOCTH OT mapamerpa rpada p u 3HaueHus « HYHKIMOHATA OUHOKH (4).
UccnenoBanug NpoBOAMINCH Ha rpadax ¢ (bUKCHPOBAHHBIM YNCJIOM BepiiuH, paBHbIM 5000.
PaccmarpuBanuch fBa tuna rpados: nojnbie rpadbl u rpadbl, CMOAEINPOBAHHBIE METOIOM
Bakcmena [21] ¢ mapamerpamu 0,15 u 0,4. 3uaku pédep uist kazxaoro rpada Gopmuposa-
JIHCh 10 cxeMe Beprysuu ¢ mapamerpom p u3 uHabopa {0,10;0,15;...;0,85}. [lapamerp p
0003HaYaeT BEPOITHOCTD MOJOKUTEILHOIO 3HaKa pedpa. 3HadeHus napamerpa o pyHKIH-
onasa omuOku (4) BeIObEpannck u3 guanasona or 0 o 1 ¢ marom 0,01.

Ha pwuc. 2 npejcrapieno tTunuydnoe noejenne (pyHKIMOHAAA OMUOKN B 3aBUCUMOCTH
OT 3HAYEHUs TapaMeTpa « s rpadoB ¢ pa3Hoil 10/ei MoJIOKUTETbHBIX PEdep p. B kaxk-
JoM caydae pyHKIoHaI omubku @, (C) AocTUraeT CBOEro MaKCUMAJIBHOIO 3HAYEHHSI TIPH
a =~ p. Puc. 2,6 orpaxkaer mnopejenue (pyHKIHOHAIA OMIMOKH I HEIOJIHBIX IpadoB, cre-
HEPUPOBAHHBIX IO MeTOAy BakcmeHa. AHAJIOIMYHOE IOBEIEHHE XAPAKTEPHO MJIs TOJHBIX
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rpacos (puc. 2, a). CTOUT OTMETHUTD, YTO JJIs HEMOJHBIX rpachoB UUCI0 PEGEP B CpeTHEM
cocrasiisier 708827, a ang nosabix rpados ono pasuo 12497500.
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125 000
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75 000
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0
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Puc. 2. TloBenenune dpyuxnmonasaa omudku agropurma CaRVeR B 3aBrCHMMOCTH OT 3HAYEHWS TaPa-
MeTpa « Ha rpadax ¢ pasHoil JoJeli MOJOKUTENBHBIX PEGEP p: @) JJisl TIOJHBIX TpadOB;
6) nns rpadoB, CreHepUPOBAHHBIX 10 METOy Bakcmena

C poctoMm mapamMerpa « TpPYA0EMKOCThH ajaroputMma CaRVeR BozpacTtaer, IIpu 3TOM BBI-
coKasl J0JId TMOJOKUTETbHBIX PEOep p B rpade 3aMeIsdeT POCT 3aTPaduBaEeMOr0 BpeMeHH.
Ha monnbix rpadax BpeMst BBIOJHEHNS aITOPUTMA CYIIECTBEHHO BO3PACTAET, ITO CJIeTyeT
u3 cueruduku 6jioka «Pemalonas GyHKIUg», MOCKOJbKY Tpedyercs OOHOBJILATH OKPeCT-
HOCTb KazKJ0il BepIuHbl. J[aHHbIe Pe3yIbTaThl MPEJICTaBJIeHbl Ha PUC. 3.

//
4040 ’ /
P W09 ' /
<« g ///’WM///%//// )
1.0 . 100 & 1.0 e 22
0.8 50 A 0.8 =1 R

Puc. 3. Bpema pabors! asropurma CaRVeR npu pa3nyHbIX mapaMerpax « Ha rpadax ¢ pa3Hoi J10-
JIelt TTOJIOXKUTENBHBIX PEGEp p: a) JJist TIOJHBIX rpadoB; 6) st rpadoB, CreHePUPOBAHHBIX
o meroay Bakcmena

Yucno KJjacTepoB, BbIIedsgeMbIX aJjgropuTMoMm CaRVeR, mnpexacraBiaeHo Ha puc. 4.
s moJtHBIX rpad OB YHCJIO KJIACTEPOB PACTET ¢ YMEHbIIEHHEM JOJIH ITOJTOXKUTE/IbHBIX Pé-
6ep p (puc. 4, a), 9TO €CTECTBEHHO TSl CTPATEruu, TpUMeHseMoil aaroputmMoM CaRVeR.

Bropasi cepus 3kciiepuMeHTOB 1pejicTaB/isier cpaBHenue ajrorpurma CaRVeR ¢ ajgroput-
mamu KwikCluster, SGClust,, RH, Tabu search. Anropurmbl cpaBHUBAINCH IO BpeMeHH
paboThl u 3Hadenuto dbyHkiuonata omubku Q,(C) upu o = 0,5. HayanbHoe pasbuenne
ms agroputmMoB RH u Tabu search 3amaBanoch ciaydaiinbiM 0O6pa3oM, a 9HCIO KJjacTe-
POB — TAaKHUM ke, 9TO ObLIO mojaydeHo ajgropurmoMm CaRVeR misa mamnoro rpacda. Cpashe-
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Puc. 4. KonugecTso BRIIEIIEMBIX KIACTEPOB anropuTMoM CaRVeR IIpy pas/jnyHBIX TapaMeTpax o
Ha rpadax ¢ pasHOil J0Jel TOMOKUTENHHBIX PEGEP p: a) Jyasa moaHBIX rpados; 6) s

rpacoB, CreHepUpOBaHHBIX M0 MeToay Bakcmena

HHe TPOBOJMIOCH Ha Tpadax ¢ pasHoit goseit monoxurenbubix pédep p = {0,25;0,5;0,75}.
s kaxkoit goan p 6b1m crenepupoBanbl 100 rpacdos MeTooM Bakemena ¢ mapameTrpamMu
0,15 u 0,4.

Pesynabrarhl cpaBHeHUS aJIrOPUTMOB [0 BPEMEHW MPEICTaBIeHbl B Tab/1. 2. Anropurm
CaRVeR Besér cebst JOCTATOYHO CTAOUJIBHO MO BPEMEHU BBHITIOTHEHUs. 3aMETHM, 9TO TP
CcTaBJIeHHBIE AJIIOPUTMBI paboTarT 3HAUYHTEHLHO OblcTpee Ha rpadax c¢ Gosblireil mgoseit

HOJIOKUTEJIBLHBIX pEdep p.
Tabnuma 2

CpaBHeHUe ajJropuTMOB MO BpeMeHu padoThl

Cpesmee MumnmanabHOe Makcumanbuoe Cpesmexpapa-
P Anropurm THYIHOE
Bpewms, C BpeMs, C Bpewms, C
OTKJIOHEHWE
CaRVeR 0,016 0,015 0,018 0,001
KwikCluster 0,001 0,001 0,001 0
0,25 RH 30,667 26,145 36,995 2,039
SGClust, 0,018 0,017 0,02 0,001
Tabu search 71,322 60,041 79,819 5,312
CaRVeR 0,008 0,007 0,009 0,001
KwikCluster 0,001 0,001 0,001 0
0,5 RH 16,158 10,642 19,663 1,623
SGClust, 0,016 0,014 0,017 0,001
Tabu search 64,701 60,031 69,755 2,892
CaRVeR 0,004 0,004 0,005 0,001
KwikCluster 0,001 0,001 0,001 0
0,75 RH 1,636 0,405 3,221 0,587
SGClust, 0,008 0,007 0,01 0,001
Tabu search 60,294 60,0 60,981 0,242

Ha puc.b u 6 upejcranjiena CKpunu4Has juarpamMma 3HadeHuil (pyHKIpoHnaa omnmob-
K Qq(C). U3 puc.5 Bugno, 9ro Ha nmoiHbix rpadax amropurm SGClust, W ero Moju-
dukanus CaRVeR B cpeneM JeMOHCTPUPYIOT HAUJIYUIIAN PE3YyIbTaT CPEIU TECTUPYEMbIX
AJTOPUTMOB. AHAJIOTHYHBIH BBIBOJL CITPABE/TUB U /It TPadOB, CreHEPUPOBAHHBIX METOI0OM
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Bakcmena (puc. 6). Caemyer ormerutb, uro aaroputm KwikCluster memoncrpupyer ymo-
BJICTBOPpHUTEJIbHBIE DE3YJIbTAThl 110 SHAYCHUTIO beHKHI/IOHaJIa O]l[I/I6KI/I Ha HEIIOJHBIX Fpacbax
U, YUYUTHIBas €ro BHICOKYIO CKOPOCTH pabOThI, MOXKET OBITH HCIOJH30BAH KaK aJrOPUTM
nepBoHadabHOro paszbuenusi. Hanbosbimuit pa3dopoc B 3HadeHusX (HYHKIUOHAIA ONIUOKH
noka3biBaeT ajgroput™m Tabu search. Anropurmer SGClust,, u CaRVeR MeHee 9yBCTBUTEIHHEI
K U3MEHEHHUIO JIOJU TMOJOKUTETbHBIX pédep p, I9TO BUIHO U3 pHC. 6.

B KwikCluster B SGClust, I CarVeR B Tabu search I RH

o -
30 000

;

27 500

25000

04(C)

22 500

20 000 Q

17 500

;
}
t

15 000 ———

0,25 0,5 0,75

Puc. 5. Cpasuenue aaroputmos no dyuxmuonany omubku @, (C) amst moaabx rpados

Ha puc.7 u 8 oTpazKkeHbl cpejlHEe 0 B MpOleHTax Mexkkiaacrepuoit P(C) u BHyTpuH-
kinacreproit N (C) omuboK B HaliIEHHOM PEIIeHIH, YTO B HEKOTOPOM CMBIC/IE XAPAKTEPU3YeT
CTPATETHIO TECTUPYEMBIX aaropuTMoB. B anroputme CaRVeR, B cpaBHEHUHU C aJTOPHUTMOM
SGClust,, npoucxoauT H6aJaHCUPOBKA BHYTPUKJIACTEPHON U MEXKKJIACTEPHOM ONIMOOK, 9TO
obycioBeHo cnerudukoil oreHnunaabaoil dbyukun (puc.7 u 8). as moaabx rpados
(puc. 7) amropurm KwikCluster HaxoquT B cpejiHeM paBHbIE JIOJH MEXKKJIACTEPHO U BHYT-
PUKJIACTEPHON OIMHUOOK, a JJisl HEMOJTHBIX (pHC.8) J0Js MeKKJIACTEPHON OMMUOKH 3HAUU-
TEJTBHO MPEBOCXOIUT JIOJII0 BHYTPHKIACTEPHON OMIHOKH.
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I KwikCluster I SGClust, I CarVeR B Tabu search I RH
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Puc. 6. CpaBuenne aaropurmMoB 1o dyHKuonaty omubdku Q. (C) mis rpados, creHepupoBaHHBIX
merozoM Bakcmena
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Puc. 7. CpaBrenue aaropuTMos 110 J018M P B nponenTax mexkkiaacrepuoit P(C) u BuyTpukiacrep-
Hoit N (C) ommboK st HAfJIEHHOTO PEIeHus Ha MOJIHBIX rpadax
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. PO) . N
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(0,5, KwikCluster)
(0,5, CarVeR)
(0,25, Tabu search)
(0,25, SGClust,)
(0,25, RH)
(0,25, KwikCluster)
(0,25, CarVeR) . : : : :

0 20 40 60 80 100
CoOTHOIIIEHHE MEXKKJIaCTEPHON ¥ BHYTPUKJIACTEPHOM OIITHO0K

(p, anroputm)

Puc. 8. CpaBHeHHe aaropuT™MoB 10 JOJISM P B MPOIEHTaX MexkkJacTepHoit P(C) m BHYTpUKJIA-
creproit N(C) ommbok mig HafieHHOTO pertenus Ha rpadax, CreHePUPOBAHHBIX METOI0M
BaxkcMmena

3akJrodyeHue

[IpoBenéHHBIN CUCTEMHBIN aHAIN3 COBOKYITHOCTH AJTOPUTMOB PEIeHus 3a1a9u Koppe-
JIAIMOHHON KJIacTepu3aliii, OCHOBAHHBIX Ha CTPYKTYype 3HAKOBOIO rpada, MO3BOJUI Bbl-
SIBUTH OOIILYIO KOHIENTYAJbHYIO CXeMY KOHCTPYMPOBAHHUSA W aHAJIN3a TAKUX AJTOPUTMOB.
KomMionentaMu cxeMbl SIBJISIOTCS IIECTh OCHOBHBIX OJIOKOB, XapaKTePU3YIONIUX BO3MOXKHBIE
STAIIbl PEHIeHUs, YTO IIPOJAEMOHCTPHPOBAHO HA IPUMepPe OIMUCAHHUS U3BECTHLIX aJTrOPUTMOB
KwikCluster, SGClust,, Relocation heuristic, Tabu search, Variable neighborhood search,
[terated local search. Takoit obmuii B3I/ HA CTPYKTYPY &JITOPUTMOB IIO3BOJIET MO IHpU-
IMUPOBATH CYHIECTBYIOHIUE aJITOPUTMBbI HyTéM BHECEeHUd U3MeHEHU B OANH MJIN HECKOJIbKO
6Js10koB cxeMbl. 1Ipeioxken noBeiit anropurm CaRVeR. Corstacuo ob1ieit cxeme, OH sIBJISETCS
yJIydIIeHHoi Moaudukanueii aaropurma SGClust, B 6J10Ke «Pemalomas dyuknugs. Bosee
TOr'0, TOMOJIOTUA OO0Ie#l cXeMBl OTKPBIBAET BO3MOXKHOCTH JI/Isi aHAJIU3a U JIOKA3ATEILCTBA
BBIUMCJIUTEIHHON CJIOKHOCTH aJITOPUTMOB, YTO IPEJACTABICHO B TeopeMe 1.

CepI/II/I BBIYHUCJ/JIUTC/JIBHBIX 9KCIIEPUMEHTOB Ha CHHTETUYECCKUX JaHHbIX IMOKa3aJI1 Pe3YyJib-
TaTuBHOCTH ajropuTma CaRVeR B cpapuennn ¢ anaropurtmamu KwikCluster, SGClust,,
Relocation heuristic, Tabu search kax 1o BpemeHu padOTBI, TaK W II0 3HAYEHUIO (DYHK-
[IMOHAJIA OLINOKU.

[TepcuekTuBHBI JlajibHERIIINE UCCJIEI0BAHUS OTEHIMAJIbHBIX (hyHKIMi Ha 0J10ke «Pe-
matonas QyHKIUsI» o0Ieil cxeMbl, a Takxke GopMupoBaHue 6A30BOTO AJTOPHUTMA, COJEp-
JKalero Bee OJIOKH OOIeit ¢XeMBbl, /I OCYIIeCTBACHUS Pa3AndHbIX MOAMMUKAIIA JTI000T0
u3 OJIOKOB.
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